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Group Theory

Useful Facts

Let G be a finite group, and suppose G acts on itself by conjugation. Then, the stabilizer of x € G
is denoted Cg(x), and by the orbit-stabilizer theorem, it follows that the number of elements of the
conjugacy class of x, K5(x), is given by [G : Cg(x)]. The class equation says we may find

IGl=1Z(G)+ ) [G: Calxi)]
i=1

where {xq,...,x,}is a family of representatives of conjugacy classes.

If G acts on its subgroups by conjugation, then the normalizer of H < G, denoted N;(H), is the sta-
bilizer of H under conjugation. Similarly, number of subgroups conjugate to H < G is given by

Normalizers and centralizers commute with conjugates. That is, if x = gvg~!, then Cg(x) = ¢Cs(v)g ™,
and if H = gKg™!, then Ng(H) = gNg(K)g™L.

If H < G is a normal subgroup, then G acts on H by conjugation. The corresponding permutation
p: G — Aut(H) has kernel C5(H), where

C(H)={geG:ghg™" =hforall heH|.

A subgroup H < G is called characteristic if o(H) = H for all automorphisms o € Aut(G). f K<H 4G
is a chain of subgroups with K characteristic in H, while H is normal in G, then K < G is normal.

The subgroups [G, G] and Z(G) are characteristic in G.
Every p-group has nontrivial center.

If G acts on a set X, and H is the stabilizer subgroup of some x € X, then if p: G — Sym(X) is the
permutation representation for this action, then ker(p) < H.

Cauchy’s Theorem: if p is a prime that divides the order of G, then there exists an element of G with
order p.

Sylow Theorems: suppose we may write |G| = p*m with gcd(p, m) = 1. The following hold.
(i) Existence: There exists a p-Sylow subgroup, i.e. a subgroup of order p*.
(ii) Conjugacy: The p-Sylow subgroups of G are all conjugate to each other.

(iii) Number: If n, denotes the number of p-Sylow subgroups, then n, = [G : Ng(P)] for some p-
Sylow subgroup P of G, n, =1 mod p, and n,|m.

- Existence is best used for problems related to finding p-Sylow subgroups of GL,,(IFP).

— One can use the number of the p-Sylow subgroups to determine if a group is simple or not. If
this is not deterministic, then the next is to use the fact that conjugation yields a faithful action
G — Sym(X), where X is the set of p-Sylow subgroups. If the order of G does not divide n,! for
any possible n, it follows that |X|=n, = 1.

— When counting elements, use the fact that if |G| = pm with gcd(p, m) = 1, then all the p-Sylow
subgroups intersect at the identity.

Every conjugacy class in the symmetric group S, is given by the cycle type. Moreover, given an
element 0 € A,, the conjugacy classes K4 (0) = K, (0) if and only if there is an odd permutation
in the centralizer Cs (o). If there is no odd permutation in Cg (o), then the conjugacy class K (o)
splits into two separate conjugacy classes over A,,.
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* Burnside’s Lemma: If a finite group G acts on a finite set X, then the number of orbits |X/G| is given
by

1
1X/Gl == ) X8|,
e
geG
where X8 ={xe X : g-x =x} is the set of fixed points of g € G.

* An automorphism ¢ € Aut(G) is called inner if there exists g € G such that ¢(h) = ghg™! forall h € G.
The set of inner automorphisms is denoted Inn(G). It can be shown that Inn(G) is isomorphic to
G/Z(G).

In particular, showing that |Aut(G)| > |G/Z(G)| is sufficient to show that there exists an outer auto-
morphism of G.

Group Actions: Double Cosets

Consider a group G with subgroups H and K. Then, the group H x K acts on G via (h,k) - x = hxk™! where
the inverse emerges from the fact that

(hy, ki) (ha, ko) - x = hyhoxky k!
= (h1hy, kiks) - x.
The orbit of x € G under this action is denoted HxK.
* The double coset HxK is a union of right cosets of H and a union of left cosets of K, written as

HxK = U Hxk
kekK

= Uth.

* Double cosets are either disjoint or coincide; this follows from the definition of the orbit. Similarly,
the group G is a disjoint union of the double cosets.

* The stabilizer of the right coset Hxk is the set of all ¢ € K such that (Hxk)¢ = Hxk, or the set of all
¢ € K such that H(xkf(xk)fl) = H. By the definition of the right coset, this gives (xk)¢(xk)™! € H, or
¢ € (xk) ' H(xk).

* By the orbit-stabilizer theorem, the number of right H-cosets in HxK is then given by [K :Kn x‘le].

Similarly, the number of left K-cosets in HxK is given by [H tHN x‘le]. In particular, since these
right H-cosets and/or left K-cosets are disjoint, we have

|HxK| = |H|[H : Hx ' Kx]
=|K|[K : K nx~"Hx].

Semidirect Products

Suppose N and H are subgroups of a group G, where N is normal and H is such that N N H = {e}. We will
obtain a description of the structure of G in terms of the structure of N and H.

A short exact sequence of groups is a sequence of groups and homomorphisms

1 NS 6 S o

where 1 is surjective and ¢ identifies N with ker(). In other words, the sequence is exact if N is normal
in G and 1V induces an isomorphism G/N = H.
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Definition: Let N and H be groups. A group G is an extension of H by N if there is an exact sequence of groups
1> N—->G—-H-—>1.

The exact sequence is said to split if H can be identified with a subgroup of G, so that N N H = {e}.

If N is normal, then observe that any subgroup H of G acts on N by conjugation; furthermore, conjuga-
tion determines a homomorphism

1: H— Aut(N)

given by h > 1y, where 1,(n) = hnh™!.

Now, we consider a certain tautology. If G = NH with NN H = {e} and N normal, then observe that

nyhynyhy = (”1(h1”2hf1))(h1h2)-

In particular, if we know the conjugation action of H on N, then we can recover the operation in G from
this information and the operations in N and H.

This allows us to construct semidirect products by considering any two arbitrary groups N and H with an
arbitrary group homomorphism
0: H — Aut(N)
hi— eh.

Then, we may define an operation on N x H by taking

(n1, 1) (13, 1) = (11O, (), hy s ).

Observe that in the special case where N, H < G with G=NH, N normal, and N N H = {e}, the operation 0
can be given by the map 1. The group (N x H,-) is denoted N =g H, and is called the semidirect product of N
and H with respect to 6. Observe that the ordinary direct product is a semidirect product where 0 is the
trivial map.

We will discuss some examples.

(i) If G has a normal subgroup K of order n and a subgroup H of order m, with HK = G, HNK = {¢}, and
gcd(m, |Aut(K)|) =1, then G= H x K.

(ii) Suppose H is an abelian group of arbitrary order, and let K = Z/2Z. Define ¢: K — Aut(H) by
inversion. Then, G = H x K contains the subgroup H of index 2, with xhx ' =kl forall h e H and
e#x€eK.

When H = Z/nZ, this yields the dihedral group D, of order 2n, while if H = Z, we have the infinite
dihedral group D,,.

iii) If H is a group, and K = Aut(H), then ¢@: K — Aut(H) given by the identity yields the semidirect
group P 8 y Yy
product H < Aut(H), denoted the holomorph of H.

We now discuss a special case of a semidirect product, known as a wreath product.

Definition: Let D and Q be groups. Let Q ~ Q act on a finite set. Write K = D? =[] . D. Then, the
wreath product of D by Q, written D Q, is given by Q X K, where

(P(Q) ' (dm)m = (dq'm)(u'

If D ~ A is another action of a finite set, then we may naturally take an action (D2Q) ~ (A xQ) by
taking, for each d € D and w € Q, a permutation 4}, by taking

w

(d\ ') if 0 =w,

(M)  if 0 2w

a5\ ') :{
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We have d} ¢}, = (de);, for any d,e € D. Defining
D; ={d;, :d eDj,

we obtain that D}, is a subgroup of Sym(A x (2) and for each w, the map d + d;, defines an isomorphism

D=D;.

For each g € Q, we may define a permutation g* of A x Q) by taking
7'M w') = (A qu),

and take Q" = {g": g € Q}. Similarly, we have that the map q — q* defines an isomorphism Q — Q*.

Solvable Groups

Definition: A series of subgroups G; of a group G is a decreasing sequence of subgroups
G=Gy»G1»Gy 2,

where the length of the series is the number of strict inclusions.

A normal series is a series of subgroups where G;,; < G; for each i. The number ¢(G) is the length of a
maximal normal series.

A composition series is a normal series
G=Go>Gy>-> Gy = e}

where the successive quotients G;/G;, are simple.

Theorem (Jordan—-Holder Theorem): Let G be a group, and suppose there are two composition series
G:G()QGlQGz;"'QGn:{e}

G=Gy2G 2G, 222G, ={e}.

Then, m = n, and the quotient groups H; = G;/G;,, and H; = G;/G], agree up to isomorphism and per-
mutation.
Proof. Considering the following composition series

G=Gy2G126,2-2G, ={e}
we induct on n. If n =0, then G is trivial and there is nothing to prove.
Suppose 1> 0, and consider another composition series

’ 7 ’ 7

G=G)2G{2G,2+2G), = (e}

If G, = G, then the result follows from the induction hypothesis since G; has a composition series of length
n-1.

Therefore, we may assume that G; # G}. We observe that G; G| = G, since G G| is normal in G and G; 2
G, G1, but there are no proper normal subgroups between G; and G since G/G; is simple.

Consider the group K = G; N G;. The distinct subgroups G; N K determine a composition series
K2K 2K, 22K, ={e}.
By the Second Isomorphism Theorem, we have

G __ G
K G NG
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and G}/K = G/G;. These quotients are simple, so we obtain two new composition series

G2G;2K2K;2---2 e}
G2G]2K2K; 2---2{e}.
These composition series only differ at the first step. The two series have the same length and the same quo-

tients. Next, we claim that the first of these series has the same length and quotients of the original series.
Since

GI2K2K 2K, 22K, ={e}

is a composition series for Gy, the induction hypothesis gives that it must have the same length and quo-
tients as the composition series

Therefore, applying the induction hypothesis, it follows that the series
G12K2K 2K, 22K, ={e}
has the same length and quotients as
G{ 2G5 222G, ={e).

O

Proposition: Let G be a group, and let N be a normal subgroup of G. Then, G has a composition series if
and only if N and G/N have composition series. Furthermore,

€(G) = 6(N) + £(G/N),

and the composition factors of G consist of the composition factors of N and of G/N.

Proof. If G/N has a composition series, then the subgroups appearing in it correspond to subgroups of G
containing N with isomorphic quotients. Therefore, if both G/N and N have composition series, concate-
nating produces a composition series for G.

For the converse, suppose G has a composition series
G=Gp2G126G22---2G, ={e},
and that N is a normal subgroup of G. Taking intersections with N gives a sequence of subgroups
N=GNN2G NN2--2{e}nNN ={e}

such that G;; 1 NN is normal in G; NN for all i. We claim that this is a composition series upon deleting
repetitions. For this, we will establish that the quotients (G; N N)/(G;41 NN) are either trivial or isomorphic
to G;/Gj;,. Consider the homomorphism

Gi

GiNN = G;
l - l_)Gi+1

The kernel is G;;1 NN, so by the first isomorphism theorem, we have an injective homomorphism

GiNN G;
— B
Gis1 NN Git1
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where we identify the image with a subgroup of G;/G;,1. This subgroup is normal since N is normal in G,
and since G;/Gj, is simple, we get our desired result.

As for G/N, we have the composition series

G _ GN _ G,N
=N °N

2 2{eg/n}-
such that (G;;1N)/N is normal in (G;N)/N. By the third isomorphism theorem, the quotients

(GiIN)/N _ GiN

(GiHN)/N B GiHN

are isomorphic. Considering the homomorphism

G;N
Gi > GN > ——,
PR Gi+1N

we have that this homomorphism is surjective, and the subgroup G;,; of the source is sent to the identity
of the target. By the first isomorphism theorem, there is a surjective homomorphism
Gi G;N
H ’
Gi+1 Gz'+1N

so that G;N/G;,1 N is either trivial or isomorphic to it as G;/G;,; is simple. O

Composition series are the first major step in understanding the structure of groups. Next, we consider a
special series known as the derived series.

Definition: If G is a group, then the commutator subgroup, denoted G’ or [G, G], is the subgroup generated
by all the commutators [g,h] = ghg'h7L.

The following follows directly from the definitions of the commutator subgroup.
Theorem: If G is a group, and G’ is its commutator subgroup, then

(i) G’isnormal in G (in fact, G’ is characteristic in G);

(ii) the quotient G/G’ is commutative;

(iii) G’ yields the “maximal abelian quotient,” in the sense that if N < G is another normal subgroup
with G/N commutative, then G’ < G.

Definition: The derived series is a descending sequence of subgroups

GQG’QGHQGWQ"'.

Note that if G is commutative, then the sequence automatically hits {e}, and if G is simple and noncom-
mutative, then G=G' =G" =---.

| Definition: A group is called solvable if its derived series terminates in the identity.
We call a normal series abelian (resp. cyclic) if all the quotients are abelian (resp. cyclic).
Proposition: For a finite group G, the following are equivalent:
(i) all composition factors of G are cyclic;
(ii) G admits a cyclic series ending in {e};
(iii) G admits an abelian series ending in {e};
(iv) G is solvable.

Proof. Observe that (i) implies (ii) and (ii) implies (iii) follow immediately from the definition. Furthermore,
(iii) implies (i) by refining an abelian series to a composition series into a family of cyclic p-groups. Further-
more, (iv) implies (iii) immediately from the fact that the derived series is an abelian series.
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Therefore, we must show that (iii) implies (iv). Consider an abelian series
G=Gp2G12G; 2--2G, ={e}.

Then, we claim that G) C G;, where G) denotes the ith iterated commutator subgroup.

This follows by induction. Since G/G; is commutative, it follows that G’ C G;. Since G;/G;, is abelian,
it follows that G/ C G4, so that

Gli+1) :(G(f))/

-

G
G

NN

i+1-

Therefore, we have that G C G,, = {e}, so that the derived series terminates at {e}. O

We will now discuss an application of solvability to understanding the structure of certain subgroups of
the symmetric group. This has applications to Galois theory.

Proposition: If G < S, is a transitive solvable subgroup of the symmetric group S, (where p is prime),
then G is contained in the normalizer of some p-Sylow subgroup. The normalizer of any p-Sylow subgroup
is a Frobenius group of order p(p —1).

Proof. We start by showing that the normalizer of any p-Sylow subgroup of S, is a Frobenius group of or-
der p(p—1). For this, observe that the p-Sylow subgroups of S, are precisely the p-cycles. Given a p-Sylow
subgroup (o), we start by determining the number of conjugate subgroups of (o). Counting, we have (p —1)!
elements of S, in the conjugacy class of o (i.e., the number of p-cycles), and there are (p — 1) elements of the
form oF that remain in the group (o). That is, there are (p — 2)! conjugate subgroups of (o), so the normal-
izer of (o) is a group of order p(p — 1).

Since the automorphisms of the form tot! = of for 1 <k < (p—1) are contained in N5p(<0>), it follows

that if we let Z/pZ = Aut(Z/pZ) denote this isomorphic subgroup, then Ng ((0)) = Z/pZ < Aut(Z/pZ),
whence NSP(<G>) =2Z/pZ = Aut(Z/pZ), or that NSP(<G>) is a Frobenius group of order p(p —1).

If G is a solvable subgroup, then there is a minimal normal subgroup N of G such that [N,N]={e} (i.e.,
N is abelian).

We now look at a fundamental group theory fact. Let N < G be any normal subgroup of a finite group
acting on a finite set. Consider an orbit N - a. If ¢ € G is any element, then since N is normal, we have

g (N-a)=(gN)-«a
=(Ng)-a
=N-(g-a).

In particular, this means that G acts on the set of N-orbits. Returning to our discussion, observe that if G
acts transitively, then N partitions {1,..., p} into orbits of size m; if there are t such orbits, then we have mt =
p, sothat m =1 or m = p. If it were the case that m = p, then N would be transitive. Else, if m = 1, then

it would follow that every N-orbit is a single point (i.e., N fixes all points); yet, since S, acts faithfully, this
would imply that N = {e}, which would contradict the fact that N is a minimal (nontrivial) normal sub-
group. Thus, m = p, meaning that N is transitive.

Observe now that N is an abelian group acting transitively on the set {1,...,p}. Since abelian groups that
act transitively act by regular permutations, it follows that |N| = p. In particular, this means that, since
G normalizes N, we have that G < N ({p)) for some p-cycle pin S, O
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Nilpotent Groups

Definition: Let G be a group. Define the following subgroups inductively:

Zin(G)/Zi(G) = Z(G/Zi(G)).

That is, Z;,1(G) is the preimage of Z(G/Z;(G)) under the canonical projection. The series of subgroups

is called the upper central series of G.

A group G is called nilpotent if Z.(G) = G for some integer c. The smallest such c is called the nilpotence
class of G.

Proposition: Let p be a prime, and let P be a group of order p“. Then, P is nilpotent with nilpotence class
at most a—1.

Proof. For each i > 0, we have that P/Z;(P) is a p-group, so we know that if |P/Z;(P)| > 1, then Z(P/Z;(P)) =
1 by the properties of p-groups.

If Z;(P) # P, then |Z;,1(P)| = p|Z;(P)|, meaning that |Z;,;(P)| = p*!. In particular, |Z,(P)| > p% so P =
Z,(P), so P is nilpotent of class at most a.

If P were of nilpotence class a, then this would hold if and only if |Z;(P)| = p for all i. Yet, this would give
that Z,_,(P) would have index p? in P, so P/Z,_,(P) would be order p?, hence abelian, meaning that P/Z,_,(P)

would equal its center and Z, ;(P) would be equal to p. Therefore, P is nilpotent of class at most a — 1.
O

| Proposition: The direct product of a finite number of nilpotent groups is nilpotent.
Proof. Suppose G = HxK (the rest follows inductively). Furthermore, inductively, we assume that Z;(G) =

Z;(H)xZ;(K), where the base case follows from the definition of the direct product. Let 7y : H —» H/Z;(H)
be the canonical projection, and let g be defined analogously.

Then, we have that ¢: G — G/Z;(G) is given by
G=HxK

T XU

—> H/Z;(H)xK/Z;(K)
P HxK
_) _—
Zi(H)x Z;(K)
HxK
Z{(HXK)
=G/Z;(G).

For shorthand, write ™ = g X tg. Then, we have

Zi(G) =9~ (Z(G/Z(G)))

x K/Z;(K)))

)x Z(K/Z;(K)))

) x 1 (Z(K/Zi(K)))
= Zi+1 (H) X Zi+1 (K)

(Z( )
=7 N (Z(H/Z;(H)
(Z( )

Therefore, we have Z;(G) = Z;(H) x Z;(K) for all i. Thus, G is nilpotent with nilpotence class equal to the
larger of the nilpotence class of H and the nilpotence class of K. O
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Proposition: If H is a proper subgroup of a nilpotent group G, then H is a proper subgroup of its normal-
izer Ng(H).

Proof. Let Zy(G) = {e}, and let n be the largest index such that Z,(G) < H; such an n exists since H is a
proper subgroup and G is nilpotent. Select a € Z,,,{(G) with a € H. Then, for every h € H, we have ahZ,(G) =
(aZ,(G))(hZ,(G)), and since aZ,(G) is in the center of G/Z,(G) by the definition of Z,,1(G), it follows that
ahZ,(G) = haZ,(G). In particular, we have ah = h’ha for some h’ € Z,(G) < H, whence aha~' € H with
a e Ng(H). Since a ¢ H, it follows that H is a proper subgroup of Ng(H). O

Proposition: A finite group is nilpotent if and only if it is the direct product of its Sylow subgroups.

Proof. If G is a direct product of its p-Sylow subgroups, then G is nilpotent since it is the direct product of
a family of nilpotent groups.

Now, suppose G is nilpotent and P is a p-Sylow subgroup. Either, P = G, in which case G is a p-group and
we are done, or G is a proper subgroup of G. If P is a proper subgroup of G, then P is a proper subgroup
of Ng(P) by the previous proposition. Since the normalizer of Ng(P) is itself, it follows that Ng(P) = G
since it cannot be a proper subgroup, so P is normal in G, hence it is the unique p-Sylow subgroup of G.

In the general case, let |G| = p’fl ~~ka, where p; are distinct primes and n; > 0. Let P, ..., B be the corre-
sponding proper normal Sylow subgroups corresponding to p;. Since |P;| = p?f for each i, it follows that
P P,- --E---Pk is a subgroup in wihch every element has order dividing |G|/p?i.

Consequently, P; n(P1 E --Pk) = {e}, so inductively, it follows that P --- P, = P; x---x P. Therefore, since
the order of G equals the order of the direct product, it follows that G =P} x--- x P. O

We consider another, equivalent characterization of the nilpotent groups.

Definition: Let G be a group. Define the groups G; inductively by G; = G and G;,; =[G;, G]. The series
G=G 2G>

defines the lower central series of G.
Lemma: Let K < G and K < H < G. Then, [H,G] <K if and only if H/K < Z(G/K).

Proof. If he H and ¢ € G, then hK¢K = gKhK if and only if [k, ¢]K = K if and only if [k, g] € K. O

In particular, this means that G;/G;,1 < Z(G/Gjy1).

Theorem: Let G be a group. Then, G is nilpotent of nilpotence class ¢ if and only if G, = {e}. Moreover,
Giy1 £Zi(G)

for all 7.

Proof. Suppose Z.(G) = G. We will prove that the inclusion holds by induction on i. If i = 0, then G; =
Z.(G) = G. Inductively, we have

Gis2 =[Gi1,G]
< [Zcfi(G): G]
< Zc—i—l(G):

where the last inclusion emerges from the definition of Z;(G) and the previous lemma. Therefore, we have
Gep1 £Zo(G) = {e}.

Now, suppose Gy = {e}. We will prove that G.;;_; < Z;(G) by induction on j. If j =0, then G¢y1 = Zo(G) =
{e}. By the third isomorphism theorem, we have a surjective homomorphism G/G¢y1-; — G/Z;(G). Since

[Gc,j, G] = Gey1-j, we have that G._j/Gey1-j < Z(G/Gﬁl,j). Passing to the image of the homomorphism,

we have Ge_;Z;(G)/Z(G) < Z(G/Z(G)) = Z;+1(G)/Z;(G). Therefore, we have G._; < Ge_; Z;(G) < Z;1(G).
O

10
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A Simple Group of Order 168

We will work to understand the existence and uniqueness of a simple group of order 168 = 2°-3.7 by
understanding the structure of its Sylow subgroups.

First, observe that |G| does not divide 6!, so G has no proper subgroup of index less than 7, as otherwise
the action of G on the cosets of this subgroup would give an action into some S, with n < 6. Since G is
simple, this action would necessarily be injective, implying that the order of G would divide the order of
this S,,.

Next, since G is simple and the Sylow theorems give that n; = 1 or n; = 8, it follows that n; = 8. Since
the number of Sylow subgroups is the index of the normalizer, this gives that the normalizer of a 7-Sylow
subgroup is of order 21. Furthermore, no order 2 element normalizes a 7-Sylow subgroup, so G has no
elements of order 14.

We will show now that G has no elements of order 21. Suppose x had order 21. Then, there is a 3-Sylow
subgroup contained in (x), implying that the normalizer of this 3-Sylow subgroup would have order
divisible by 7. Since we know that 738, it follows that n3 = 4 since n3 = 1 mod 3, which would contradict
that G has no subgroups of index less than 7. Therefore, n; =7 or n; = 28.

Now, we will show that n; = 28. Suppose n; =7. Let P be a 3-Sylow subgroup, and let T be a 2-Sylow sub-
group of N (P), where we note that [Ng(P)| = 24 (the order of T is 8). Since a 3-Sylow subgroup normal-
izes some 7-Sylow subgroup R of G, it follows that for every t € T, since tPt~! = P, we have P normalizes
tRt~!. Since T acts by conjugation on the eight 7-Sylow subgroups of G, and no element of order 2 in G
normalizes a 7-Sylow subgroup, we must have that T acts transitively — that is, P normalizes all the 7-
Sylow subgroups. Then, P is contained in the intersection of the normalizes of all the 7-Sylow subgroups;
yet, since this intersection is a proper normal subgroup of G, it is trivial. Therefore n3 = 28.

Next, we use a lemma.

Lemma: In a finite group G, if 7, is not congruent to 1 modulo pk, then there are distinct p-Sylow subgroups
P and R of G such that PN R has index at most p*~! in both P and R.

Proof. Let P act by conjugation on the set of all the p-Sylow subgroups. Suppose p* divides [P : P N\ R] for
all p-Sylow subgroups R not equal to P. Then, each orbit has size divisible by p*. Since the set of p-Sylow
subgroups is equal to the sum of all the lengths of the orbits, then we have n, =1 + ¢p* for some integer .

Thus, there is some R such that [P: PN R] < p*~L. O

Turning our attention to the 2-Sylow subgroups, we observe that n, = 7 or n, = 21. In particular, this
means that #, is not congruent to 1 mod 8, so there are 2-Sylow subgroups T; and T, with nontrivial
intersection such that U = T} N T, is of maximum order.

Now, we claim that U is a Klein 4-group with Ng(U) = S4. Define N = Ng(U). We have that |U| = 2 or
|U| = 4, and N permutes the non-identity elements of U by conjugation. Observe that a subgroup of
order 7 in N would then commute with some element of order 2 in U, implying that an element of order
2 would normalize a 7-Sylow subgroup, which cannot happen. Therefore, the order of N is not divisible
by 7.

Remark: In the setting of the lemma, we observe that if Py = PNQ is an intersection of p-Sylow subgroups,
then Py < P and P, <R, so since p-groups are nilpotent, we have Py < Np(Fy) and Py < No(Fp). In the spe-
cial case where R = PN Q is maximal, then R < Np(R) < Ng(R) and R < Np(R) < Ng(R).

Now, consider a p-Sylow subgroup H of Ng(R). Then, there is a p-Sylow subgroup S of G such that R <

H < S. Suppose it were the case that there were separate p-Sylow subgroups of Ng(R) H; and H, that were
both contained in S. Then, since H; < Ng(R), it follows that H; < Ng(R). Notice that Ng(R) is a p-group

that is a subgroup of Ng(R); by maximality, it follows that Ng(R) < H; as the H; are p-Sylow subgroups,

so that Ng(R) = H; = H,, a contradiction. Therefore, if H; < S; and H, < S, are distinct p-Sylow sub-
groups of G that contain Ng(R), we have that R < Hy N H, < §; NS;. Yet, by maximality, it follows that

Sl N Sz = R

11
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Suppose now toward contradiction that Ng(R) has a unique p-Sylow subgroup H. Notice that Np(R) <
H and Ng(R) < H, and there is some p-Sylow subgroup Sof G such that H < S. This gives that R < Np(R) <
PN Sand R < Np(R) £ QN S. If (without loss of generality) S = P, then Ng(R) < S and Np(R) < Q, so
Ng(R) < PN Q =R, yet R<Np(R), a contradiction. If S is not equal to S or P, it follows that P and S are
distinct p-Sylow subgroups of G with Ng(R) < PN S, whence [P N S| > |R|.

In particular, this means that if PNQ is maximal, we have that Ng(P N Q) has more than one p-Sylow sub-
group.

In the case of the group N = N5(U), we have automatically that N has more than one 2-Sylow subgroup,
so |N|=2%-3 with a=2or a=3. Suppose P is a 3-Sylow subgroup of N. Since P is a 3-Sylow subgroup of
G, it follows that the group Ny (P) has order 3 or 6 (since the order of Ng(P) is 6). Therefore, by the Sylow
theorems, N must have 4 3-Sylow subgroups that are permuted transitively by conjugation. Observe that
any group of order 12 must have either a normal 2-Sylow subgroup or a normal 3-Sylow subgroup, but
since N has more than one 2-Sylow subgroup, it follows that |[N| = 24.

Let K be the kernel of N acting by conjugation on its 4 3-Sylow subgroups. Then, K is the intersection of
the normalizers of the 3-Sylow subgroups of N. If K = {e}, then N = §,. Else, suppose that K = {e}. Since
we have that K < Ny (P), it follows that K has order dividing 6, and since P does not normalize any other
3-Sylow subgroup, we cannot have P < K, so |K| = 2. Yet, N/K is then a group of order 12 that has more
than one 2-Sylow subgroup and has 4 3-Sylow subgroups. Therefore, N = S,. Now, we know that S, has a
unique nontrivial normal 2-subgroup, which is the Klein 4-group, giving that U is a Klein 4-group.

Since N = S, it follows that N contains a 2-Sylow subgroup of G, and that Ny (P) = S3, so that Ng(P) = S3
and the 2-Sylow subgroups of G are isomorphic to the dihedral group D, of order 8. Furthermore, G has
no elements of order 6.

We thus find that any element of order 2 does not commute with an element of order either 3 (else we
would have an element of order 6) or 7 (since the order of the normalizers of the 7-Sylow subgroups is
21). If T is a 2-Sylow subgroup, then T = Dy, so Z(T) = (z) for some element z of order 2. In particular,
this means T < Cg(z); since |Cs(z)| has no odd prime factors, it follows that C5(z) = T. Furthermore,
any element normalizing T normalizes its center, hence commutes with z, meaning that the 2-Sylow
subgroups of G are self-normalizing, so that n, = 21.

Now, since |Cg(z)| = 8, the element z has 21 conjugates. Additionally, G has one conjugacy class of ele-
ments of order 4 by the fact that the 2-Sylow subgroups are isomorphic to D, (so the elements of order
4 are conjugate to each other in their subgroup), and this conjugacy class has 42 elements. Furthermore,
there are 48 elements of order 7 and 56 elements of order 3. Summing these gives all 167 non-identity
elements. In particular, this means that all the elements of order 2 are conjugate to each other.

Let T be a 2-Sylow subgroup, and let U < T be the aforementioned Klein 4-group in T, and let W be
the other Klein 4-group. From the Sylow theorems, since U and W are not conjugate in the normalizer
Ng(T) = T, it follows that U and W are not conjugate in G.I Next, we claim that Ng(W) = S,. For this,
suppose we have W = (z, w) where Z(T) = (z). Since w is conjugate in G to z (both have order 2), it follows
that Cg(w) = Ty is another 2-Sylow subgroup of G containing W different from T. In particular, this
means that W = T N T, so since U is an arbitrary maximal intersection of 2-Sylow subgroups of G, the same
argument that gives Ng(U) = S, also gives Ng(W) = S,.

All this analysis gives the following.
Proposition: If G is a simple group of order 168, then the following hold:
(i) n,=21,n3=7,and n; =8;

(ii) the 2-Sylow subgroups of G are isomorphic to the dihedral group D,, while the 3 and 7-Sylow sub-
groups are cyclic;

(iii) G is isomorphic to a subgroup of A7, and G has no subgroup of index strictly less than 7;

IThis follows from from “Frattini’s Argument,” which says that if H is a normal subgroup of G and P is a p-Sylow subgroup of
H, then Ng(P)H =G.

12
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(iv) the following are the conjugacy classes of G
¢ {e};
* 2 classes of elements of order 7 with 24 elements per class;
* 1 class of elements of order 3 with 56 elements;
* 1 class of elements of order 2 containing 21 elements;

(v) if T is a 2-Sylow subgroup, and U and W are the Klein 4-subgroups of T, then U and W are not con-
jugate in G, and have Ng(U) = Ng(W) = Sy;

(vi) G has 3 conjugacy classes of maximal subgroups, two of which are isomorphic to S4 and one of which
is isomorphic to the non-abelian group Z/7Z =« Z/3Z of order 21.

However, none of this shows existence. To find this existence, we will construct a special geometric object
that emerges from the action of G on its subgroup structure.

Let Uy,..., U; be the conjugates of U, and let Wy,..., W; be the conjugates of W. We will call the U; points,
and the W; lines. Next, we will define an incidence relation by saying that U; is on line W; if and only if
U; normalizes W;. Equivalently, U; is on the line W; if and only if U; W; = Dg,"! which occurs if and only if
W; normalizes Uj.

Inside each point (or line) stabilizer (isomorphic to S;) there is a unique normal 4-subgroup V, and three
other non-normal 4-subgroups which we will refer to as By, B, and Bj. The groups VB; are the 3 2-Sylow
subgroups of S;. Therefore, we have that each line contains exactly 3 points and every point lies on ex-
actly 3 lines. Since any two non-normal 4-subgroups of S, generate S, (and determine the other two Klein
4-subgroups of that copy of Sy), it follows that any two points on a line uniquely determine the line. Fi-
nally, by counting, every pair of points lies on a unique line, and each pair of lines intersects at a unique
point.

This geometry is known as the projective plane of order 2, or the Fano Plane, denoted F, and is depicted
below.

Now, we observe that every g € G acts by conjugation on the set of points and lines, and preserves the inci-
dence relation, with only the identity element in G that fixes all the points. Therefore, G is isomorphic to
a subgroup of Aut(F). Any automorphism of F that fixes any two points on a line and fixes a third point
not on the line will necessarily fix all points, meaning that any automorphism of F is determined by its
action on any three non-collinear points. There are 168 such triples, so F has at most 168 automorphisms,
so that if the simple group G exists, then it is unique and isomorphic to Aut(F).

To determine the automorphisms of F, we consider a different construction. Let V = IF23 be the 3-dimensional
vector space over [F,. Call the 7 1-dimensional subspaces of V the points and the 7 2-dimensional sub-
spaces the lines. Say a point is incident to a line via subspace inclusion. Observe that GL(V) acts faithfully
on the points and lines and preserves incidence, so Aut(F) has order at least 168, so Aut(F) = GL(V) =
GL;(IF,), with Aut(F) having order 168.

UThere are two Klein 4-groups in the normalizer Ng(W/), and since U; is not conjugate to Wj, it follows that U; normalizes W if

and only if Uj; is the other Klein 4-group in NG(W]-).

13
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Finally, we will prove that GL(V) is simple. Suppose H is a proper nontrivial normal subgroup of GL(V).
Suppose Q) is the set of points, and N is the stabilizer in GL(V) of a point in Q. The intersection of all
the conjugates of N fixes all points, so this intersection is the identity. Therefore, H £ N, and we have
GL(V)=HN.

By the second isomorphism theorem, [H: HNN]=[HN : N], so 7 divides |H|. Furthermore, since GL(V)
is isomorphic to a subgroup of S; and the normalizers of 7-Sylow subgroups of S; have order 42, it fol-
lows that GL(V) does not have a normal 7-Sylow subgroup, so n7(GL(V)) = 8.

A normal 7-Sylow subgroup of H is characteristic in H, hence normal in GL(V), meaning that H does
not have a unique 7-Sylow subgroup. Since n;(H) = 1 mod 7, and n7(H) < n;(GL(V)) = 8, it follows that
ny;(H) = 8. Thus, |H| is divisible by 8, so 56 divides H, and since H is proper, |[H| = 56. By applying a
Sylow-style counting argument to H, we see that H has a normal (hence characteristic) 2-Sylow subgroup,
which is thus normal in GL(V). Yet, this would mean that GL(V) has a unique 2-Sylow subgroup. Note
that the upper and lower triangular matrices are subgroups of GL3(IF,) with order 8, so we achieve a
contradiction.

Ring Theory

Localization

If Ris a (commutative, unital) ring, then we may consider a subset S € Rsuch that1 € 5,0 ¢ S, and for
any si,s, € S, we have s;s, € S (such an S is called a multiplicative set). Then, we may construct the ring of
fractions ST'R as the set of equivalence classes in R x S with (r(,s;) ~ (r5,5,) if and only if there exists t € S
such that t(r;s, —r5;) = 0. We write [(r,5)] = £, and define addition and multiplication by

" ) 1Sy + 7128
J— + —_— T ——

51 S 5152
nr_nn
S1582 5152

There is a natural embedding 1 of R into S™' R by taking r > £.

Theorem: Let R be a commutative ring with unity, S a multiplicatively closed subset, and ¢: R — T a ring
homomorphism that maps S to units in T. Then, there is a unique homomorphism ¢: S™'R — T such
that ot =¢.

Proof. Define

O

Proposition: Let R be a commutative ring with identity. Any ideal in S7!R is of the form S~!] for some ideal
J of R.

Proof. Consider a proper ideal I of S7IR,and let ] =INR. We claim that JNS =0. If not, let u €/ NS, so
that % eJNS. Since NS is an ideal, it follows that %% eJnS,solejnS,sole],solel, meaning I is
not proper.

Since ] NS = 0, it follows that S7!] is well-defined. We will start by showing that I € S7!J. Consider an

element % €l. Then, { = %%, SO % e STl Additionally, if % € S!J, then % = %%, sosince § €l as { €INR,
it follows that % el. O

14
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Proposition: There is a one-to-one correspondence between prime ideals of S™' R and prime ideals of R that
do not intersect S.

Proof. Let1: R— S™'R be the embedding r > £. We claim that the maps

p> ST
g1 (q)
are mutually inverse.

First, we observe that for any ideal I € S™!'R, then
L_I(S_II): {reR:srelforsomeseS},

known as the saturation of the ideal I C R. This follows from the fact that if sr € I, then { = * ¢ s-ly,
meaning that r € 1‘1(5‘11), and if § = ¢ for some a €I and s € S, then there is some t € S such that t(rs—a) =
0, so that (ts)r = ta € I. Since ts € S, it follows that r belongs in the right-hand set.

Next, we observe that S~ = S~IR if and only if INS # 0. This follows from the fact thatif se I NS, then

= % e S7!I, while if% € S, then we may write % = 2 forsomea € I ands € S, with t(s—a) = 0, so

ts=tael, whencetselINS.

First, we show that the map g+ 17!(g) sends primes in S™!R to primes in R. Set p = 17!(g). This follows
from the fact that the primage of a prime under a ring homomorphism is still prime.

Next, we show that if p is prime with pN'S =@, then S~!pis prime. First, observe that
L*I(S”p) ={reR:srepforsomeseS}

Notice that whenever sr € p with s € S, we must have r € p. Therefore, we must have 1! (S‘lp) =p.
Next, S~!p is proper since pN S = 0. Finally, we will show that S™!p is prime.
Suppose

——es!
st P

with a,b € Rand s,t € S. Then, we have % = L for some p € pand u € S. There is thus w € S such that
w(uab —stp) = 0, giving (wu)(ab) = wstp € p. Since wu € S is disjoint from p, it follows that wu ¢ p, and
we have ab € p. Therefore,a€porbep,so ¢ € S~lpor % eSIp.

This gives the correspondence obtained by taking p+ S~'pand g+ 17! (). O

Example: Consider the special case of the multiplicative set S = {1, 1, r2,...}. We will show that S™I1R =
R[x]/(rx - 1), which will emerge by showing that R[x]/(rx — 1) satisfies the universal property. That is, if ¢: R —
A is a ring homomorphism with ¢(1) =1 and @(S) € A%, then there exists a unique ring homomorphism

@: R[x]/(rx—1) > A such that ® o e = ¢, where ¢ is the composition

R R[x] 5 R[x])/(rx—1).
We start by setting s = ¢(r)~!, and extending ¢ to a map ¢: R[x] — A given by
Plag+arx+---+ayx") = @(ag) + @(ar)s+---+@(a,)s".
To define @, it suffices to show that (rx —1) C ker(¢). This follows from the fact that

P(rx—1)=¢(r)s-1
=0.

15
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Therefore, we have existence.

Now, suppose we have a homomorphism ¥: R[x]/(rx—1) — A such that o e = ¢ on R. We will show that
U(x+(rx—1)) = D(x+ (rx - 1)), as we already know that {(t + (rx—1)) = @(t) = O(t + (rx—1)) for any t €
R. Observing that rx =1 mod (rx—1), we have

P(rx+(rx—1)) = (1 + (rx—-1))
:1,

while

Plrx+(rx—1)) = b(r+ (rx—1))b(x+ (rx—1))
= p(NY(x+ (rx —1)).

Therefore, @(r)b(x + (rx—1)) =1, so that O(x+ (rx—1)) = (p(r)_1 =D(x+ (rx—1)).

Unique Factorization Domains

Definition: An integral domain R is called a unique factorization domain if every element r € R that is nonzero
and non-unit admits a factorization

e e
r:upll ...pn”

into irreducible elements of R. The factorization is unique up to associates, where g ~ p are associates if
there exists v € R* such that g = vp.

A general strategy with unique factorization domains consists of writing any nonzero non-units in terms
of their irreducibles, and using divisibility to tease out properties. An example is discussed in the follow-
ing.

Example (August ‘21, Problem 4): Consider a nonzero non-unit up(fll ---pz{" = f € Rin a unique factor-
ization domain. Let Ry = R[]l(] We will show that

R; = {upi1 cpatiu€eR% e € Z}.
To show one direction, observe that we may obtain any individual factor p; of f by taking

d, a1 _d,’
upl ...pl_ ...pm

pi =

i

so in the localization, we have all positive powers of p;i
since

are invertible in Rf, as well as all negative powers

d di-1 dy,
l:upl pz ...pm
pi f

so that the latter set is contained in the former. Meanwhile, if ﬁ € RF, then we use the fact that the fac-

torization of f is unique to find that %(pl_dl "'p;nd'") = su‘l(pIdl ---p%d’") is contained in the latter set.

This allows us to develop an isomorphism R? = R*xZ"™, where we take any unit in R]X( to the tuple (u,eq,...,¢e).

Primality in the Gaussian Integers

We will discuss primality in the Gaussian integers. Recall that the Gaussian integers are given by

Z[i]={a+bi|labeZ)

16
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Z[x]
(¥2+1)
The Gaussian integers are equipped with a norm N: Z[i] — Zs( given by N(a + bi) = (a + bi)(a - bi) = a®+b?,
which is a multiplicative norm satisfying N(zw) = N(z)N(w). Furthermore, with this norm, the Gaussian
integers form a Euclidean domain. The units of Z[i] are +1 and +i.

Il

| Lemma: Let g € Z[i]. Then, there is a prime integer p € Z such that N(q) = p or N(q) = p°.

Proof. Since g is not a unit, N(gq) # 1. Therefore, N(gq) is a nontrivial product of prime integers, and since
g is prime in Z[i], g must divide one of the prime integer factors of N(gq). Let p be this prime integer.

Then, qlp in Z[i], so N(9)IN(p) = p?, so N(q) = p or N(q) = p*. m
Example: We observe that 3 is a prime element of Z[7]. Since Z[i] is a Euclidean domain, it is a UFD, so ir-

reducibles are prime, meaning we only need to show that 3 is irreducible in Z[i].

Since N(3) =9, it follows that the norm of any factor of 3 must be a divisor of 9. Therefore, it follows that
the norm of any divisor of 3 is equal to 1, 3, or 9. If the norm is 9, then the factor is an associate of 3, while
if the norm is 1, then the factor is a unit, so it follows that any nontrivial factor of 3 would have norm equal
to 3. Yet, there are no such elements.

Meanwhile, 5 is not a prime element of Z[7], since we may write 5= (2+1)(2—1).

We will now focus on proving one of the most celebrated theorems in number theory: Fermat’s Theorem
on sums of squares. We will say a prime integer p € Z splits in Z[i] if it is not a prime element of Z[i]. For
example, 5 splits in Z[7] while 3 does not.

| Lemma: A positive prime integer p € Z splits in Z[i] if and only if it is the sum of two squares in Z.

Proof. Suppose p = a’ + b with a,b € Z. Then,

p = (a+bi)(a-bi)
in Z[i], so since N(a+bi) = a? + b*> = p # 1, it follows that neither of the factors is a unit in Z[i], so that p
is not irreducible, hence not prime.

Conversely, suppose p is not irreducible in Z[i]. Then, p has an irreducible factor g € Z[i] that is not an
associate of p. Since g|p, multiplicativity of the norm gives that N(g)|N(p) = p?, hence N(q) = p as g and
p are not associates and g is not a unit. If we have g = a + bi, then

p=Nilq)
=a’+ b2

Next, we discuss a characterization of splitting via a single congruence.

| Lemma: A positive odd prime integer p splits in Z[7] if and only if it is congruent to 1 modulo 4.

7][i] Z[x]/(x2 + 1)
(p) (p)
Z|[x]

T (p? 1)
_ZIx/p)

T o(x2+1)

_ Z/pZ[x]

T o(x2+1)

In particular, this means that p splits in Z[i] if and only if x*> + 1 has a root in Z/pZ, or that there is some

17

Proof. Our goal is to understand when Z[i]/(p) is an integral domain. Yet, we have the series of isomorphisms



Algebra Qualifier Prep Avinash Iyer

n such that n? = —1 modulo p. We will show that this condition is equivalent to p being congruent to 1
modulo 4.

Let G = (Z/pZ)*, and fix a generator g. Observe that p is odd, so p — 1 = 2¢ for some integer (. Let 71 de-
note the class of an integer n mod (p). For any n & (p), it follows that there is some m such that 7 = g".

Observe that the class —1 generates the unique subgroup of order 2 of G, and since g’ does the same, it fol-
lows that g¢ = —1. In particular, we have that n> = —1 modulo p if and only if g>" = g, or that 2m = ¢
mod 2¢, or that (p—1) = 2¢ is a multiple of 4, or p =1 mod 4. O

This gives the following.

Theorem (Fermat’s Theorem on Sums of Squares): A positive odd prime p € Z is a sum of two squares if
and only if p =1 mod 4.

As a general technique for primality in a quadratic number ring Z[\/E] for some square-free integer d, we
use the fact that

Z];
z|Vd|= (xz[f]d)'

meaning that an element p € Z is prime if and only if

ZVd] gy
(7 - (par-d)

(Z/p2)]]
2 d)

is an integral domain; equivalently, we want to see whether or not x*> —d is irreducible mod p.

Module Theory

Useful Facts
| Definition: A module M over R is called cyclic if there is a vector v such that (v) = Rv = M.

Theorem: If a module M is cyclic with cyclic vector v, then
M = R/ Anng(v),
where Anng(v) is the annihilator ideal, defined by

Anng(v)={reR:rv=0}.

What follows are the most important theorems in module theory. We’ll discuss an application of it to
linear algebra.

Definition: Let R be a PID. A matrix A € Maty ,(R) is said to be in Smith Normal Form if there exists m <
min(k, n) and nonzero elements djy,...,d,, such that A = diag, ,(dy,...,d,,) satisfying (d1) 2 (d2) 2 --- 2
(dp)-

Theorem (Smith Normal Form Decomposition): Let R be a PID, and let A € Maty ,(R). Then, there are
U € GLi(R) and V € GL,(R) such that UAV is in Smith Normal Form.

These matrices are found by a product of elementary row and column operations. Specifically, the fol-
lowing row operations can be interpreted by matrix multiplication, where E;;(\) denotes the elementary
matrix consisting of 1 along the diagonal and X at the (i, j) position, while F;; denotes the transposition
matrix with row 7 and row j exchanged.

18
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Elementary Row Operation ‘ Interpretation as Matrix Multiplication

R;i(A) = R;(A)+AR;(A) A Eii(MA
Ci(A) > Ci(A)+AC;(A) A AE;(N)

Theorem (Compatible Basis Theorem): Let M be a rank n free module over a principal ideal domain R, and
let N be a submodule of M. Then, N is a free module with rank m <, and there is a basis {vy,...,,} for
M and nonzero elements di|d,|---|d,, such that {d;v,d>v,,...,d,, V)

Moreover, the rank m of N is unique, and the dy,...,d,, are unique up to associates.

Proof. Select a basis {x1,...,x,} for M, and a set of generators {uy,...,u;} of N. Then, we may find a matrix
(az'j)ij € Maty ,(R) such that

251 X1

= (aff)f,j

Uk Xn

We may put the matrix A into Smith normal form, yielding A = PDQ, where D = diagk’n(dl,. cdy), P €
GLk(R), and Q € GL,,(R).

Writing
12 X1
C=Q
Yn Xn
V1 uy
=p-! ,
Uk Uk

we have that {yy,...,7,} are a basis for M and {vy,..., v} generate N. We may write

meaning that k = m and v; = d,v;. O

Theorem (Invariant Factors Decomposition): Let M be a finitely generated module over a PID R. Then, there
exists a unique k, unique ¢, and unique up to associates ay|a|---|a, such that

l
@R/(ai)}.
i=1

Proof Sketch. If {xy,...,x,} forms a generating set for M, define a (surjective) R-module homomorphism R" =
F — M by taking (ry,...,r,) = Y_i_, r;x;. Find a compatible basis for F and the kernel N < F of this ho-
momorphism. Then, we get that

M=RFg

M =F/N
_ @?:1 R}/,’

B (a)y;
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=R""g

é R/(a,-)].
=1
O

Theorem (Elementary Divisors Decomposition): Let M be a finitely generated module over a PID R. Then,
there are primes py,...,p; € R not necessarily unique and dy,...,d; € N such that

@R/(pff)].

Here, k is the same value as the k in the invariant factors decomposition.

M=RFg

Proof Sketch. Since R is a principal ideal domain, it is a unique factorization domain, so for each a; in the

invariant factors decomposition, we may write a; = p?‘l pf]’t The Chinese Remainder Theorem yields
that

t
R/(a;) = P R/(p:).
s=1

O
Definition: A module P over a (commutative, unital) ring R is called projective if it satisfies the following
criterion: given a surjective R-module homomorphism ¢: M — N, any R-module homomorphism ¢{: P —

N extends to an R-module homomorphism {: P — M satisfying ¢ o { = . The following diagram com-
mutes.

_ p
I 7
Ly
I3

MT>N—>O

We now discuss a special decomposition. Suppose e € R is an idempotent with e # 1. Then, f =1 —-eis
idempotent as well, and satisfies ¢(1 —e) = 0. Any R-module M then splits as

M=eM@a(1-e)M.

The sum is equal to all of M since m = em + (1 —e)m for each m € M, and the sum is direct since for any
xeeMnN(1—-e)M, we have x =em’ and x = (1 —e)m”, meaning ex = x and ex = ¢(1 —e)m” = 0, meaning x = 0.

Inductively, we may define a complete set of orthogonal idempotents ey,..., e, to be such that ¢;e; = 0 for
any i # jand e; +---+¢, = 1. Then, we may take the module decomposition as

M= ée;M.
i=1

One of the most useful applications of this is if one is able to apply the Chinese Remainder Theorem to
the underlying ring. Notice that if R is commutative, then the idempotents e; are central, and since R is an
R-module over itself, we have a decomposition

R=Re; x---xRe,

of the underlying ring.
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Tensor Products

Definition: Let R be any ring. If M is a right R-module, N is a left R-module, and P is an abelian group, a
map @: M x N — P is called R-balanced if

@(my +my,n) = @(my,n)+@(my,n)
o(m,ny +ny) =q@(m,ny)+p(m,ny)
@(mr,n) = @(m,rn)

for all m,my,m, € M, n,n;,n, € N,and r € R.

If R is commutative, (i.e., both M and N can be considered as left R-modules) then the map ¢ is called R-
bilinear if we also have ¢(rm,n) = rq(m,n) = ¢(m,rn).

Definition: Let R be any ring. If M and N are a right R-module and left R-module respectively, their ten-
sor product is the unique abelian group satisfying the following universal property: for any R-balanced map
¢: M x N — P, there is a unique abelian group homomorphism ¢: M ®z N — P satisfying p(m®n) =
b(m, n).

If R is a commutative ring (i.e., left and right R-modules are the same), then M ®x N satisfies the follow-
ing stronger universal property: for any R-bilinear map ¢: MxN — P of left R-modules, there is a unique
R-module homomorphism @: M®r N — P, where M®g N is endowed with the R-module structure given
by r(m@n)=(rm)®@n=m® (rn).

A very useful case study is the extension of scalars. Given an inclusion of unital rings R — S, thereis a
natural right R-module structure on S given by left multiplication; taking the left multiplication by S
yields a (S, R)-bimodule structure on the ring S. If N is a left R-module, then S ®; N becomes a left S-
module with a copy of N included via the map1: N - S®g N taking n— 1®n.

If f: R — S is a unital ring homomorphism, then S receives the structure of a right R-module by taking
s-r=sf(r),and S becomes a (S, R)-bimodule with respect to the standard left S-module structure and the
described right R-module structure. The tensor product S ®g N of any left R-module with S yields a change
of base from the ring R to the ring S.

Finally, if I is a two-sided ideal of a (not necessarily commutative) ring R, then R/I is a (R/I, R)-bimodule;
given a left R-module N, then R/I ® N becomes a left R/[-module (i.e., the change of base with respect to
the quotient homomorphism). Defining

n
IN={ZLZI'1’Z[Z(1,‘EI,H,'GN},

i=1
we obtain that IN is a left R-submodule of N.

The tensor product (R/I) ®g N is generated by the simple tensors (r+I)®n = r((1 +1)®n) for any r € R
and n € N. Therefore, the elements (1 +I) ® n generate (R/I) ®z N as an R/I-module. Define the map

N — (R/I)®g N by taking n + (1 +I)®n. This is a surjective left R-module homomorphism with kernel
containing IN, seeing asif ae [ and n € N, then (1 +[)®an = (a+I)®n = 0. We obtain a surjective R-module
homomorphism f: N/IN — (R/I)®g N taking n+ IN + (1 + ) ® n. Define an inverse R-balanced map
R/I x N — N/IN taking (r+1,n) — rn+ IN. Using the universal property yields the following standard
isomorphism:

R/I®z N = N/IN.

Next, we discuss some categorical properties of tensor products. We will assume that our ring R is com-
mutative (meaning that all left R-modules are right R-modules, and we work with R-bilinear maps).

If a: M; — M, is an R-module homomorphism, and N is any R-module, then we may define an R-bilinear
map M; xN — My, xN — M, ®N given by (my,n) — a(m;)®n, which induces an R-module homomorphism
O(®ile Ml N —>M2®N
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This map is functorial, since if f: My — M, is another homomorphism, then (a®idy) o (B®idy) agrees
with (a0 ) ®idy on simple tensors, so they must agree on all tensors.

Consider now the functor P — Hompg(N, P), where any map ¢: P, — P, yields a map ¢,: Homg(N,P;) —
Hompg(N, P,) defined by ¢,0(n) = ¢(6(n)) for any 6 € Homg(N, P;) and n € N.

Recall that any R-linear map M @ N — P is equivalent to defining an R-bilinear map M x N — P. Any
R-bilinear map ¢: M x N — P is defined by the fact that ¢(m,-) and @(-, n) are R-linear maps for all me M
and n € N. That is, ¢ defines an R-module homomorphism M — Hompg(N, P). In particular, this means
that an R-bilinear map is “equivalent” in a sense to an element of Homyz (M, Hompg(N, P)).

Lemma: For all R-modules M, N, and P, we have an isomorphism of R-modules

Homp(M,Hompg(N, P)) = Homp(M ®g N, P).

Proof. We note that any a € Homg(M, Hompg(N, P)) determines an R-bilinear map ¢: M x N — P defined
by (m,n) — a(m)(n). By the universal property, ¢ factors through an R-linear map ¢: M@y N — P, so «
determines a well-defined ¢ € Homg(M ®g N, P). The map o — @ is R-linear and has inverse given by
> ((m,n) > pm@n)). O

| Corollary: For every R-module N, the functor -®gN is left adjoint to the functor Hompg(N,-)
We can use the following general theorems to apply it to the special case of the functors -@zxN and Hompg(N,-).

Theorem: If F is a functor with a right adjoint (i.e., a left-adjoint functor), then F commutes with categor-
ical colimits (e.g., direct sums). Similarly, if G is a functor with a left adjoint (i.e., a right-adjoint functor),
then G commutes with categorical limits (e.g., products).

Theorem: If F is a left-adjoint functor (on R-modules), then F preserves right-exact sequences. That is, given
an exact sequence A—-B—C — 0,

F(A)—> F(B)— F(C)— 0.

Similarly, if G is a right-adjoint functor on R-modules, then G preserves left-exact sequences. That is, given
an exact sequence 0 > A —- B — C,

0> G(A) —> G(B) — G(C).
Therefore, we obtain the following results.

Corollary: For all R-modules M;, M;, and N, we have
(M ®M;)®r N = (M; ® N)® (M, ® N).
Corollary: If A and B are any sets, then
R@A ®r R@B ~ REB(AXB)‘

Without having to go through the full process of proof, we obtain the following previously established
result.

Corollary: For all R-modules N and all ideals I of R, we have

(R/I)® N = N/IN.

Proof. From the exact sequence
0—-I—>R—>R/I-—>O,
taking tensor products yields
I®N - RN — (R/[)®N — 0

since tensor products preserve right exact sequences. Since RQ N =N and I® N = IN in N, we thus get
the identification (R/I)® N = N/IN. O
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Corollary: For all ideals I and J of R,
1 >~ —,
(R @ (R/)) = 7
Proof. We have

(R/I)®r (R/]) = —— =

where the second line emerges from the correspondence in the fourth isomorphism theorem. O

A question we're interested in is what happens when the functor -®zN preserves an entire short exact
sequence (i.e., the functor is exact). This is not always the case. For instance, consider the following short
exact sequence

05757 >7/27Z —0.

Taking the tensor product with Z/2Z yields the operation Z/2Z A Z/27Z, which is the zero map (hence it
is not injective).

Meanwhile, if the module N = R®4 is free, then -®gN is exact, since any inclusion M; C M, yields a map

M, ®z R® — M, ® R®!, and since tensor products and direct sums commute, this yields an inclusion
DA ®A

M7 — My*.

| Definition: An R-module N is called flat if -®gN is exact.

In other words, flatness is sort of the counterpart of projectivity, where we recall that an R-module N is
projective if and only if the functor Hompg(N,-) is exact.

| Proposition: If R is a domain, then any flat R-module is torsion-free.

Proof. Let x € R be nonzero, and let M be a flat module over R. Observe that there is an exact sequence
0 — R 2255 R, where the map a > ax is injective since R has no zero divisors. Taking tensor products
with M, we obtain that

(ar—>ax)®id

0> RegM ———" R@p M.

. (mi—xm) . . . .
Notice that R®gxM = M, so that 0 > M ———— M is retained. In particular, this means that for all nonzero
me M, m— xm is injective, or that xm = 0 for any x € R, so that M is torsion-free. O

Example: We consider a field extension L/K. Then, since L is a vector space over K, L is a free K-module.
Given a polynomial p(x) € K[x], there is then a short exact sequence of K-modules given by

K][x]

0 — (p(x)) > K[x] > W —

Taking tensor products with L over K then gives
Kixl
(p(x)

Notice that L ® K[x] = L[x] under the identification 1 ® x" > x". Thus, we have

0 — L®g (p(x)) — L[x] —>L®KM — 0.

(p(x))

0— L®g (p(x)) » Loy K[x] » Lex
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The injectivity of the map L®k (p(x)) — L[x] gives that L®k (p(x)) can be identified with the ideal (p(x)) C
L[x]. Writing the exact sequence once more, we obtain

0— (p(x)) > L[x] > L®k M -0

(p(x))

Thus, this gives L ®g (I;([—f)]) >~ &—3)

We now focus on showing that free and projective modules are flat.

Definition: Let R be a (commutative, unital) ring, and let M be an R-module. Let } I, f;x; = 0 be a rela-
tion in M. We say the relation is trivial if there exists m > 0, V; € M, and ajj € Rforeachi=1,...,nand
j=1,...,msuch that

n
M=§:mﬂj
=1

and for each j,

n
0= Zﬁa,]
i=1
| Lemma: An R-module M is flat if and only if every relation in M is trivial.

Proof. Suppose M is flat, and let ", f;x; = 0 be a relation in M. Let I be the ideal (f,..., f,), and let K <
R" be the kernel of the map R" — I given by (ay,...,a,) — Y1, a;f;. This yields the short exact sequence

0—->K—->R"—>1—-0.

It follows that ) 7, f;®x; is an element of I®g M that maps to 0 in R®xM = M, which follows from taking
the tensor product with M of the exact sequence 0 -1 — R.

By the flatness of M, } ", f; ® x; is zero in I ®g M. By exactness, there exists an element of K ®r M map-
ping to ) 7, ¢;®x; € R"®g M, where ¢; denotes the ith element of the standard basis. Writing this element
as Z;"Zl kj ®y;, we may write the image of k; in R" as Y ajje; to obtain our desired result.

Now, assume every relation in M is trivial. Let I be a finitely generated ideal, and let x =) " | f;® x; be
an element of I ®g M that maps to zero in R®g M = M. This means that ) 7, f;x; is a relation in M. Since
this relation is trivial, we have

Xziiﬂ®ﬂ
1’—11 .
3% s
=1\ j=1

=0.

®Vj

O
Equivalently, we have the following characterization of flatness that follows from jiu-jitsu with the above
lemma.

Theorem: An R-module M is flat if and only if for every R-module homomorphism f: R" — M from a

finitely generated free R-module to M, and for all submodules K < ker(f), there exists a free R-module
G=R"™and maps g: F — G and h: G — M satisfying ho g = f and g(K) = 0.
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|
| -
|

-
-7 h

oq

h

G=R"

The following is a condensation of the previous result. Recall that an R-module M is called finitely pre-
sented if there is an exact sequence R” — R" - M — 0 (i.e., the module M is defined by a finite generat-
ing set and finite generating set for its module of relations).

Corollary: Let M be an R-module. Then, M is flat if and only if for any finitely-presented R-module P and
R-module homomorphism f: P — M, there is a free finitely-generated R-module F and maps h: P — F
and g: F — M such that f = goh.

Pp—M
I
I
|

ogq

&S

v h

F=R"

Localization of Modules

Similar to how, given a multiplicative subset S C R of a unital commutative ring, we may construct the
ring of fractions S~'R, it is possible to construct a localization of any R-module S~'M by a similar method.
That is, define an equivalence relation on M x S by (m,s) ~ (n,t) if and only if there exists x € S such that
x(tm—sn) =0, and write equivalence classes as [(m,s)] = %. This yields the module of fractions of M with
respect to S, and is a S~!'R-module.

In fact, the localization S™'M is an R-module (with each r acting as r/1), and there is an R-module homo-
morphism M — S™'M taking m > 4. Notice that ker(1) = {m € M : sm = 0 for some s € S}.

Proposition: Let S be a multiplicative subset of R, and let M be an R-module. There is an isomorphism S™IM =
S7'R®g M as S~'R-modules.

Proof. The map from STIRxMto S™'M taking (r/s,m) — % is well-defined and R-balanced, so we have
a homomorphism ST'R®x M — S~ M.

We obtain a map 7 %@ m yields a well-defined inverse homomorphism, since if % = ’2]—,,, then we may
write t(d’m—dm’) = 0, whence %@m can be written as ﬁ ®td'm= ﬁ ®xdm’ = % ®@m’.

Therefore, S™' M is isomorphic to ST'R®z M as S~ R-modules since these inverse isomorphism are also
D~'R-module homomorphisms. O

Proposition: Let R be a commutative ring with 1, and let S~IR be the localization.

(i) If I and J are ideals of R, then S™'(I+])=S~'I+S~'Jand S7}(InJ) = S~'I nS~!J. Additionally, lo-
calization commutes with quotients: ST'R/S™'I = S~1(R/I), where the localization on the right is
with respect to the image of S in the quotient R/I.

(ii) If N is the nilradical of R, then S~IN is the nilradical of S™'R. Similarly, if
VI={reR:r" el for some n € N}

denotes the radical of I, then VS—1T = S~1+/I.

(iii) If Q is a P-primary ideal (i.e., VQ = P and xy € Q if and only if x € Q or " € Q for some n > 0),
thenif SNP = @wehave ST'Q = S7!R,andif SNP =0,S 'Pisa prime ideal and the extension
ST'Qof Qisa S_lP-primary ideal in S~!'R. The contraction to R of S™'Q is Q.

(iv) If L and N are submodules of the R-module M, then
* STHL+N)=S"'L+S7IN;
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(iii)

(iv)

(v)

e SSLNN)=S"'LNnSIN;
e S7IN is a submodule of S~ M;
o STIM/STIN =S~ (M/N).

(v) If M and N are R-modules, then ST' (M@ N)=S"'Ma&S~IN.

(vi) The localization S~'R is a flat R-module. That is, if

0>L—>M->N=>0
is a short exact sequence of R-modules, then
055 'L -5 'M->SIN-0

is a short exact sequence of S™! R-modules.

Proof.

(i) Notice that Lo f+£ foranyiel,je],andseS, giving S~HI+])C S~ +S7!]. Meanwhile, we

s . .
Sp1+81]

i J_
observe that Tt = s

giving the reverse direction.

Similarly, we have STHInj)c ST'Insty. If £ € SN S7!J, then s;a € I and s,a € ] for some

51,50 € S. Then, s;s,a € I N ], and since ¢ = 2322, we obtain the reverse direction S™'1 N S7!] C

515287
s~HInj).
Finally, we apply the result in (vi) to the exact sequence
0—>I—>R—->R/IT—-0

to show that localization commutes with quotients.

Suppose a € VI, so that a” € I for some n > 1. Then, (a/s)" = ‘f—: € S, 50 S~'VI € VS-1I. Con-
versely, if £ € VS~1I, then (a/s)" € S7'I for some n > 1, meaning there is s; such that s;a” € I. There-
fore, (s;a)" = s (s;a") €1, so that sya € Vi. Thus, & = 22 € S7!VI, so that VS-1T € S7IVI.

518

The statement with regard to the nilradical emerges from the fact that the nilradical is the radical of
the ideal generated by 0.

We start by observing that SN P = @ if and only if SN Q = 0. One direction emerges from the fact
that Q € VQ = P, while the other emerges from the fact that s € SN P implies s” € SN Q for some 7.

Next, if SNP =0, then S~'P isa prime ideal. We will show that S1Qisa primary ideal in S7IR. Let

%% € S71Q with f ¢ S71Q. There is some element s € S such that sab € Q. Sincea ¢ Q and Q is

primary, we have (sb)” € Q for some n > 1. We have (d%)n = % € S7'Q, so that S~'Q is primary.
2

Furthermore, the radical of S™'Q is S™'P by (ii).

Finally, the contraction of S71Q is the saturation of Q, consisting of the elements r € R such that sr €
Q for some s € S. Since Q is P-primary, the definition of primary implies that if s¥ € Qand s ¢ P,
then r € Q, whence the contraction of S™1Q is Q.

Since ideals I and J are submodules of R, we may apply the same method for proving I and J satisfy
(i) to the submodules L and N.

From (vi), we have that if the exact sequence
0>L—>M-—->N-—>0
of R-modules splits, then the exact sequence

0-5S 1L 55"M->STIN>0O

26



Algebra Qualifier Prep Avinash Iyer

(vi)

of S™'R-modules splits (as tensor products and direct sums commute).

Suppose we have a short exact sequence

0L 5MSN S0

of R-modules. Every element of S™'N is of the form 2 for some n € N and s € S. Since ¢ is surjec-

tive, n = ¢(m) for some m € M, so the extension of ¢ yields (p’(%) = em 2, meaning that ¢’ is

S
surjective.

If % € ker(¢p), then s;@(m) = 0 for some s; € S. So, we have ¢@(s;m) = 0, so s;m = P(¢) for some £ € L
by exactness of the original sequence at M. Therefore,

m_sm
s sys
_ v
51§

)

meaning that ker(¢’) Cim(¢’). If @ €im(y’), then

14 14
(P,( (o) ) _o(bl0)

s d
=0,
so that im(1’) C ker(¢’). This yields exactness of the induced sequence at S™' M.
Suppose ¥ (g) 0. Then, s,P(¢) = 0 for some s, € S, meaning that {(s,¢) = 0. By the injectivity of
U, 5, =0, so that
4 _ 52€
S sys
=0.

Thus, the sequence
055 'L55'"M->S'N-0

is exact.

Nakayama’s Lemma

Definition: The Jacobson radical j of a commutative ring A is the intersection of all the maximal ideals.

Lemma: Let x € A. The following are equivalent:

(i)
(i)

XEJ;

l+xyeA*forallyeR.

Proof. Suppose x €j. If it were the case that 1+x ¢ A, then (1 +x) # A, so it is contained in some maximal
ideal m of A. Yet, that implies that 1 is in the maximal ideal m since x € m, implying that m = A.

Suppose x € m for some maximal ideal m of A. Then, m+ (x) = A, so there is some p € A such that 1 +xy €
m, implying that 1 + xy ¢ A*. O
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Lemma: Let a be an ideal of a commutative ring A that is contained in the Jacobson radical j. Let E be a finitely
generated A-module. Suppose aE = E. Then, E ={0}.

Proof. We induct on the number of generators of E. Let x1,...,x; be generators of E. Then, there exist ay,...,4a5 €
a such that

Xg =a1Xy+ -+ dgXs,

meaning there is some a € a such that (1 +a)x; € (x1,...,x;_1). Notice that 1 +a is a unit in A since a Cj.
Therefore, x; € (xy,...,X;_1), so induction gives the desired result. O

Corollary: Let A be a ring, M an A-module, and let N and N’ be submodules of M with a an ideal of A. Sup-
pose M =N +aN’.
(a) If aisnilpotent, then M = N.

(b) If ais contained in the Jacobson radical and N” is finitely generated, then M = N.
Proof.

(a) We observe that

M/N = aN’
N’ +N
N
N’ +N
Cc
N
= M/N,

=4a

meaning that in particular, a(M/N) = aN’ = N’ = M/N. Therefore, since a is nilpotent, we have

M/N =a(M/N)
= a*(M/N)
=0.

(b) By Nakayama’s Lemma, if a is contained in the Jacobson radical, then since a(M/N) = M/N, it fol-
lows that M/N = 0.

O

Jordan Canonical Form

If we are given a finite-dimensional vector space V over a field F and a linear transformation T: V — V,
then V attains the structure of an F[x]-module by defining the action of x by x-v = Tv. In particular, this
means that we may apply the invariant factors and elementary divisors decomposition(s) to V to obtain
different canonical forms of T. The application of the invariant factors decomposition yields the rational
canonical form. It can be shown that the rational canonical form of A € Mat,(F) is computed by taking the
Smith Normal Form of the matrix xI — A.

Here, we will focus on applying the elementary divisors decomposition (in the special case of an alge-
braically closed field) to obtain the Jordan Canonical Form. Then, we will discuss some applications of
this. By the definition of the F[x]-module structure on V, the element T acts on V by x acting by multipli-

cation on each of the cyclic summands F[x]/(x — AE.

Define an ordered basis

X— k ,(x— e, X— A,
{E-0h -0 -0
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for the quotient F[x]/(x — A Viewing (¥ — A)f =0in the quotient, we have that x acts as
PV NG P

A)k_l

X(X- NP = MmN (R0

xx@-N =
A

=M1)+ (X -A).
This yields the matrix
Al
A
1
Al
A

Each of the cyclic summands F[x]/(x — )\)k correspond to the generalized eigenspaces of T corresponding to
the eigenvalue A.

Notice that the minimal polynomial of a Jordan block J;(A) is given by (x — A7 In particular, if A =0, we

have that F[x]/x? admits a minimal polynomial of p(x) = x“.

Theorem: The total number of Jordan blocks with eigenvalue A is given by the geometric multiplicity of A.
That is, the number of Jordan blocks with eigenvalue A is given by dimker(A — AI).

Assume \ # 0. Considering the transformation corresponding to T2 = J,()\)?, we observe that we may
write

2N = (x=A)(x+\).

In particular, this means that the minimal polynomial ur2(v) divides (v —\)"(v + A)". Since the greatest
common divisor of (x—A) and (x+ ) is 1, we have that (¥ + )\)d is invertible in F[x]/(x—\)" for any expo-
d
nent d; the minimal polynomial pr2(y) of T? will thus divide (y - )»2)”. Since (YZ - )»2) =(x- )\)de, where
d
0 is some invertible element of F[x]/(x— )", it follows that (fz - )\2) # 0 for any 0 < d < n, meaning that

the minimal polynomial pp2 of T2 is equal to (x - )\z)n.

Representation Theory

We assume that the group G is finite and that all representations are complex unless stated otherwise.

* Schur’s Lemma: If M is a simple R-module, then Endg(M) is a division ring. Equivalently, if M is a
simple C-module, then any element T € End¢(M) is a diagonal operator T = Al

* Maschke’s Theorem: Suppose we are given a representation p: G — GL,(F) over an arbitrary field.
If char(F) does not divide the order of G (or char(F) = 0), then the representation p is completely
reducible. Equivalently, the F[G]-module structure on V decomposes as a direct sum

.
v=u
i=1
of irreducible F[G]-submodules V;.
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* Direct Sums: If p;: G — GL(V}) and p,: G — GL(V;) are any two representations over the same
field, then the direct sum p; @ p,: G — GL(V; @ V) is given by (p1 @ p2)(9)(v1,v2) = (p1(g)v1, p2(g)v2)-

The character of the direct sum representation is given by X, @p, = Xp, + Xp,-

* Tensor Products: If p;: G — GL(V;) and p, = G — GL(V,) are any two representations over the
same field, then the tensor product p; ® po: G — GL(V; ® V>) is defined by (p; ® p2)(g)(v1 ®v;) =
P1(8)v1 ®p2(g)va-

The character of the tensor product representation is given by X, g0, = Xp, Xp,-

* Fixed-Point Formula: Given an action G ~ X, the permutation representation G — Sym(X) yields
a representation G — GL(V), where dim(V) = |X| and we consider the elements of GL(V) as the
corresponding permutation matrices in Matx|(C). Since the fixed points of any permutation are

precisely equal to the trace of the permutation matrix, it follows that the character x(g) has value
equal to the number of fixed points of g.

* Number of Characters: The characters x,(-) = Tr(p(-)) of any representation p: G — GL,(C) are
constant on conjugacy classes. The number of (equivalence classes of) irreducible complex characters
is equal to the number of conjugacy classes.

* Finding the Center: A conjugacy class K in G is an element of Z(G) if and only if the size of the
conjugacy class equals 1.

¢ Abelianization: The number of one-dimensional irreducible characters is equal to the order |G/[G, G]]|
of the abelianization. Furthermore, a conjugacy class K of G is contained in [G, G] if and only if
Xs(K) =1 for all 1-dimensional characters x;.

The one-dimensional characters x: G — C* descend to a map on the abelianization x: G/[G,G] —
C*. The group of one-dimensional characters with pointwise multiplication is isomorphic to the
abelianization G/[G, G].

* First Orthogonality Relation:

(xjrxe) = |1€| ) Xi(@xk(8)

geG
|1 j=k
10 else.
* Second Orthogonality Relation:

. —— |0 g and h are not conjugate
ij(g)xj(h) pRC g and h are conjugate
j=1 IKc(g)l '

Equivalently, for any g € G, we have
Ca(@) =) Il
i=1

* Irreducibility Criterion: a representation p with character x,, is irreducible if and only if 1 =

<Xpl Xp>
e Order of the Group: If xy,..., X, are the irreducible complex characters, then

IGl= ) xjle).
j:]
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* Irreducibility and Quotients: Suppose N is a normal subgroup of a group G. If p: G/N — GL(V) is
an irreducible representation, thenp: G — GL(V), defined by p(g) = p(gN), is irreducible, and has
‘o(n) =idy for allne N.

* Normal Subgroups: A conjugacy class K; is a member of some normal subgroup of G if x(g) = x(e)
for some irreducible character x and g € K;.

* Decomposition of Regular Representation: If G is a finite group, then the regular representation
A: G — C[G] decomposes into a direct sum of irreducible representations

.
(]:[G] =~ @ V:Brlf
i=1
r
= @Matm(m
i=1

where each n; is equal to the dimension of the irreducible representation V;.

* Counting Multiplicity: Given any complex representation V and its decomposition into irreducibles

n
Vo~ @ ViGBd,-,
i=1
the multiplicity d; can be found by taking
di = (xv,xv,)

= lla ZXV(g)XV,-(g)-

geG

The Projection Formula and its Applications

If p: G — GL(V) is a representation of G, then the fixed points V© form a subrepresentation. Notice that
given an endomorphism g: V — V, this is not an F[G]-module homomorphism, but the average

1
CTel Zp(g)

g€G
is a F[G]-module homomorphism. Furthermore, ¢: V — V is a projection onto V¢, and

dim( VG) =Tr(p)

= 5 2T (p(a)

geG

= 5 L xvig)

geG

If V and W are representations of G, then Hom(V, W) is a representation of G, where we identify Hom(V, W) =
V*® W. Furthermore, the set of F[G]-module homomorphisms Homg(V, W) has dimension given by

dim(Homg(V, W)) = dim(Hom¢(F, V' ® W))

|1€| va*oaw(g)]

geG

1
= @ ZXV*@W(g)

geG

=Tr
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= éZXV*(g)XW(g)

geG
1 -
=g X @ (@)
geG
={Xv, Xw)-
If V is irreducible, then the space Homg(V, W) of F[G]-module homomorphism V — W has dimension

equal to the multiplicity of V in W, and similarly, if W is irreducible, then Homg(V, W) has dimension
equal to the multiplicity of W in V. If V and W are both irreducible, then Schur’s Lemma gives

1 V=W

dim(Homg(V, W)) = {O Vaw

Since the character Xpom(v,w) is equal to xy X by the identification Hom(V, W) =V ® W*. This yields the
First Orthogonality Relation: if V and W are irreducible representations, then

v ) = 5 DXV e)

geG
1 ove=w
“lo vzw.

Furthermore, notice that this gives that the characters xy, of the irreducible representations V; are linearly
independent. If V is any representation of G, then by Maschke’s Theorem there is a decomposition into
irreducible representations

T d
V=DV
i=1

so that
n
Xv = Z%‘Xv,»
i=1

We may then compute the multiplicity d; by <xv, XV{>'

Example (Character Table of S;): We wish to find the character table of S;. We start by observing that the
partitions of 4 yield cycle types given by:

* the identity (1 element);
* transpositions (6 elements);
* 3-cycles (8 elements);
* 4-cycles (6 elements);
* cycles of type 2+ 2 (3 elements);
There are three representations that we can already establish:
* the trivial representation;
* the sign representation sgn: S; — C given by T+ sgn(7);

* the standard representation ps4 emerging in the decomposition pgef = Ptriv ® Pstd, Where pges: Sy —
GL4(C) is given by taking a permutation to the corresponding permutation matrix.
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These have character table rows given by
* Xuiv=(L1,1L11)
* Xsgn = (1,-1,1,-1,1);
* Xstd = Xdef ~ Xuiv = (4,2,1,0,0) = (1,1,1,1,1) = (3,1,0,-1,-1).

Verifying the irreducibility of x4 can be determined by taking the inner product with itself. We determine
that there are two other representations with dimensions 2 and 3. First, observe that taking the tensor prod-
uct Psgn ® Psd yields another representation with dimension 3 with character

Xtwist = (3x -1,0,1,-1 )
Observe that (Xiwists Xtwist) = 1, S0 this is another irreducible representation.

Finally, using the orthogonality relations we may fill out the final character to be Xquot = (2,0,-1,0,2). This
yields the following character table.

id (1,2) (1,2,3) (1,2,3,4) (1,2)(3,4)
Ptriv 1 1 1 1 1
Psgn 1 -1 1 -1 1
Pquot 2 -1 0 2
Ostd 3 1 0 -1 -1
Ptwist | 3 -1 0 1 -1

To determine what Xquot is, we observe that any of the cycles of type 2+ 2 are a trace 2 involution. In par-
ticular, this means that any cycle of type 2+ 2 must map to the identity. Therefore, pquot is a representa-
tion of the quotient group S4/V = S5, where V <5, is a copy of the Klein 4-group with elements

V =1{id, (1,2)(3,4),(1,3)(2,4),(1,4)(2,3)}.

The Dimension of Irreducible Representations

Definition: An algebraic integer (resp. algebraic number) is a root o of a monic polynomial p(x) € Z[x]
(resp. p(x) € Q[x]). Equivalently, taking the companion matrix, « is an eigenvalue of a matrix P € Mat,(Z)
(resp. P € Mat,(Q)) for some 7.

The set of algebraic integers is denoted Z and the set of algebraic numbers is denoted Q.

It can be shown that the algebraic numbers are a field and the algebraic integers are a ring.

| Proposition: The only rational algebraic integers are integers. That is, ZNQ = Z.
Proof. Let a be a root of

p(x)=x"+a, X"+t a x+ag,

and suppose we have

as?

q

with p,g € Z and gcd(p,q) = 1. Then, the leading term in p(«a) has ¢" in the denominator, while all_other
terms have a lower power of g. If g # £1, then p(a) € Z, which is a contradiction. Therefore, a € ZN Q
implies o € Z. The reverse direction emerges from the fact that o € Z is a root of the monic polynomial
p(x)=x-a. O
Proposition: Let V be an irreducible representation of a finite group G over C. Let Cy,..., C, be the conju-
gacy classes of G. Let g; be representatives of C;, and set

|Cil

Ai = Xv(gi)m-
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| Then, A; is an algebraic integer for each i.
Proof. Let C be a conjugacy class in G. Set P =) ;.- h. Then, P is a central element of Z[G], so by Schur’s
Lemma, it acts via a scalar A. This scalar is an algebraic integer since Z[G] is a finitely generated Z-module,
so that every element of Z[G] is integral over C. Taking the trace of P in V yields
Adim(V) =tr(Aidy)
=tr(P)

X
heC
=[Clxv(g)

for the representative g € C. Therefore, by the definition of A, we have

_ IClxv(g)
~ dim(V)’

=tr

Since A was defined to be an algebraic integer, this gives the desired result. O
Theorem: Let G be a finite group, and let V be an irreducible representation of G over C. Then, dim(V') di-
vides |G|.

Proof. Letting C; and g; be the conjugacy classes and representatives of G as above, we have that the value

Y i1 Aixv(g;) is an algebraic integer. This follows from the fact that the ); are algebraic integers by above,
Xv(g;) are a sum of roots of unity — they are the sum of eigenvalues of a finite-order linear operator given
by p(g;) — and Z is a ring.

By the definition of the A; and the fact that the xy are class functions, we have

Cilxv(gi)xv (g
Z)\szgz Zl I(;/ll’fl Vg)

d1m ZXV

_ |G|<><v,><v)
~ dim(V)
|G|

~ dim(V)’

where the final line emerges from the fact that (xy, xy) = 1. Therefore, since dirlf(lw is a rational number

that is an algebraic integer, it is an integer. O

Field Theory and Galois Theory

Normal and Separable Extensions

Theorem: Suppose E/F is a finite extension, and let K/F be any extension. If B is a (finite) basis for E/F, then
B spans EK over K. In particular,

[EK:K]<[E:F].

Proof. Let B ={py,...,p,} be a basis for E over F. We may lift the basis to EK = K(f1,...,,), where each
B; is algebraic over K. Since EK is then the set of polynomials over K in fy,...,,, and each monomial in
the p; is a linear combination of f4,...,[, over F, it follows that EK is the set of linear combinations of the
;i over K. Therefore, B spans EK over K. O
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Definition: Let 0: F — L be an embedding (i.e., injective ring/field homomorphism) of the field F into
L, and let E/F be an extension. An embedding 6: E — L for which 0| = ¢ is an extension of o to E. If &
extends the identity map 1: F — F, then we call it an F-embedding.

The set of all F-embedding o: E — L is denoted Homp(E, L).
Definition: If K/F is an algebraic extension for which every F-embedding o: K — F takes o(K) = K, then

we call this extension normal. Some texts write F <K.
Proposition: Let K/F be an algebraic extension. The following are equivalent:
(i) K is normal;
(ii) if p(x) € F[x] is any irreducible polynomial, then if p(x) has a root in K, then p(x) splits over K;
(iii) K is a splitting field for the family {p, r(x): a € K}.
Proof. Suppose K is normal. If p(x) is any irreducible polynomial over F that has a root a in K, then if p is
a root of p(x) in F, there is an embedding o: Homp(K,f) that takes o(a) = p. Since K is invariant under

o, it follows that € K. This also gives that K/F is the splitting field for the set of all minimal polynomi-
als po p(x) with o € K. This gives (i) implies (ii) and (ii) implies (iii).

Now, suppose K is a splitting field of a family F of polynomials over F. Then, K = F(R), where R is the
set of all roots of the polynomials in . Any embedding o: K — F must send roots to roots, so we have
o(K) = o(F(R))
= F(o(R))
=F(R)
=K,
where we use the fact that o is an F-embedding that takes roots to roots. Since ¢ is an embedding of K to
itself over F, and K/F is algebraic, it follows that ¢ is an F-automorphism of K. O
Theorem (Inheritance Properties of Normal Extensions):
(i) If E/K/F is a tower of extensions, and F <E is normal, then K <E is normal.
(ii) If F<E is normal, and K/F is any extension, then K <EK is normal.
(iii) If {E;};; is a family of fields, and F <E; is normal for each 7, then

F<\/E,v

iel
F< /\ E;,
iel
where \/;¢; E; denotes the composite of all the fields E; and A;; E; denotes the infimum (/intersec-
tion) of all the fields E;.
Proof.

(i) A splitting field for a family of polynomials over F is also a splitting field for the same family of poly-
nomials over K.

(ii) Let E be a splitting field for a family F of polynomials over F, and let R be the set of roots in E of all
the polynomials in 7. Then, E = F(R). Therefore, EK = K(R), so EK is a splitting field for the fam-
ily F considered as polynomials over K. Therefore, K <EK.

(iii) Let o: ;e E; — F be an embedding. Then, o|g,: E; — F is an embedding, so since each E; is nor-
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mal over F, o(E;) = E;, whence

0[\/E,~] =\/o(E)

iel iel

giving the desired result.

O
Definition: If E/F is not a normal extension, then there is a smallest extension N of E in an algebraic clo-
sure F for which N is normal over F. This is denoted the normal closure of E over F, and we write (E/F).

Proposition: Let E/F be an algebraic extension. Then,

(E/F) = \/ o(E).

oeHomp (Ef)

Definition: An algebraic extension K/F is called separable if for any a € K, p, p(x) is a separable poly-
nomial (i.e., the polynomial has distinct roots).

We note that, given a field embedding o: K — L, it is possible to define a ring homomorphism o, : K[x] —

L[x] by taking
Zaixi] = Zo(al-)xi.

i=0 i=0
Theorem (Simple Extension Lemma): Suppose we have a field embedding 0: M — L, extensions M’/M
and L’/L, and algebraic elements « € M" and f € L’. The following are equivalent:

Oy

(i) there exists a field embedding o1 : M(a) — L(B) with 01|y = 0 and oy (a) = f;

(ii) ou(po,m(x)) = pp,r(x).
Mx] L[x]
bt () (ipr ()’

Proof. Suppose such a field embedding exists. Then, pushing forward oy to (o01),: (
have that, since o (a) = B, it follows that (o7, (pe,nm(x)) = pg,L(X)-
In the reverse direction, since « is algebraic over x, we have that any element of M(«) is given by p(«) for

some p € M[x]. Defining

o1(p(a)) = (o.(p))(B),

we have a well-defined extension of ¢ since if p(a) = g(«), then (p —g)(a) = 0, whence pq p(x)|(p — q)(x).
Since o, is a ring homomorphism, it preserves divisibility, so that o, (pq, a1 (x))l0.(p)—0.(q), whence (o.(p))(p)

(0.(9))(B)- O

Definition: Let F be a field, and let a € F. We define the separable degree, sdegy(a), to be the number
of distinct F-roots of Wo,F ().

Proposition: Let K/F be an algebraic extension. Then, the following are equivalent:

(i) K/F is separable;
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(ii) K =F(ay,...,a,) where each a; € K is separable over F;

(iii) there exists a chain of subfields
F=KyCK;C---CK, =K
and elements «; € K; such that K; = K;_; (o) and each o; is separable over K;_;;
(iv) |Homp(1<,?)' ~[K: F].

Proof. Assume (i). Since K/F is separable, every element of K is separable. If ay,...,a, are a basis for K/F,
then K = F(ay,...,a,) where each «; are separable. This gives (ii).

Assuming (ii), we observe that K; = F(ay,...,a;) has K; = K;_;(«;), and for any a € K, po k,_, [fa,r, mean-
ing that po k. , is separable, whence q; is separable over K;_;. This gives (iii).

Now, suppose we have K; and «; defined as in (iii). We will construct an F-embedding of K = K}, into F
as follows. Start with the inclusion 0p: F — F, and extend via the simple extension lemma to o1: K; —
F,0y: Ky = F,etc.uptoo,: K, = F.

Counting degrees, we see thatif 0;_;: K;_; — F is chosen, then the extension to o; is uniquely determined
by its value at «;, and the valid choices are the roots of (0;_4 )*(p/tai,K{f1 ) The number of these roots is equal

to the separable degree of o; over K;_;. Yet, since the separable degree of the «; equals the degree of the «;,
it follows that

|HomF(K,f)| = IilsdegKi_1 (a;)
=1
n

= I_I deg(“a,—,K,»,l )

i=1

= I_I[Kz'iKH]
i=1
=[K:F].

Finally, assume that sdegK{_1 (o) = deg(pai,Ki_] ) for any choices of o; and K;. We may take the case of one
arbitrary element «; that is algebraic over F, hence separable by assumption. O

Theorem (Primitive Element Theorem): If K/F is a finite separable extension, then there is y € K such
that K = F(y).

Proof. If F is finite, then K is finite, so K* is cyclic, so there exists y € K* such that K* = (y), whence F(y) 2
{0judy) =K.

If F is infinite, then K = F(ay,...,a,) by (ii) above. It thus suffices to prove for the case of n = 2.

Suppose we have K = F(a,f), and let m = [K : F]. Since K/F is separable, ‘Homp(K,f)' = m. Call these
embeddings oy,...,0,,.

We claim that there exists some ¢ € F such that {o;(a+cf) : 1 <i < m} are all distinct. It suffices to show
that the set of all ¢ € F such that there exists i = j with o;(a+ cf) = oj(a + cp) is finite.

Notice that we have o;(a) + co;(B) = 0j(a) + co;(B). If it were the case that 0;(3) = 0;(f), then we would have
oi(a) = 0;(B), implying that o; = o; since they’re defined as elements of HomF(K,f) solely by where they
map « and f. If it were the case that o;(p) # 0;(f), then we solve for ¢ by taking
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which has only finitely many options.

We will obtain the primitive element y = a +¢f as in the claim. Then, for all 1 <i < m, we have o;|g(y) is

an element of Homp(F(y),f), so that

[F(7): F > [Hom(F(7), )
=m
=[K:F]
> [F(y): F].

Irreducibility of Cyclotomic Polynomials over Finite Fields

We will let @, denote the nth cyclotomic polynomial, defined by

D,(x) = I_I (x—(,z).

ged(d,n)=1

Recall that the cyclotomic polynomials satisfy

x"-1= I_[CDd(x).

dln

Theorem: If n does not divide p, then the image of Gal(IFp((,n)/IFp) in (Z/nZ)* under the standard embed-
ding is the subgroup ([p],,)-

Proof. The polynomial x" -1 is separable in [F,[x], and the Galois group Gal(le((,ﬂ)/IPp) is generated by

the Frobenius map fr: x — x”. The image of fr under the standard embedding of Gal(IFp(Cn )/IFp) into (Z/nZ)*

is given by the congruence class [a],,, where we have fr(0) = 6“ for all primitive roots of unity 6. In par-
ticular, this means that OF = 0 mod n, meaning that the embedding maps fr to [p],,. O

Theorem: If p does not divide n, then the irreducible factors of ®,(x) € IF,[x] are distinct and each has
degree equal to the order of p modulo #.
Proof. We observe that ©,,(x)|(x" — 1) in Z[x], so the divisibility relation is preserved when reducing mod-

ulo p, meaning that @, (x) is separable in [F,[x] as x"—1 is separable in IF,[x] by the assumption that gcd(p, n) =
1.

Let a be a root of ,(x) in an extension of IF,. We will show that a is a primitive nth root of unity.

Since ml(x” —T), it follows that we have o = 1. If « were not of order 7, then it has some order m that
properly divides n. In particular, this means that « is a root of some ®;(x) with d|n properly. In particular,
since d|n, it follows that @, (x)®,(x) divides x" —1, meaning that a is a double root of x" — 1, contradicting
the fact that x” — 1 does not have any repeated roots. Therefore, o is a primitive root of unity.

If 7t(x) is an irreducible factor of @, (x) in IF,[x], and o is a root of 7(x), then a is a primitive nth root of unity,

so the degree of 1, which is equal to []Fp(a) : IFP], is the order of p modulo n. O

The Nullstellensatz

We know that if K is an algebraically closed field, then the only irreducible polynomials are linear, so that
the maximal ideals are of the form (x — ¢) for some c € K.

It turns out this extends to polynomial rings over several indeterminates. That is, if K is algebraically
closed, then every maximal ideal over K[xy,...,x,] is of the form (x; —cy,...,x, —¢,). This result is part of
the Nullstellensatz (or zero locus theorem) originally proved by Hilbert.
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We will not prove the general case (which holds for any algebraically closed field), but we will prove it for
the special case of uncountable fields.

Definition: We say an R-algebra S is finitely generated (or of “finite type”) if there is a surjective R-algebra
homomorphism R[xy,...,x,] = S from the free algebra on some finite number of indeterminates to S. That
is, a finite-type algebra is some quotient of a polynomial ring.

Theorem (Nullstellensatz, Special Case): Let K/F be a field extension. Assume that K is a finite-type F-algebra.
Then, K/F is an algebraic extension.

Proof. Assume F is uncountable. Let K/F be a field extension, and assume K is a finitely generated F-algebra.
Then, it is finitely generated as a field extension. Let « € K \ F. We will show that « is the root of some
nonzero f(x) € F[x].

By the hypothesis, we have a surjective homomorphism F[xy,...,x,] = K, meaning that there is a count-
able basis for K as a vector space over F, since there is a countable basis for F[xy,...,x,] as a vector space
over F.

Since the set

1
{ :CEF}
oa—c

is uncountable, it is linearly dependent over F, so there exist distinct cy,...,c,, € F and nonzero Ay,..., A, €
F such that

_ )‘1 )\m
T a-q oa—cy,
Taking a common denominator yields
o f@
g(a)
for some f(x) # 0 € F[x] and g(a) # 0. Therefore, f(a) =0 for some nonzero f(x) € F[x]. O

Useful Galois Theory Facts

Theorem: If f(x) € K[x] is a separable polynomial of degree n, then f is irreducible if and only if the Ga-
lois group Gal(splg (f(x))/K) is a transitive subgroup of S,,.

Proof. If f(x)is irreducible, then we know that the Galois group acts transitively on the roots.

Meanwhile, if f(x) is reducible, then f(x) is a product of distinct irreducibles since it is separable. Let r; and
rj be roots of different irreducible factors of f(x). Then, for each o € Gal(spli(f(x))/K), we have o(r;) has
the same minimal polynomial over K as r;, so we cannot have o(r;) = r;, whence the Galois group is not
transitive. O

Theorem (Artin’s Lemma): Let K be a field, G a finite subgroup of Aut(K), and F = K© the correspond-
ing fixed field. Then,

(i) K/F is Galois;
(ii) K/F is a finite;
(iii) Gal(K/F) = G as a subgroup of Aut(K).

* An extension K/F is Galois if and only if K is the splitting field of a separable polynomial f(x) €
F[x].

* Correspondence: if K/F is a finite Galois extension, then the correspondence between subfields
of K/F (that is, subfields of K that contain F) and subgroups of Gal(K/F)is givenby K 2 L
Gal(K/L) C Gal(K/F) and Gal(K/F) > H + K CK.
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* Suppose Ky, K; € K are subfields of a Galois extension K/F corresponding to subgroups H; and H,.
Then, the composite K; K; corresponds to Hy N H,, while the intersection K; N K; corresponds to the
group (Hy, H,) generated by H; and H,.

» If K/F is a finite Galois extension, L is a subfield of K/F, then L/F is a Galois extension if and only if
Gal(K/L) € Gal(K/F) is normal. Furthermore, Gal(L/F) = Gal(K/F)/Gal(K/L).

 If K/F is a Galois extension, and F’/F is any extension, then the composite KF’/F’ is Galois, and
Gal(KF’/F’) = Gal(K/K N F).

e If Ky and K, are Galois extensions over F, then K; N K, is Galois over F and K; K; is Galois over F,
with Gal(K; K,/F) isomorphic to the subgroup of Gal(K;/F) x Gal(K,/F) consisting of all (o, T) with
OlKlﬂKz = T|KlﬂK2'

If K/F is Galois and Gal(K/F) = Gy x G, is the direct product of two subgroups, then K is the compos-
ite of two Galois extensions K; and K, with K; N K, =F.

¢ If IF, denotes the field of order p, then any finite field IF,n over IF, has cyclic Galois group with order
m generated by fr: IF_p — IF_p, given by fr(x) = xP.
Furthermore, if I +/IF; is a finite extension of a finite field of order g = p’, then the Galois group is
generated by fr and is of order k/.

* Given a separable irreducible polynomial f(x) € F[x] and its splitting field K/F, the minimal polyno-
mial of any element 6 € K is given by

r

por(x) =] Jex-60),

i=1
where {64,...,6,} is the Gal(K/F)-orbit of 6.

We now discuss the special case of the discriminant, and a simple decision process to compute Galois
group for cubics and quartics

Define the discriminant of a polynomial p(x) € F[x] by

where {ay,...,a,} denotes the roots of the polynomial p(x), with possible multiplicity. If p(x) is separable
and irreducible with splitting field K, observe that Gal(K/F) preserves A (i.e., A € F), and it preserves VA
if and only if Gal(K/F) < A,,.

We now focus on the special cases of cubics and quartics.

* Assume p(x) is cubic (and irreducible and separable). A root of p(x) then generates a degree 3 exten-
sion over F, so the degree of the splitting field K/F is divisible by 3.

— If Ais asquare in F, then Gal(K/F) = A3 = Z/3Z, and the splitting field is given by K = F(0) for
any root 0 of p(x).

— If Ais not a square in F, then Gal(K/F) = S3, and the splitting field is given by K = F(\/Z,e) for
any root 0 of p(x). The subgroup is then generated by automorphisms ¢ and 7, where o shuffles
the root 0 to the other roots of f while fixing VA and T takes VA — —VA and fixes 6.

* Assume p(x) is quartic (and irreducible and separable). Define the resolvent cubic to be the polyno-
mial in g(x) € F[x] with roots

01 = (o +ap)(az +ay)

0, = (a1 +az)(ay + ay)
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03 = (o + ag)(ay +a3).

Notice that g(x) is indeed in F[x] since the Galois group Gal(K/F) simply shuffles the 6;. Further-
more, it can be shown that the discriminant of g(x) is equal to the discriminant of p(x).

Furthermore, observe that the stabilizer of the element 6, is a copy of the dihedral group Dy sit-
ting inside Sy, while the stabilizer of all three of the 0; is equal to the intersection of these three
subgroups, which is the copy of the Klein 4-group V sitting inside S.

— If the resolvent cubic g(x) is irreducible, then we consider the discriminant A.

+ If A is not a square, then Gal(K/F) is not contained in A4 and the Galois group of the resol-
vent cubic is equal to S3. Therefore, the degree of the splitting field for p(x) is divisible by
6, meaning Gal(K/F) = S,.

« If Ais a square, then Gal(K/F) is contained in A4, and the Galois group of the resolvent
cubic is A;. Hence, 3 divides the order of the Galois group (and 4 divides the order of the
Galois group by the assumption that p(x) is irreducible), so Gal(K/F) = Ay.

— If the resolvent cubic is reducible, then we consider the following cases.

+ If the resolvent cubic splits completely into linear factors, then all of 8;, 6,, and 63 arein F,
so they are all fixed by the Galois group. Therefore, Gal(K/F) = V.

« If the resolvent cubic splits into a linear factor and an irreducible quadratic factor, then

Gal(K/F) € Dy and Gal(K/F) € V.

Consider the field F(\/Z), which is the fixed field of Gal(K/F) N A4. Since we assume that

p(x) is irreducible, it follows that we must have Gal(K/F) = D4 or Gal(K/F) = C, where
C ={((1,2,3,4)). Notice that DyN Ay =V and CN A4 ={id, (1, 3)(2,4)}, the latter of which is
not transitive.

- If p(x) is irreducible over F(\/Z), then the Galois group Gal(K/F(\/Z)) =Gal(K/F)N Ay
is transitive. Thus, Gal(K/F(\/Z)) =V, so Gal(K/F) = D,.

- If p(x) is reducible over F(\/Z), then the Galois group Gal(K/F(\/Z)) =Gal(K/F)NAy is
not transitive. Therefore, Gal(K/F(\/Z)) ={id,(1,3)(2,4)}, so Gal(K/F) = C.

Linear Independence of Characters

Definition: A (linear) character x of a group G with values in a field L is a homomorphism from G to the
multiplicative group of L, x: G — L*.

Theorem (Linear Independence of Characters): If x1,..., X, are distinct characters of G with values in L, then
they are linearly independent over L.

Proof. Find the minimal dependence relation with m terms not all equal to 0 given by
arxi+axxXa+-+amxXm = 0.
For any g, we have

a1X1(8) +a2x2(8) + -+ amXm(g) = 0. (+)
There is go such that x;(gg) # X,n(g0). Therefore, we have

a1X1(808) +a2X2(808) + -+ AmXm(808) = 0.
Multiplying (*) by x,,(g0), using the fact that the x; are homomorphisms, and subtracting, we obtain

(Xm(go) = x1(g0))a1 x1(8) + (Xm(80) — X2(80)a2x2()) + -+ + (Xim(g0) = Xm-1(80))@m-1 Xm-1(g) = 0.

Since this holds for all g € G, and the first coefficient is nonzero, this contradicts the minimality of the
linear dependence relation. O
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| Corollary: If 6y,...,0, € Gal(K/F), then oy,...,0, are linearly independent.

Theorem (Normal Basis Theorem): Let K/F be a finite Galois extension of degree n. Let o1,...,0, be elements
of the Galois group G. Then, there exists an element w € K such that {0} (w),...,0,(w)} forms a basis of

K over F.

Proof. We will prove for the case that F is infinite. For any o,t € G, let X; be an indeterminate and let t; =
Xg-17- If Xj = X, then we let

F(Xiseen X)) = det(tgiﬁj).

We observe that f is not identically zero; since F is infinite, f is reduced as a polynomial, so f is not equal
to zero for all x € K substituting o;(x) for X; in the expression of f. In particular, this means that det(glfl oj(w)) *
0 for some w € K.

If ay,...,a, € F are such that
ajop(w)+---+a,0,(w) =0,

then applying 01-_1 to this relation for each i = 1,...,n, we find that we obtain a system of linear equations
regarding the a; as unknowns. Since the determinant det(ai_lcj(w)) is nonzero, it follows that we must have
aj=0 foreach j=1,...,n, so that w is the desired element. O

Galois Groups with Nested Square Roots
We will let F = Q for each of the following.

(a) Let a be the nested square root ¥4+ V5. Let o’ = V4 — V5, so that the polynomial
f(x)=(x—a)(x+a)(x—a')(x+0a)
=xt-8x?+ 11

is irreducible. If K is the splitting field for f(x) over F, then we have F(a, o) = K; since f is irre-
ducible, [F(a) : F] = 4, and since V5 is in F(a), we have o’ has degree at most 2 over F(a), so we hope
to determine whether K/F is degree 4 or 8.

Writing
o =«
’
Oy =«
03 = —«
_ ’
oy =—-0,

we observe that any automorphism that takes oy — «; takes a3 — —a;. Permutations of this form
yield the dihedral group D, generated by 0 =(1,2,3,4) and t© =(2,4). Therefore, we must determine
whether this group is isomorphic to Z/4Z, Z/2ZxZ/2Z (the unique copy of V in S, that is transitive),
or Dy.

We observe that the permutation (1, 3)(2,4) is contained in all three subgroups of Dy, so it extends to
p € Gal(K/F); we hope to determine the subgroup N of Gal(K/F) with order 2. Notice that

oc2:4+\/§
ao’ = V11,

meaning that KN contains L = F(\/g,\/ll). The chain of fields FCLC KN cK yields that [K: F] <8,
[L:F]=4,and [K:KV]| =2 Therefore, L= K", and [K : F] =8, so Gal(K/F) = Dy.
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(b) Let a = V2 + V2. Then, f(x) = x* — 4x? + 2 is the minimal polynomial for « over F, with roots given

by a, &’ = V2-V2, —a, and —a’. Notice that aa’ = V2, and V2 € F(«), so a’ € F(a). Thus, [K : F] = 4,
meaning that Gal(K/F) = Z/4Z or Gal(K/F) = Z/2Z x Z/2Z.

Since f(x) is irreducible, the operation of G = Gal(K/F) on the roots of f is transitive. There is an
element o’ of G that takes a — o, so since a? = 2+ V2 and o’? = 2 — V2, we have o’ takes V2 — —V2

and aa’ > —aa’. In particular, this means that a’ — —q, so that 0’ = 0, where o is the permutation
from part (a), so that Gal(K/F) = Z/4Z.

(c) Let a = V4 + V7. The corresponding minimal polynomial over F is f(x) = x*—8x2+9. Then, aa’ = 3,

and o’ is in the field F(«a), so that [K : F] = 4. If ¢’ takes a — «’, then since aa’ = 3, we must have
o’ = a, so that the Galois group is Z/2Z x Z/27Z.

Galois Groups of Polynomials

Definition: Let xy,...,x, be indeterminates. The elementary symmetric functions sy,...,s, are defined by

S| =X+ X+ F+ Xy,

Sy = ]_[X,‘Xj

i<j

Sp = X1 X Xy
The general polynomial of degree n is the polynomial

g(x) = (x = x))(x = x2) -+ (x — x,)

with roots x1,...,x,.

Observe that the general polynomial can be written as
(x=x1)(x=x5) - (x=x,) =x" =5, x" o4 (=1)"s,,.

This means that if F is some field, then the extension F(xy,...,x,) is a Galois extension of the field F(sy,...,s,)
since it is the splitting field of the general polynomial of degree n. Furthermore, F(sy,...,s,) is contained
in the fixed field of the action of S, on F(xy,...,x,), where 0 - x; = x,(;) for any 0 € §,. Since the fixed field of
S, has index n!in F(xy,...,x,) by the fundamental theorem of Galois theory, it follows that we have

[F(x1,...,x,): F(s1,...,8,)] < nl,

whence F(sy,...,s,) is the full fixed field of F(xy,...,x,).

Theorem: The general polynomial
X=X x4 (<1) s,

over the field F(sy,...,s,) is separable with Galois group S,,.

Now, we will discuss the discriminant, which is an essential tool in understanding the Galois groups of
polynomials, especially those of degrees two, three, and four.

Definition: The discriminant of xy,...,x, is given by

A= ]_[(xl - xj)z.

i<j

The discriminant of a polynomial is the discriminant of the roots of the polynomial.
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We start by observing that the discriminant is a symmetric function in xy,...,x,, so it is an element of the
field K = F(sq,...,S,).

Recalling the definition of the alternating group A,, we have that 6 € S,, is in A, if and only if o fixes

\/K = ]_[(X,' - X])

i<j
in Z[xy,...,x,]. Notice then that if F has characteristic not equal to 2, then VA generates the fixed field of
A,, which is a quadratic extension of K.
If f(x) is a monic degree n polynomial with roots ay,...,a,, then the discriminant is given by
2
A= 1_[(0(1' - O(J) .
i<j

Observe that A € F since A is fixed by the Galois group. Furthermore, A = 0 if and only if f(x) is separable,
so if F is perfect (i.e., characteristic zero or finite), then f(x) is reducible if and only if A = 0 since every
irreducible polynomial over a perfect field is separable. Additionally, observe that VA € F if and only if
the Galois group of f(x) is contained in A,,.

Now, we start our investigation with the polynomials of degree 2. The discriminant of a polynomial x? +ax +
b is given by A = (o — [3)2, which can be written as

A:sf—452

=a? — 4b.

The polynomial is separable if and only if a®> —4b # 0, and the Galois group is a subgroup of S, = Z/27Z. This
means that the Galois group is trivial if and only if a> — 4b is a rational square.

Next, we consider the cubic polynomials. If we have
f(x) =x+ax’ +bx+c,
which upon the substitution x = v —a/3, yields a reduced cubic

W) =1’ +py+g,

where
p= %(317 —az)
g= 2i7(2a3 —9ab +27c).

Since the roots of the polynomials f and g differ by the constant a/3, and the formula for the discriminant
involves the difference of these roots, it follows that the polynomials have the same discriminant.

Letting o, 3, ¥ be the roots of the polynomial g(v), then we have

g =@-)y-B)+@-)(v-y)+@-P-y)
g'(@)=(a=p)a-7)
gPB)=P-ap-7)
gy =(y-a)y-p)

Therefore, we have
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=-g'(a)g'(B)S(¥).
Since ¢’(v) = 3v% + p, it follows that

-A= (3042 +p)(3[%2 +p)(3y2 +p)
= 27o<2[32y2 + 9p(oc2[32 + cxzyz + [Szyz) + 3p2(o<2 + [52 + yz) +p3.
These expressions are elementary symmetric functions of the roots, where for ¢, s; =0, s, =p, and s3 = —g,
whence
A= —4p3 - 27q2.
Therefore, expressing A in terms of a,b, ¢, we have
A =a’b? —4b® - 4a’c - 27¢* + 18abc.
This allows us to compute the Galois group as follows.

(i) If f(x)is reducible, then either f(x) splits into three linear factors or into a linear factor and an
irreducible quadratic. In the first case, the Galois group is trivial and in the second case, the Galois
group is of order 2.

(ii) If f(x)is irreducible, then a root of f(x) generates a degree 3 extension over F. Therefore, the degree
of the splitting field over F is divisible by 3.

Since the Galois group is a subgroup of S, it follows that there are only two options, either A; or S;.
In particular, the Galois group is A; if and only if the discriminant A is a square.

If A is a square, then the splitting field of the irreducible cubic f(x) is obtained by adjoining any
root of f(x) to F. If A is not the square of an element of F, then the splitting field of f(x) is of de-

gree 6 over F, given by F(G, \/Z) where 0 is some root of f(x). This extension is Galois over F gener-

ated by the automorphisms o and 1, where o takes 6 to any other root of f(x) fixing VA and t takes
VA — —VA and fixing 6.

Finally, we discuss the Galois group of a quartic polynomial
Fx)=xt+ax® +bx? + cx +d.
Then, by substituting with x = v —a/4, this yields the quartic
g)=v*+pyirqy+r
with

p= l(—3512 +8b)

= 00

q= —(a3 —4ab - SC)

oo

1 )
r=——(-3a*+16a’b - 6dac +256d).
256

Let o, ap, a3, 004 be the roots of g(y) and G the Galois group for the splitting field of g(v).
If g(v) is reducible, then the following cases hold.

(i) If g(v) splits into a linear and a cubic, then G is the Galois group of the cubic.

(ii) If g(v) splits into two irreducible quadratics, then the splitting field is F(\/Al, \/Az), where A; and
A, are the discriminants of the quadratics.

If Ay and A, do not differ by a square, then G is isomorphic to a Klein 4-subgroup of Sy.

If Ay is a square multiplied by A;, then F(\/Al,\/Az) = F(\/Al) is a quadratic extension with G iso-
morphic to Z/2Z.
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Now, we have the case of g(y) irreducible.Then, the Galois group is transitive on its roots. There are five
transitive subgroups (up to conjugation) of S4, given by copies of S4,A4, Dy, V,C, where V denotes the
Klein 4-group and C denotes the copy of Z/4Z.

We consider the elements
O = (a1 +op)(asz +ay)
02 = (a1 +az)(az + ay)
03 = (a1 + ay)(az + a3)
inside the splitting field for g(y). Notice that the elements are permuted among themselves by the permu-

tations of S4. The stabilizer of 0, is the dihedral group D,, while the stabilizer of all three of 6,, 0,, and
03 is the copy of V.

The elementary symmetric functions in the 6; are fixed by Sy, so they are in F. These elementary symmet-
ric functions evaluated on 0y,...,03 are given by 2p, p?> — 4r, and —q°. This gives that 0;, 0,, and 0; are the
roots of

h(x) = x> —2px? + (p2 - 4r)x +q°.

This is known as the resolvent cubic for the quartic g(v). It can be shown (see DF p.614) that the discrimi-
nant A of the resolvent cubic is equal to the discriminant of g(). In particular, this gives

A=16p*r—4p3q> —128p?r? + 144pq®r - 279 + 2567°.

Remark: In the special case where g(v) = v* + py? + r (which emerges during analysis of quartics whose
roots are nested square roots), we have

A=16p*r—128p2r? +256r°.

In particular, since the splitting field for the resolvent cubic is a subfield of the splitting field of the origi-
nal quartic, the Galois group for h(x) is a quotient of G, so knowing the action of the Galois group of h(x)
on the roots of h(x) gives information about the Galois group of g(v).

(i) If the resolvent cubic is irreducible, and A is not a square, then G is not contained in A4 with the Ga-
lois group of the resolvent cubic equal to S3. In particular, this means that the degree of the splitting
field for g(v) is divisible by 6, so that G = Sy.

(ii) If the resolvent cubic is irreducible, and A is a square, then G is a subgroup of A, and 3 divides the
order of G since the Galois group of the resolvent cubic is A3, so that G = A4.

(iii) If the resolvent cubic is reducible, and h(x) splits completely, then every element of G fixes the ele-
ments 0, 0,,and 05,s0 G=V.

(iv) If the resolvent cubic splits into a linear factor and a quadratic, then G stabilizes 0; but not 6, or 03,
soGCDyand GZV,soG=Dyor G=C.

Now, notice that F(\/Z) is the fixed field of the elements of GNA4. We have DyNA;=V and CNA, =
{e,(1,3)(2,4)}, the latter of which is not transitive. Therefore, we have the case Dy N A4 =V if and only
if g(v) is irreducible over F(\/Z)

Solvability by Radicals

| Definition: An extension K/F is called cyclic if it is Galois with cyclic Galois group.

Proposition: Suppose F is a field of characteristic not dividing n that contains the nth roots of unity. Then,
the extension F((’/E), for some a € F, is cyclic over F with degree dividing n.

| Proof. The extension K = F( {/5) is Galois over F if F contains the nth roots of unity, since it is the split-
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ting field for the polynomial x” —a. For any ¢ € Gal(K/F), we have 0(%) is another root of this polyno-
mial, so 0( W) = (y V/a for some nth root of unity (.

We thus get a map Gal(K/F) — p, taking o + C;, where p,, denotes the group of nth roots of unity. Since
F contains ,, it follows that every nth root of unity is fixed by every element of Gal(K/F), so that Ty, =

C5Cq. In particular, this means that the map is a homomorphism, so there is an injection of Gal(K/F) into
the cyclic group p, with order n. O

Now, assume that K is a cyclic extension of degree n over a field F with characteristic not dividing n that
contains the nth roots of unity. Let o be a generator for the cyclic group Gal(K/F).

Definition: Let a € K and T an nth root of unity. Define the Lagrange resolvent («,C) by

(0,0) = a+Cola) + o (a) +---+ "o Ha).

Note that by applying o to (o, T), we get
(0, Q) =T (a, T).

In particular, this means that (o, Q)" is fixed by Gal(K/F), so it is an element of F for any o € K.

n

If T is a primitive nth root of unity, then since the automorphisms id, o,...,0""! are linearly independent,

there is an element « € K with («, () =2 0. Therefore, we have
o'(e,0) = T (e, 0),

s0 it follows that o does not fix (o, Q) for 1 < i < n. Therefore, the element cannot lie in any proper sub-
field of K, whence K = F((a,C)). Since («,C)" = a € F, it follows that F((’/E) = F((, )) = K. Therefore, we
have the following.

Proposition: Any cyclic extension of degree n over a field F of characteristic not dividing n which contains
the nth roots of unity is of the form F(W) for someaeF.

A group G is said to have exponent n if g" =1 for each g € G. If F is a field of characteristic not dividing n
that contains the nth roots of unity, then if ay,...,a; € F*, we observe that the extension

K = E(X/ar, .., /)

is an abelian extension of F whose Galois group is of exponent n. Furthermore, any abelian extension
of exponent n is of this form. The Galois group is isomorphic to the group generated by the elements
ap,...,ar in the group F*/(F*)", and any two such extensions are equal if and only if their associated
groups are equal.

From now on, we will consider base fields of characteristic 0. The results are valid over fields whose char-
acteristics do not divide the orders of the roots taken.

Definition: An element o that is algebraic over F can be solved in terms of radicals if « is an element of a field
K that can be obtained by a succession of simple radical extensions

F=KyCK;C:---CK;;; €K;CK, =K,

where K;; 1 = Kl-( ‘&/a_l) for some a; € K;, where #/a; denotes some root of the polynomial x" —a;. Such a
field K is called a root extension of F.

A polynomial f(x) € F[x] is said to be solved by radicals if all its roots can be solved for in terms of radi-
cals.

Lemma: Suppose « is contained in a root extension K of F. Then, « is contained in a root extension which
is Galois over F where each extension K;,/K; is cyclic.

Proof. Let L be the Galois closure of K over F. For any o € Gal(L/F), we have the chain of subfields

F:O'KO QGKl g"‘QGKiQO'Ki+1 ggﬁKb :OK,
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where 0K;,1/0K; is a simple radical extension since it is generated by the element 0( ”g‘/a,-), which is a root
of the equation x" —g(a;) over o(K;).

The composite of two root extensions is again a root extension, since if K’ is a root extension with subfields
K/, we may take the composite of K| with the fields K, K, ..., K;, then the composite with K, etc., so that
each extension is a simple radical extension.

It follows that the composite of all the conjugate fields o(K) for all o € Gal(L/F) is again a root extension.
Yet, since this field is L, it follows that « is contained in a Galois root extension.

Now, adjoin to F the n;th roots of unity for all the roots #/a; of the simple radical extensions of the Galois
root extension K/F. This gives the field F’. Form the composite of F” with the root extension

FCF =FKyCFK,C---CFK;CF'K;;; C---CF'K,=FK.

The field F’K is a Galois extension of F since it is the composite of two Galois extensions. The extension from
F to F’ = F’K;) can be given as a chain of subfields with cyclic extensions (since this holds for any abelian
extension). Each extension F’K;,1/F’K; is a simple radical extension, and since there are roots of unity in
the base fields, it follows that each individual extension from F’ to F’K is a cyclic extension, so F’K/F is a
root extension which is Galois over F with cyclic intermediate extensions. O

Recall that a finite group G is called solvable if there is a subgroup series
1=G,9G, ;9--9G;,; 9G;9Gy =G

where G;/G;,; is cyclic.!' Note that subgroups and quotients of solvable groups are solvable, and that if
H < G and G/H are both solvable, then G is solvable.

| Theorem: The polynomial f(x) can be solved by radicals if and only if its Galois group is a solvable group.

Proof. Suppose f(x) can be solved by radicals. Then, each root of f(x)is contained in a root extension, and
the composite L of such extensions is another root extension. Let G; be the subgroups of the Galois group
corresponding to the subfields K; where i =0,1,...,s—1. Since

Gal(Ki;1/K;) = Gi/Giy

by the Galois correspondence. Each such group is cyclic since K;;1/K; is a root extension. It follows that the
Galois group G = Gal(L/F) is a solvable group, and since the Galois group of f(x) is a quotient of the solv-
able group G, it follows that the Galois group is solvable.

Now, suppose that the Galois group G of f(x)is solvable, and let K be the splitting field of f(x). Taking fixed
fields of the subgroups in the series, we have a chain

F=KyCK, C--CK;CKjy C--CK, =K,

where K;,1/K; is a cyclic extension of degree n;. If F’ is the cyclotomic field of all roots of unity with order
n;, we get a sequence of extensions K/ = F'K; given by

FCF =FKyCK{C---CK/CK],,C---CK/=FK.
The extension F’K;,1/F’K; is cyclic of degree n;. Since there are the appropriate roots of unity in the base
fields, it follows that each of these cyclic extensions is a simple radical extension, so each of the roots of f(x)
is contained in the root extension F’K, so that f(x) is solvable by radicals. O

| Theorem: The general quintic is not solvable by radicals.

| Proof. The general quintic has Galois group Ss, and Ss is not solvable. O

g quivalently, the derived series DU)(G) terminates at the identity. See the group theory notes for an explanation of the equiva-
lence.
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Galois Groups of Cyclotomic Polynomials

If Q(C,) denotes the extension of Q by the nth cyclotomic polynomial, then we observe that any Q-automorphism
is determined by its action on the primitive nth root of unity C,. That is, 0,: C, — (% for some a € (Z/nZ)".
In fact, the collection of all such ¢, defines the Galois group Gal(Q(C,)/Q).

If n=p is an odd prime, we observe that a basis for Q(CP) over Q is given by
-1
(G}
Anyo e Gal(Q((,p )/Q) permutes the basis elements as these are the primitive pth roots of unity.

If H <(Z/pZ)* is a subgroup, then
6= ZG((’P)
o€H

is an element of the fixed field for H. If it were the case that a were fixed by some t ¢ H, then t(«) implies
that r((,p) = G(Cp) for at least one o € H as the set of all G forms a basis, but this means that to~! = id as

o~} (Cp) = (,p. Therefore, T = 0 € H, which is a contradiction. In particular, this means that Q(«) is the
fixed field for H (and necessarily any such fixed field is determined in this fashion).

H
In the special case where H is the unique index 2 subgroup of (Z/pZ)*, it can be shown that Q((,p) =
Q(\/ip), where the sign is positive if and only if p = 1 mod 4.

Exam Solutions

January 2018

| Problem (Problem 1): Classify up to isomorphism all finite groups of order 2p where p is a prime number.
Solution: If p = 2, then the groups of order 4 are Z/47Z and Z/2Z x Z/2Z.

If p is odd, then there is a p-Sylow subgroup isomorphic to Z/pZ with index 2 (hence normal), and there
is a 2-Sylow subgroup isomorphic to Z/2Z. Since Aut(Z/pZ) = (Z/(p - 1)Z)*, it follows that the only ho-
momorphisms Z/27Z — Aut(Z/pZ) are 1 — 1 and 1 +— —1 as the latter is the unique order 1 subgroup

of Aut(Z/pZ) and the latter generates the unique order 2 subgroup. These yield the two semidirect prod-
ucts Z/pZ x Z/27Z and Z/pZ =< Z/27Z.

Problem (Problem 3): Determine whether the given polynomial is irreducible. Include arguments.
(a) x*=2iin Z[i][x];
(b) x> —49x2 + (3 + \/§)x+ 7 in Z[\/E][x];

(c) x> +xy+7v?in C[x,v].
Solution:
2

(a) Observe that (1 +i)” = 2i, so that x> = 2i = (x — (1 +1))(x + (1 +i)) is a factorization over Z[][x].

(b) We start by claiming that the ideal (3 + \/E) - Z[\/E] is prime. For this, observe that Z[\/E] =

yielding (through various applications of the third isomorphism theorem)

Z[x]
-2y

Z|v2] oy
(3+v2)  (F+3)

Z[x]
T (x+3,x2-2)
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Z[x]
~ (x+3)
T (v+3x2-2)
(x+3)
_ 2/3Z]x]
o (x2-2)

Now, we observe that 2 is not a square mod 3, meaning that x2 — 2 is not reducible mod 3, whence
this is quotient is an integral domain. By the Eisenstein criterion applied with the ideal (3 + \/5), we

find that this polynomial is irreducible since 7 ¢ (11 + 6\/5)
(c) Let w denote a primitive cube root of unity; then, x> + xp + > = (x - wy)(x - w_ly).

Problem (Problem 4): Let A be a finite abelian group of order n, p a prime divisor of n, and n = p*m with
k,m € N such that gcd(p, m) = 1. Denote by A, the p-Sylow subgroup of A.

(a) Show that the abelian groups A, and Z/p*Z ®7 A are isomorphic.
(b) Describe Z/pZ ®z A as an abelian group without using tensor products.
Solution:
(a) Let
A=A, @(Z/p)' 20 0Z/p)'Z)
be the elementary divisors decomposition for A, where py,...,p¢ # p. Since tensor products commute

with direct sums, we have
4
2/p* 28, A= (2/p" 28, A)) 0 (P z/v 29, 2/p 2.
i=1
We start by observing that in all of the latter factors, we have gcd(pk,p?[) =1, meaning that given
an elementary tensor [m] ® [n] in a summand, we may write [n] = [pk][np‘k] as pF is invertible in

Z/p;i"Z. Since the tensor products are Z-balanced, it follows that elementary tensor in Z/ka®Z/p?iZ
is zero, so that these respective tensor products are zero.

Now, we may write

S
7/p" 70, A= @Z/pkz ®z Z/piZ
j=1

for some multiset {e]-} of indices, again by the elementary divisors decomposition (this time applied

S
j=1
to Ap). Observe that each of the ¢; are less than or equal to k. Furthermore, we have the exact sequence

Lk
z 7 52007 0,

and since tensor products preserve surjections, we find taking the tensor product with Z/pZ, we get

Lk
Z/p9Z s 2197 — 2/pI 29, 2/pFZ — 0.
We observe then that
. Z/piZ
Z/05 77/ 7~ L =
g P R aipz)

Observe that p¥(Z/p®i Z) is zero whenever k > ej, so that Z/piZ ® Z/p*Z = Z/p°i Z for each sum-
mand in the tensor product. This gives our desired result that Z/p*Z ® A = Ap.
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(b) Observe that in the exact sequence and quotient identification we exhibited above, if we substitute
p for p¥, then we have

Z7/piZ

2/ 77/ 07 = ————.
P P @iz

If ¢; > 1, then this quotient is isomorphic to Z/pZ as it emerges from the surjection [m]p"j
while if e; = 1, then we have that p(Z/p®/Z) = 0, s0 Z/pZ ®z A is given by (Z/pZ)", where r denotes
the number of summands corresponding to the prime p in the elementary divisors decomposition.

Problem (Problem 5): Let M = Mat3(Q), let 0 denote the zero matrix, and 1 the identity matrix of M.

= [mlp,

(a) Prove or disprove: if A € M satisfies A% =0, then A3 =0.

(b) Classify, up to similarity, all matrices in M satisfying A® = 0. Exhibit one representative for each
similarity class.

(c) Prove or disprove: if A € M satisfies A® = 1, then A% =1.

(d) Classify, up to similarity, all matrices in M satisfying A® = 1. Exhibit one representative for each
such similarity class.

Solution:

(a) If A® =0, then it follows that p4(x)|x®. Since s (x)|x4(x), and x4 (x) has degree 3, it follows that py (x)|x>,

meaning that A3 = 0.

(b) We use the rational canonical form and the possibilities for p4(x) given that pA(x)|x3. If pa(x) =x,
then A = 0. If ji4(x) = x?, then the invariant factors of A are x and x?, so that the rational canonical
form is given by

00 0
A =0 0 of
01 0

Finally, if ps(x) = x3, then pa(x) = x4(x), and there is one invariant factor given by x3, which has
rational canonical form given by

00 0
A,=|1 0 of
01 0

Since rational canonical form classifies matrices up to similarity, it follows that these are representa-
tives of the similarity classes of matrices satisfying A® = 0.

(c) Observe that if A =—1, then A3 =(~1)> = -1 =1, while A® = 1. Therefore, this assertion is false.
(d) We observe that p4(x)[x® - 1. Factorizing x® — 1 = (x — 1)(x2 +x+ 1)(x + 1)()62 —-X+ 1), so we consider
all the possible minimal polynomials and find their rational canonical forms.
o If pa(x)=x-1,then Ay =1.
o Ifpa(x)=x+1,then Ay =-1.
o If pa(x) = x> — 1, then there are two invariant factor decompositions, given by (x—1) 2 (xz - 1)
and (x+1)2 (x2 - 1), yielding rational canonical forms
1 0 0
A3 =10 0 1
01 0
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-1 0 0
0 0 1}

0 1 0

Ay=

* If pa(x) = x> =1, then py(x) = xa(x), and A is the companion matrix

0 0 1
1 0 0]

0 1 O

A5:

o If pa(x) = x>+ 1, then pa(x) = xa(x), and A is the companion matrix

0 0 -1
1 0 0|

01 0

A6:

Since x% + x + 1 is irreducible, it follows that A € Mat3(Q) cannot have invariant factors that divide
pa unless those invariant factors are equal to py, implying that A would be a 2k x 2k matrix.

Problem (Problem 7):
(a) Using cyclotomic fields, construct a Galois extension K of Q of degree 3.

(b) Find a polynomial f(x) € Q[x] such that the field K is the splitting field of f(x) over Q.

Solution:

(a) If wis a primitive 7th root of unity, then Q(w)/Q is a cyclotomic field of degree ¢(7) = 6 with Ga-
lois group (Z/7Z)*. Elements of the Galois group are given by C; — C5 for each a € (Z/7Z)*.

There is a unique index 3 subgroup of (Z/7Z)* given by inversion, and we see that

O=w+w!

is invariant under this subgroup. In particular, this means that [Q(0) : Q] < 3. Furthermore, observe
that w is a root of f(x) = x? — Ox + 1, meaning that [Q(w) : Q(0)] < 2, meaning that [Q(0): Q] > 3,
or that [Q(0) : Q] = 3. Setting K = Q(0), we observe that K is the fixed field for a subgroup of the
abelian group (Z/7Z)*, so K/Q is a Galois extension.

(b) We will find a polynomial whose roots are the Galois conjugates of 6, which are given by

O=w+w !

07(0) = w? + w2

03(0) =’ + 0.

A polynomial with these roots is given by

f(x)= (x - (w +w! ))(x - (wz + w‘z))(x - (w3 + w_3))
=¥+ x2-2x-1.
Since the Galois group Gal(K/Q) is given by the quotient Gal(Q(w)/Q)/ Gal(Q(w)/Q(0)), it follows that
this Galois group acts transitively on the roots of f(x), so f is irreducible of degree 3 with its roots con-
tained in K, whence K is the splitting field for f over Q.
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August 2018

Problem (Problem 2): Let G be a non-cyclic group of order 57. Determine the number of elements of all
orders of G.

Solution: Notice that 57 = 3-19, so there is a (necessarily normal) 19-Sylow subgroup. Since Aut(Z/192Z) =
Z/187Z, it follows that there is a nonzero homomorphism Z/3Z — Aut(Z/192Z); by structural properties
for groups of order pq it follows that the resulting semidirect product Z/19Z=2Z/3Z is unique. Since G is

a non-cyclic group of order 57, there are no elements of order 57; we thus observe that elements of the form
(a,b) where b € Z/37Z and a € Z/19Z\{0} are of order 19, while elements of the form (0, b) with b € Z/3Z\
{0} are of order 3. The last one we are left with is the identity (0, 0). Therefore, combined, we find there are
54 elements of order 19, 2 elements of order 3, and 1 element of order 1.

Problem (Problem 3): Let R be a commutative ring such that all prime ideals are finitely generated. Prove
that R is Noetherian by using the following steps.

(a) Let X be the set of non-finitely generated ideals of R. Prove that if R is not Noetherian, then & has
a maximal element, which we call I.

(b) Prove that there exist elements x,p € R such that x,y ¢ and xp € I.

(c) Prove that I, =1+ (x)and J, = {r € R: rx € I} are finitely generated ideals. Here, x is the same ele-
ment as in the previous part.

(d) Conclude that [ is finitely generated, and derive a contradiction.

Solution:

(a) Suppose R is not Noetherian. Then, there is an ideal that is not finitely generated, so the set X" is non-
empty. If C is a chain in X, then we claim that | JC is not finitely generated. If it were, then taking a
generating set {xy,...,x,} for | JC, we may find an ideal ] in C containing all elements of the generat-
ing set, so it would follow that (JC =] , but | was assumed to not be finitely generated since C is a
chain in X. Therefore, by Zorn’s Lemma, there is a maximal element I of X

(b) Since I is not finitely generated, I cannot be prime, so there must exist x,v € R such that xy € I but
x,vel.

(c) Since x ¢ I, it follows that I C I,; if I, were not finitely generated, then this would contradict maxi-
mality. Similarly, since y € I, we must have that I C J,, again contradicting maximality.

(d) Denote by {fi,..., f,} a finite generating set for I, and write
fi=si+rx.

Similarly, let {t,...,t,,} be a finite generating set for J,. Observe then that {sy,...,s,,xt1,..., xt,} C
I by the definitions of I, and J,. Our task is to now show that this is a generating set for I.

Letael. Then,ael, and a €], so we may find uy,...,u, in R such that
n
a=) uif
i=1
n
= Zuisi+uirix
i=1

Observe then that

n n
E uiri|x=a-— u;s;,

i=1 i=1

meaning that the left hand side is contained in I, so that }_, u;r; € J. There are then vy,...,v,, in
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] such that

whence

=

m
a= U;S; + (U]'X)t]',
i=1 j=1
so that I C(sy,...,S,,t1,...,t,). Thus, we get that I is finitely generated, yielding our final contradic-
tion that, in fact, the set X was empty, and so every ideal of R is finitely generated.

Problem (Problem 4): Let R be an integral domain, and let M be a nontrivial torsion R-module.

(a) If M is finitely generated, then the annihilator of M is nontrivial.

(b) Find an integral domain R and a torsion module M over R whose annihilator is the zero ideal.
Solution:

(a) Let {xy,...,x,} be a generating set for M, and let 0 = r; be such that r;x; = 0 for each i = 1,..., n. Since
each r; # 0, it follows that r = r; ---r, is nonzero, and since R is commutative, rx; # 0 for each i =
1,...,n,s0 r € Ann(M) as r annihilates all generators of M. Therefore, Ann(M) is nontrivial.

(b) Let M = Q/Z as a Z-module. Observe that [%] is torsion as b[%] = [a] = [0]. Yet, forall b > 1, we

have [%] € Q/Z, meaning that any ideal that annihilates every element of Q/Z annihilates [%], giv-
ing that

Ann(M) € [1)|(b)

b>1
=(0).
Problem (Problem 5): Let F be a field, and let n be a natural number.
(a) Let F = R. Classify the matrices a € Mat,(R) satisfying A% = A, up to similarity.

(b) For an appropriate F and 7, find a matrix a € Mat,(F) which is not diagonalizable and satisfies A3 =
A.
Solution:

(a) Notice that if A% = A, then p4(x)|x> — x, so we may classify rational canonical forms using invariant
factors as follows.

— If we have invariant factors given by (x—1) 2 (x2 - 1), then we have the similarity class with
representative given by

in rational canonical form.
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— If we have invariant factors given by (x+1) 2 (x2 - 1), then we have similarity class with
representative given by

in rational canonical form.

Since these are the only possible invariant factor decompositions of the polynomial x> — x, these are
the similarity classes.

(b) If F =1F,, then then we have py(x)|x(x —1)(x+ 1) = x(x - 1)2. If pa(x) = (x— 1)2, then A is not diago-
nalizable, and we have invariant factors given by (x—1) 2 (x—1)?, and a similarity class represen-

tative
1 0 O
A=10 0 1|
0 1 0

Problem (Problem 6): Let p(x) be a polynomial defined over R, and suppose that p takes on rational val-
ues at rational numbers. Prove that the coefficients of p are rational.

Solution: Write
p(x) =a,x" +---+a;x+ag

with ag,...,a, € R. By Lagrange interpolation, a selection of (n + 1) distinct elements of Q with evalua-

tions uniquely determines a polynomial of degree n in Q[x]. Therefore, if we let x,...,x, be (n+ 1) distinct
points of @ with values given by p(xg),...,p(x,), then there is a unique polynomial g(x) of degree n in Q[x]

such that g(x;) = p(x;).

This means that g(x) = p(x) for all x € Q; using facts from analysis, since polynomials are continuous over
IR, it follows that p(x) = q(x) for all x € IR, so that p(x) must have rational coefficients.

This is not the case for integer coefficients, as we may consider the polynomial p(x) = %(\)(Y + 1), which

is integral at all integers since any integer is either even or adjacent to an even integer.
| Problem (Problem 7): What is the Galois group of x> — 1 over a field with 7 elements?

Solution: Factoring x> — 1 = (x — 1)®5(x), we start by observing that 715, so by the irreducibility criterion
for cyclotomic polynomials over finite fields, we have that @5 splits into irreducible factors with degree equal
to the multiplicative order of 7 mod 5. Since 7 = 2 mod 5, and 2 has multiplicative order 4 mod 5, it fol-
lows that ®5(x) is irreducible, so we have that the Galois group of x° — 1 is given by the Galois group of
IF,4 over IF;. Since Galois groups of finite extensions of finite fields are given by cyclic groups of order equal
to the degree of the extension, it follows that the Galois group of x>~1 over a field with 7 elements is given
by Z/4Z.

| Problem (Problem 8): Describe the splitting field of x* + x* + 1 over Q. What is its degree?

Solution: Observe that we may write
o—1=(x=1)(x+ 1)(x4+x2+ 1),
where we may write x* + x> + 1 = @3(x)®4(x). Observe that if 0 is a primitive sixth root of unity, then 67 is

a primitive cube root of unity, so that the splitting field of x*+x?+1 is given by adjoining a primitive sixth
root of unity over Q. Since deg(®y(x)) = 2, it follows that this is the degree of the splitting field over Q.
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January 2019
Problem (Problem 2): Let G be a finite group of order n.

(a) Prove there exists an injective homomorphism ¢: G — S, such that for all g € G, the permutation
¢(g) is a product of n/k disjoint cycles of length k.

(b) Suppose nis even, and a Sylow 2-subgroup of G is cyclic. Use (a) to prove that G has a subgroup of
index 2.

Solution:

(a) Label the elements of G by {g1,...,¢,}, and let G act on itself by left regular permutations. By Cayley’s
Theorem, this yields an injective homomorphism ¢: G — S, as G acts on itself freely and faithfully.
Note that this means that ¢(e) = id.

Now, let g € G with o(g) = k, where k|n and k = 1. Observe that orders are preserved since ¢ is an

isomorphism onto its image, it follows that ¢ preserves orders. In particular, this means that the cy-

cle decomposition of ¢(g) consists exclusively of k-cycles. Furthermore, since we assume g # e, it

follows that g, and hence ¢(g), does not have any fixed points (as G acts on itself freely), so that there
must be n/k such k-cycles that permute the n elements of {gy,..., g,} without fixed points.

(b) If |G| = 2%, then G is cyclic, so there is a subgroup of G with index 2.

Else, let |G| = 2Km, where m is odd with odd prime p dividing m. Let x denote the generator of the
assumed cyclic Sylow 2-subgroup. Then, we observe that ¢(x) has order 2%, and that ¢(x) consists of
m cycles of length 2. Notice that this means ¢@(x) € A, as even-length cycles are odd permutations.

Since there is a p-Sylow subgroup (where p is the aforementioned odd prime dividing m), this p-Sylow
subgroup admits an element p of order p by Cauchy’s theorem. The cycle decomposition of ¢(v) has
2Km/p cycles of length p. Since p is odd, @(v) € A, since odd-length cycles are even permutations.
Therefore, we have that ¢(G) N A, < G is normal (by the second isomorphism theorem) and has in-
dex at least 2, with the second isomorphism theorem giving

(G)NAy]

2<[@(G): (G
=[p(G)A, : Ay]

[Sn

2

IA

1A

so that the inverse image of ¢(G) N A, under ¢ is a subgroup of index 2 in G.

Problem (Problem 3): Let R = Z[x]. Find the number of maximal ideals of R which contain x?>+ 1 and 15,
and find explicit generators for each such ideal.

Solution: By the fourth isomorphism theorem, the maximal ideals in Z[x] containing x*> + 1 and 15 corre-
spond to the maximal ideals in the ring

Z[x]
Z[x] - (x2+1)
(x2+1,15)  (x2+1,15)
(x2+1)
. 2[i]

(15)

In particular, this means we want to find the maximal ideals in Z[i] containing 15; we consider ¥ =i in

Z[x] to correspond to 7 in Z[x]/(x2 + 1). Since Z[i] is a Euclidean domain, maximal ideals are prime, and

primes are irreducible as Z[i] is a unique factorization domain, so we only need to find the primes that di-
vide 15. Using the classification of primes in Z[7], it follows that there are three such maximal ideals given
by {(3),(2—1),(2+1)}. Lifting to Z[x] after application of the homomorphism Z[x] — Z[i], we observe that
these ideals correspond to {(x2 +1, 3), (x2 +1,2- x), (x2 +1,2+ \)} respectively.
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Problem (Problem 5): Let F be an algebraically closed field, n € IN, and A € GL, (F) an invertible n x n
matrix over F.

(a) Assume that char(F) # 2. Prove that if A? is diagonalizable, then A is also diagonalizable over F.

(b) Give an example where char(F) = 2, A2 is diagonalizable, and A is not diagonalizable.
Solution:

(a) Since A? is diagonalizable and invertible, it follows that 42 (x) splits into distinct linear factors

r

paz(0) = Jee=n0)
i=1
with each A; # 0. We observe then that, by definition, we have p (x)I[T_, (xz - )\i)- Since F is alge-

braically closed and not of characteristic 2, it follows there are p; = 0 such that (x2 - Ai) = (x—pi)(x +py).
Therefore, we have that p,(x) consists of distinct linear factors, so A is diagonalizable.

(b) If over IF,, we have

is the identity matrix, which is already diagonal.
Problem (Problem 6): Let R be a commutative ring with 1, M an R-module, and N a submodule of M.
(a) Prove that if both N and M/N are finitely generated, then M is finitely generated.
(b) Give an example where M is finitely generated and N is not.

Solution:

(a) Let me M. Take {x; + N,...,x,,, + N} to be a finite generating set for M/N, and {vy,...,7,} a finite gen-
erating set for N.

Then, we may write

m+ N = + N,

m
)%
j=1

so there exists n € N such that

meaning we may write

=

and thus
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so that {xy,..., X, V1,...,V,} is a finite generating set for M.

(b) If M = Z[x1,X,,...]1s the polynomial ring in Z with infinitely many indeterminates, viewed as a
ring over itself, then the ideal N = (xy, x,...) is infinitely generated, but M is finitely generated since
it is the free module over the ring Z[x}, x5,...] with rank 1.
Problem (Problem 8): Let p > 2 be a prime, [, the field of order p, and 1F_p an algebraic closure. Let f(x) =
x™+1 for some m € IN. Assume that f is irreducible, and let a be a root of f in IF_p.

(a) Prove that the multiplicative order of a is equal to 2m.
(b) Prove that 2m divides p” — 1, and 2m does not divide p* -1 for any 0 < k < m.
(c) Prove that m = 4.
Solution:
(a) Since f is irreducible, we have that [F,(a) = [F,», and « is not contained in any proper subfield of

[F, (o). In particular, this means that ok ¢ IF, for any 1 <k <m, so since we have a” = -1 =1 (where

the latter emerges from the fact that p = 2), it follows that a?™ =1, so that the multiplicative order
of ais 2m.

(b) We have that a =0, so a € (IFpm )X, meaning that o(a) = 2m||IFp>fy,

1 <k < m, it follows that o(a) { p* - 1.

=p" -1, and since a ¢ Fyx for any

(c) We may show that x*+1 is reducible mod p by observing that, since p is odd, p? = 1 modulo 8. There-

2 , 2 . . /
fore, we have that x8 — 1|xP"~! -1 over IF,, or that x*+ 1|xP” — x. In particular, this means that x* + 1
splits over [F2. Yet, since any element of IF,> has a minimal polynomial over [F, with degree at most

2, it follows that x* + 1 is necessarily reducible over IFp.

August 2019
Problem (Problem 2): Let n > 3 be an integer, and S, the symmetric group on {1,2,...,n}. Let H be a sub-
group of S, with [S,,: H] = n. Prove that H = S,_;.

Solution: Let S, act on the coset space S,/H by left multiplication; that is, ¢- H = gH. This defines a per-
mutation representation p: S, — Sym(S,/H). Observe that this action is transitive, and that H is the sta-
bilizer of this action; in particular, this means that K = ker(p) of this action is contained in H.

Since K is normal in §,,, there are three cases for K if K is non-trivial.

* If K =S, then by orbit-stabilizer theorem, we have n =[S, : H] <[S,: K] =1, but n >3, whichisa
contradiction.

» If K = A,, then this implies that |K| = ”7!, but since |H| = (n—1)! and |H| > |K|, this implies that (n—1)! >
”7!, which is not the case for any n > 3.

* If n=4and K =V, the Klein 4-group, then since |[H| = 6, Lagrange’s theorem implies that 4|6, which
is certainly false.

Therefore, it must be the case that K = {e} is injective. Since p is an injective map between groups of the
same order, it is an isomorphism, so that the action of S,, on {1,...,n} is equivalent to the action of S, on S,/H.
In particular, this means that, up to relabeling, H is the stabilizer of 1 €{1,...,n},sothat H=§S,,_;.

Problem (Problem 3): Let m and n be positive integers with m|n. Let f: Z/nZ — Z/mZ be the natural
projection. Prove that the associated map of the group of units f: (Z/nZ)* — (Z/mZ)* is surjective.

Solution: By Chinese Remainder Theorem and divisibility of n by m, we may write

Z V4
Z/legd—@“‘@d—_
p'Z ' Z

58



Algebra Qualifier Prep Avinash Iyer

Z
ZImL= —— @& —
Py prz
X
Z Z
(Z/nZ)* = — | x x( y )
p\'Z pr'Z
z \ z \
(Z/mZ)X’:“( o ) x x( - ),
P Z pr’'Z

where d; > 1 and e; < d; for each i. Therefore, we reduce the question to the case of a single factor Z/p?7 —
Z/p°Z; if e = 0, then there is no map of units since the latter is the zero ring, so we will assume d > e >

1, and we will show that the map (Z/p”’Z)X — (Z/p¢Z)* is surjective.

Now, if a € (Z/p°Z)* with 1 <a < p®, then ged(a,p¢) = 1. In particular, this means that the prime factor-
ization of a does not contain any factors of p, so that gcd(a,pd) = 1, whence the class of ain Z/p?Z is a
unit, and a - a gives a surjection of the units of Z/p?Z and Z/p°Z.

Problem (Problem 4): Let R be a commutative ring with 1, S a subring of R with 1, and let M, N be R-modules.

(a) Prove that there exists a surjective S-module homomorphism ¢: M®sN — M®gN such that @(m®g m) =
m&g n.

(b) Assume that R and S are fields, R# S, and M and N are nonzero. Prove that ¢ is not injective.

(c) Suppose we only know that R is a field. Does the conclusion of (b) remain true?

Solution:

(a) Define a S-balanced map ¢: M x N — M ®g N by ¢(m,n) = m®g n. Use the universal property to
define a unique S-module homomorphism ¢: M ® N — M ® N that is necessarily surjective since
any sum of elementary tensors in M ®g N is given by the sum of elementary tensors in M ®g N.

(b) Given m € M and n € N nonzero, with r € R\ S, consider the vector
u=me(rn)—(rm)n.

Then, we observe that u € ker(¢) since elementary tensors in M ® N are R-bilinear.
We will show that u # 0 by determining an S-linear map 6: M ® N — S such that 6(u) = 0.

Since R and S are fields, M and N are nonzero free R-modules that are also free S-modules; since S #
R, we have that m and rm are S-linearly independent. Extending {m, rm} to an S-basis 13 for M, we
may define f: M — S by taking f(m) = 1 and f(m’) = 0 for any m’ # m in BB, and extending lin-
early by using the universal property. Similarly, n and rn are S-linearly independent, we may extend
{n,rn} to an S-basis C of N, and taking g: N — S by taking g(n) =1 for all n € C and extending lin-
early.

Defining p: M xN — S by (m, n) = f(m)g(n), we observe that p is S-bilinear, so it extends to an S-
linear map 0: M ®s N — S satisfying O(m®n) = f(m)g(n). Therefore, we have

Therefore, u = 0.

(c) Consider R =Q and S =Z. Observe that any simple tensor in Q®y Q can be written as
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meaning that element in Q®; Q is written 1 ® g, while under ¢, we have that this element is given
by 1®g in Q®q Q; since any element in Q®q Q is given by 1®g by a similar process, it follows that
¢ only maps 1 ® g to 0 when g = 0, meaning that ker(¢) = {0}.

Problem (Problem 5): Let F be a field, V a vector space over F of finite dimension n,and let T: V — V
an F-linear map.

(a) Assume that F is algebraically closed. Prove that V has at least n+ 1 T-invariant subspaces includ-
ing 0 and V.

(b) Give an example showing that if F is not algebraically closed, then (a) may be false.

(c) Assume that T is diagonalizable over F and has n distinct eigenvalues. Prove that the number of T-
invariant subspaces depends only on 7, and find that number.

Solution:

(a) Since F is algebraically closed, V admits a basis B = {vy,v,,...,v,} such that [T]z is in Jordan canon-
ical form; in particular, [T]g is upper triangular. Taking the chain

0 Cspan{vy} Cspan{vy,v,} C--- Cspan{vy,vy,..., v, ),

we have a chain of contained subspaces of length n+ 1, and observe that Tv; € span{vy,v,,...,v;} by
the fact that [T] is upper triangular, so that each of these subspaces is T-invariant.

(b) Considering the matrix

in Mat,(IR), we observe that this is a rotation by 1t/2, so it has the only invariant subspaces given by
0 and R?.

(c) If we consider V as an F[x]-module with action x-v = Tv, then we observe that a submodule is pre-
cisely a T-invariant subspace.

Since T is diagonalizable, we may write

~ (M _Flx]
V=D

where each of the Ay,..., A, are distinct by assumption. Since each of the (x — ;) C F[x] are maximal

ideals, the modules (XF_[’;].) are irreducible as F[x]-modules. In particular, this means there are no sub-

modules in any summand, and the summands are pairwise non-isomorphic by the fact that Aq,..., A,
are distinct; counting submodules is thus given by counting the total number of decompositions of
V into these summands, giving 2" such submodules.

Problem (Problem 8): Let g be a prime power, [F; a field of order g, and let a € IF; be a nonzero element.
Consider the polynomial

flx)=xT1—q,

Let L be the splitting field of f(x) over K = [F;. Prove that [L: K] = 2.
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Solution: Write IF; = IF,». Observe that f’(x) = x, so that ged(f, f’) = 1, so in particular, f(x) is separable.
Furthermore, since a € IF, \ {0}, we have that aP"~1 =1, so we observe that if a is a root of f(x), then

- n_
PP p7-l

=1,
meaning that a € F,2n = Fpo.

Since f(x) is separable, it follows that f(x) admits p” + 1 distinct roots in IF_p, so by the pigeonhole princi-
ple, at least one of the roots cannot be contained in [F; in particular, if o is this root, then a € IFj2, whence
L =TF;> has degree 2 over ;.

January 2020
Problem (Problem 1):
(a) Let C be a cyclic group of order n > 2. Explain why Aut(C) = (Z/nZ)*, and why Aut(C) = Z/(n—1)Z
if n is prime.
(b) Let G be a finite group, p the smallest prime dividing G, and suppose G contains a normal subgroup
C of order p. Prove that C lies in the center of G.
Solution:
(a) An automorphism Z/nZ — Z/nZ is determined by where it sends the generator 1, and it must send

1 to another generator of Z/nZ, namely an element of (Z/nZ)*. If n is prime, then Z/nZ is a field, so
(Z/nZ)* is cyclic of order n—1.

(b) Let x be the generator for C. Then, observe that, since C is normal, gxg~' = x* for some 1 <k < p.
If it were the case that k = 1, then this gives rise to a nontrivial homomorphism G — Aut(C) = Z/(n—1)Z.
This implies that p — 1 divides the order of G, but p is the smallest prime that divides the order of
G, which is a contradiction.

Problem (Problem 4): Let R be a commutative ring with 1, and let x € R.
(a) Prove that x ¢ R* if and only if x € M for some maximal ideal M of R.
(b) Prove that the following are equivalent:

(i) x € M for every maximal ideal M of R;

(ii) 1+xy e R for every y € R.
Solution:

(a) If x € M N R*, then we have that x™! € M N R, meaning that 1 € M, so that M = R, but M cannot be
equal to R by the definition of a maximal ideal. Meanwhile, if x ¢ M for all maximal ideals M, we
have that (x) = R, meaning that 1 € (x), so there exists some y € R such that xy =1 = px.

(b) If x € M for all maximal ideals M of R, then (x) C (1 maximal M- Given v € R, 1+M = (1 + xy)+M for
any v € R since xy € M for all maximal ideals M. Therefore, we have that 1+ xy ¢ M for all maximal
ideals M, so that 1 +xp € R* by (a).

Suppose that x ¢ M for some maximal ideal M. Then, since M is maximal, M + (x) = R, so there is
some y € R such that 1 +xp e M, so 1 +xy & R*.

Problem (Problem 5): Let F be a field, and let A, B € Mat,,(F) for some n € N. Suppose A> = B =1, and
rk(A—1I) =rk(B—-1I). Prove that A and B are similar.

Solution: We start by assuming that F is not characteristic 2. Then, ps(x)|(x —1)(x + 1), so that the eigenval-
ues of A (and those of B) are drawn from {1,-1}, meaning that both A and B are diagonalizable. Since rk(A—1) =
rk(B —1I), it follows that the eigenspaces E(A) and E;(B) are isomorphic, so in the diagonalization of A and
B, there are an equal number of 1s in the decomposition. Furthermore, since the remaining eigenvalues are
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equal to —1, it follows that E_;(A) = E_;(B), so A and B have identical eigenvalues with identical geomet-
ric multiplicity, meaning that A and B have equal diagonalizations. Since Jordan canonical forms define a
unique similarity class, and A and B have identical Jordan canonical forms, it follows that A and B are sim-
ilar.

August 2020

Problem (Problem 1): Let A be a finitely generated abelian group. Prove that the following are equivalent:
(a) dimg(A®z Q)< 1;
(b) Aut(A) is finite.

Solution: Using the classification theorem, we may write
A=7%®T,

where T is a finite abelian group.

Suppose A ®y Q has Q-dimension less than or equal to 1. Noting that T ® Q = {0}, it follows that A ®y
Q=Y meaning that there are two cases.

(i) If d =0, then A is a finite group, meaning that Aut(A) is finite as Aut(A) is a subgroup of the finite
group Sym(A).

(ii) If d =1, then we consider all the possible automorphisms of A. First, observe that any element of
the form (0,s), where s € T, must be mapped to an element of the form (0,s), since orders are pre-
served under automorphisms and s is necessarily finite-order.

If (1,0) denotes the generator of the Z summand in the expression of A given by the classification, then
we observe that if a € Aut(A) is any element, then «(1,0) = (n,s) and a~'(1,0) = (n’,s’). Since any
automorphism must preserve T, it follows that the automorphism a descends to an automorphism

of the quotient A/T = Z; since automorphisms preserve generators, it follows that n = £1 and sim-
ilarly, n” = 1. In particular, this means that any automorphism of A is a composition of an auto-
morphism of Z, a shearing term s, and an automorphism of T; since each of these sets are finite, it fol-
lows that Aut(A) is finite.

Now, suppose A®y Q has Q-dimension at least 2. Then, d > 2, meaning that we may write A = Z*aS for
some finitely generated abelian group S. In particular, any automorphism of the form U#id for some U €
GL,(Z) is an automorphism of A. Notice that GL,(Z) is an infinite group, as seen by the infinite family of

elements given by
1 a
{(0 1) ta€ Z}.

Problem (Problem 2): Let n > 3 be an integer. Denote by S,, the symmetric group on {1,...,n}, and D,,
the dihedral group of order 2n.

(a) Prove that for every k > 3, there exists an injective homomorphism ¢: Dy — Sk whose image con-
tains a k-cycle.

(b) Prove that every element of S, can be written as a product of two elements with order less than or equal
to 2.

Solution: We write the presentation of Dy as
Dy = <r,s|rk,52,srsr>.

(a) Viewing Dy as the symmetry group of a regular k-gon, and labeling the vertices {1,...,k} yields a ho-
momorphism D,; — Sy by defining the permutation in Sy by the correspondence between the ver-
tices and the set {1,...,k}. This homomorphism is injective since the only element of D, that preserves
every vertex of the regular k-gon is the identity permutation. Since injective homomorphisms preserve
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order, the image of r has order k, and the only elements of S that have order k are k-cycles.

(b) Notice that any element of Dy is a product of either one or two reflections. For instance, the element

r is given by (rs)s, where we observe that (rs)? = rsrs = rs?r~! = ¢. Taking a cycle decomposition,

we have that every permutation o € S, is given by
0 =010p--0y

is a product of disjoint cycles. We may assume that any of these cycles are of length at least 3, as the
product of a disjoint collection of transpositions is of order 2. If we have a k-cycle defined by (i1, 15,..., 1),
then we may view this k-cycle as the element r in the subgroup D; of Sy, where the action is defined

on {iy,i,,...,ix}. In particular, the supports of the cycles oy,...,0, are disjoint. The k-cycle may then

be expressed as a product of two reflections T; 1 T; . Writing o in this form gives

0=T1,1T1,2T2,1T2,2 " T, 1 Ty 20
We observe that the support of 1, ; and the support of 1, are disjoint, so the cycles commute. Sim-

ilarly, we have T; » ;1,1 = Ti+1,1 T2 for all 1 <7 <r. Therefore, we may write

0= (11,171 T, (11,212,232 T ).
Each of these groupings is a product of disjoint transpositions, so this yields o as a product of two el-
ements of order 2.

Problem (Problem 3): Let R = Z[\/g] You may assume without proof that R is a Euclidean domain. Let
p € N be a prime number with p =5 mod 12. Prove that p is a prime element of R.

Solution: We start by observing that

Zb@]z 2l

x]
(x>=3)
where

a+b\/§<—>a+bx+(x2—3).

Furthermore, since Z[\/gl is a Euclidean domain, any prime ideals are maximal, so it suffices to show that
if p=5mod 12, then Z[\/g]/(p) is a field. Writing in terms of Z[x]/(x2 - 3),

I

Z[x]
(2/pZ)[x]
(x2-3)

12

Therefore, it suffices to show that if p = 5 mod 12, then x? - 3 is irreducible over Z/pZ. Equivalently, we
will have to show that 3 is not a square mod p. Observe that since p = 5 mod 12, it follows that p =1 mod
4; by the classification of primes over Z[i], it follows that x2 + 1 is reducible mod p, or that —1 is a square
mod p.

Now, suppose toward contradiction that 3 is a square mod p, Then, it would follow that 3 = (-1)(-3) is
a square mod p. We claim that —3 is a square mod p if and only if p = 1 mod 3. If there is some t € Z/pZ
such that +2 = —3, then we observe that there is then a primitive cube root of unity w; a primitive cube
root of unity has order 3 in (Z/pZ)*, or that 3|(p — 1), or p = 1 mod 3. Yet, since we have that p = 2 mod
3, it follows that —3 is not a square mod p, so 3 is not a square mod p.

Problem (Problem 4): Let R be a commutative ring with 1. An ideal I of R is called irreducible if I cannot
be written as I = ] N K, where | and K are both ideals strictly containing I.
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(a) Prove that every prime ideal is irreducible.
(b) Assume that R contains a nonzero nilpotent element. Prove that R contains an irreducible ideal which
is not prime.
Solution:
(a) Let P be a prime ideal of R. Suppose toward contradiction that there exist proper ideals | and K with
P=]JnKand P CJ,K. Choosea e[\ Pand b e K\P. Then, ab € P since ab € ] N K by absorption

of multiplication. Yet, by the definition of prime ideal, it follows that either a € P or b € P, which
contradicts the definition of a and b.

(b) Suppose a € R is a nonzero nilpotent element. We consider the set S of ideals that do not contain
a, ordered by inclusion. This set is nonzero since the zero ideal is in this set and a is not zero. If C is
a chain in §, then the union of the ideals in C is an upper bound in S. If it were not the case that the
union was in S, then we would have some ideal I € C with a € I, which would imply that I ¢ S.

Therefore, by Zorn’s Lemma, there is a maximal element M of S. Observe that the nilradical of R is
the intersection of all the prime ideals, so since M does not contain g, it follows that M is not prime.

Suppose toward contradiction that M is not irreducible. Then, there would be ideals ] and K where
M ¢ J,K with M =] N K. Without loss of generality, if a ¢ ], then it would follow that ] € §, which
would violate the maximality of M. Meanwhile, if a € ] and a € K, then we would haveae JNK =
M, which would violate the fact that M € S.

Problem (Problem 6): Let K be a field of characteristic zero, and fix some algebraic closure K of K. Let L/K
be a finite extension with L C K, and let o € K.

(a) Prove that there is a surjective K-algebra homomorphism p: L ®x K(a) — L(«).
(b) Prove that there exists an injective K-algebra homomorphism not necessarily sending 1 to 1 1: L(a) —
L®g K(a).
Solution:

(a) Notice that, since « is algebraic over K, we have K(a) = K[«a].

Consider a map ¢: L x K(a) = L(a) defined by (f,p(oc)) — {p(a). We claim this map is K-bilinear.
This follows from observing that
$(6,p1(a) + pa(a)) = Epi(a) + pa(a)
=0, p1(a)) + (L, po(a))
(6 + 63, pa)) = €1 p(a) + Lrp(a)
= (01, p(a)) + (6o, p(a))
P(kl, p(a)) = k(¢p(a))
= k(6 pla))
= l(kp(a))
= (6 kp(a)).
Therefore, ¢ descends to a K-linear map p: L®g K(a) = L(a) taking £® p(a) — €p(c). We show that
p respects the multiplication operation, and that p is surjective. First, we observe that
p((C1®p1(a))(C2®pa(a)) = p(l16> ® pi(a)pa(a))
=016p1(a)pa(a)
=(1p1(a)lapa(a)
= p(6r ®p1(a))p(lr ® pa(a)).

Next, we observe that, since « is algebraic over K, a is algebraic over L, so L(«) = L[a]. We can show
that any polynomial g € L[x] evaluated at « is obtained by a sum of simple tensors as follows:

g(@) = ap,a” +a, 10"+t aa+a
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=p(a,®a")+---+p(a; ®a)+plag®1)

Thus, p is surjective.

(b) Assume « is not contained in K or L. We note that K(a) = (MK['?]Y)). By the extension of scalars, we

know that L&y (Mfl[:(]\)) = (Mi(]x)) Since K C L, we know that i, 1 (X)[pq,x (x). In particular, this means

there is some h(x) € L[x] relatively prime to p r(x) (since pq g (x) is separable as we are working in
characteristic zero) such that pg g (x) = po, (x)h(x).

By the Chinese remainder theorem, we have
] L] L]
(Voe KX ) (Va L( ) (h(x))
= [(a) x

Therefore, we have that an element of L(a) injects into L ® K(«) via the sequence of isomorphisms
L[x]

(h(x))*

If a € L\ K, then L(a) = L, while L injects into L ®g K(a) by ¢ - ¢ ® 1. If a € K, then L = L(«) yet
again injects into L®g K(a) = L®g Kby ¢ —» ¢ ®1.

to the first coordinate of the expression L(a) %

Problem (Problem 8): Let K be the splitting field of the polynomial f(x) = (x3 - 11)(x2 +x- 1) over Q.
(a) Find (with proof) the degree of the extension K/Q.

(b) Determine the isomorphism class of the Galois group Gal(K/Q), and prove your answer.

Solution:

(a) Considering the embedding of Q[x] C C[x], we observe that the roots of f(x) are given by

A= {e/—mﬂww— “14V5 ‘j‘r},

where w is a primitive cube root of unity. In particular, this means that the splitting field K of f(x
is contained in F = Q(w, Vi1, \/g) Meanwhile, we have F C K since we may find w = ‘“W and \/_ =

1+ 271;‘5, so that K = Q(w, Vi1, \/5)

To compute the degree, we observe that the minimal polynomials are given by

MW,Q(X) =x>-11
me,Q(x) =x?4x+1
2
Hys0 =X —3.

Computing the degree, we observe that HIILO(05) = MDY and similarly for Ho,0(vV5) with pg, @
so that the degree of K/Qis 12.
(b) First, we recall the theorem that a separable polynomial f(x) is irreducible if and only if the action

of the Galois group on the roots of f(x) is transitive. Since f is separable (as we are working over Q)
and not irreducible, it follows that the Galois group of f(x) is not transitive.

Now, we observe that f(x) has two 1rreduc1b1e factors — namely, p(x) = x> — 11 (which is irreducible
by the Eisenstein criterion) and g(x) = x> + x — 1, and in particular, the extension K/Q is equal to the
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compositum of the splitting fields of p(x) and gq(x), which we label as L and M respectively. Since these
are finite degree extensions whose intersection is equal to Q, it follows that

Gal(K/Q) = Gal(L/Q) x Gal(M/Q).

We start by seeing that L = Q(w, Q/H) Since p(x) has degree 3 and not all of its roots are real, it fol-
lows that Gal(L/Q) = S3, while since M has degree 2 over Q, it follows that Gal(M/Q) = Z/2Z, so
that Gal(K/Q) = S; x Z/27.

January 2021

(a)
(b)
()

(a)

()

Problem (Problem 1): Let F be a field. Let f(x) € F[x] be an irreducible separable polynomial of degree
n, and let G be the Galois group of f over F, and assume that G is abelian.

Prove that if ¢ € G is any nontrivial element, then ¢ does not fix any of the roots of f.
Assume that F C R, and # is odd. Prove that all roots of f must be real.

Now, let F = Q. Prove that there are infinitely many n for which there exist f as above with a non-
real root and cyclic G.

Solution:

Since f is irreducible and separable, the Galois group G acts transitively on the roots of f, defining
a faithful representation p: G — S,. Now, suppose there is some ¢ # g € Gg. Then, for any x € G,
we have

meaning that g fixes every root, implying that e # g € ker(p), contradicting the faithfulness of the
representation p.

Observe that, by the orbit-stabilizer theorem, we have that {roots of f} = G/H as sets, where H is
the stabilizer of any root of f. Yet, since there are no stabilizers as discussed above, it follows that |G| =
n. In particular, since n is odd, there are no order 2 elements.

If there were a non-real root of f, then since complex conjugation fixes IR, it follows that complex con-
jugation would be an order 2 element of the Galois group, which is a contradiction of the fact that n
is odd.

The pth cyclotomic polynomials @, for odd primes p have cyclic Galois groups given by (Z/pzZ)* =
Z/(p — 1)Z; each of these cyclotomic polynomials admit non-real primitive roots of unity, but are con-
tained in Z[x] C Q[x].

Problem (Problem 2): Classify the conjugacy classes of matrices A € GL,(Q) such that A3 =—1.
| y jugacy 7

Solution: We see that A3 = —I implies that pu (x)|(x + 1)(,\’2 —-x+ 1).

If pg(x)=x+1, then A=-1.
If pa(x) = x?—x+1, then py (x) = Py (x) is irreducible, but this would imply that any invariant factors

are equal to py(x) even though A is an element of GL7(Q).

If pa(x) =(x+ 1)(x2 —-X+ 1), then we may consider all the possible invariant factor decompositions
from here:

(D)2 + D)2 (x+ D)2 (x+ 1) 2 (¥P+1);

66



Algebra Qualifier Prep Avinash Iyer

- (x+1);>(x3+1);>(x3+1);
- (xz—x+1)2(x2—x+1)2(x3+1).

These invariant factor decompositions are the only viable ones for an element of the matrix GL;(Q) with
minimal polynomial p4(x) = x>+1, so their corresponding rational canonical forms yield all the similarity
classes for such elements.

Problem (Problem 3): Let R be a commutative ring with 1, and assume |R| > 1. Prove that R has at least
one minimal prime ideal.

Solution: Since R has a maximal ideal, the set
X ={P CR:P prime}

ordered by containment is non-empty. Apply Zorn’s lemma with the upper bound for the chain C = {P;};¢;

given by
A
i€l
by showing that this is a prime ideal.

Problem (Problem 4): Let G be a finite abelian group, and let p be a prime. Prove that the number of ele-
ments of order p is equal to the number of nontrivial homomorphisms from G to Z/pZ.

Solution: Write the elementary divisors decomposition of G as
r

G=Pzriizes,
i=1

where S consists of all the elementary divisors with no factors of p. These have no elements of order p. In
the group Z/p?Z, the elements of order p are precisely the elements of the form np~! for 1 <n<p. In
particular, for each summand, there are (p — 1) elements of order p, so there are a total of r(p — 1) elements
of order p in G.

Meanwhile, we observe that by the universal property of direct sums, any homomorphism ¢: G —» Z/pZ
is given by the sum of individual homomorphisms ¢;: E; — Z/pZ, where E; are summands in the ele-
mentary divisors decomposition of G. In particular, this means that any nontrivial homomorphisms G —
Z/pZ are given by sums of nontrivial homomorphisms Z/p%Z — Z/pZ. Counting the number of non-
trivial homomorphisms Z/p%Z — Z/pZ is equivalent to finding the number of maps of generators (1]8 =

w, where w is a generator for Z/pZ; in particular, this means there are exactly (p — 1) such nontrivial homo-
morphisms, so we obtain r(p — 1) total homomorphisms G — Z/pZ.

Problem (Problem 5): Let n > 2 be an integer, ¢ =(1,2,...,n) € S,,, and H = (g).
(a) Prove that the centralizer of gin S, is equal to H.

(b) Now, assume that 7 is prime, and let N be the normalizer of H in S,,. Prove that [N|=n(n—1).

Solution:
(a) Forany o€ Zs (g), we have
chfl =g
=(0(1),0(2),...,0(n)).

In particular, o must be a cyclic permutation of (1,2,...,n) so that it is equal to (1,2,...,n) upon cyclic
rearrangement. Thus, o = ¢* for some k.

(b) First, we note that if n = p is prime, then k'is a p-cycle for each 1 < k < p.
pisp 8 p-cy p
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Since |H| = p, there are (p — 1)! elements in the conjugacy class of g. The subgroups these conjugacy
classes generate are either equal to (g) or intersect at the identity with (g); since there are (p—1) el-
ements of the conjugacy class of g that generate (g), it follows there are (p - 2)! subgroups of S, con-
jugate to (g), whence [G: Ng(H)] = (p — 2)! by orbit-stabilizer. Thus, |[Ng(H)|= p(p - 1).

Problem (Problem 6): In both parts of this problem, R is a commutative ring with 1, |[R|> 1, and M is a

®id,
flat R-module; thatis,if 0 - N i) N’ is an injective map of R-modules, then 0 » N ®g M fl—w> N'®&x M

is injective.
(a) Assume R is a domain. Prove that M must be torsion-free.
(b) Let R arbitrary. Prove that the following are equivalent:
(i) for every nonzero R-module N = 0, we have N ®y M # 0;

(ii) for every maximal ideal m of R, we have mM = M.

Solution:

(a) Suppose toward contradiction that M is nonzero and torsion. Observe that R — F is an injective
map of R-modules, where F = frac(R) is the field of fractions. Therefore, it must be the case that R®
M — F®M is an injective map; notice that R® M surjects onto M, so RM = 0. Yet, for any element
r®@m of F® M, we observe that there is nonzero s € R such that sm = 0, while we have

v
rm=-sQm
S
r
=-®sm
S
=0,

so any elementary tensor in F ® M is zero, so F ® M is the zero module. There are no injective maps
from from a nonzero module to the zero module.

(b) Assume (i). Notice that if m is a maximal ideal, then R/m is a nonzero R-module, so that (R/m)®p
M = 0. Since R/m®p M = M/mM, it follows that M/mM = 0, so mM = M.

Assume (ii). Suppose N = 0 is a nonzero R-module. If 0 # x € N is any element, then (x) = R/Annp(x)
by the definition of the annihilator ideal. Write I = Anng(M). We obtain an injective map (x) —
N, so since M is flat, we have (x)®M — N®M is an injective map. In particular, we have R/IQM —
N ® M. Notice that R/I ® M = M/IM. There is a maximal ideal m 2 I, and since mM = M, it fol-
lows that there is some m € M \ mM, meaning that m e M\ IM, so m+IM = 0+ IM, meaning that
M/IM = 0. In particular, we have an injective map M/IM — N ® M where M/IM is nonzero, so
N ® M is nonzero.

Problem (Problem 7): Recall that a field F is called perfect if F either has characteristic zero or F has char-

acteristic p > 0 and every element of F is equal to a? for some a € F. Prove that F admits a finite insepa-

rable extension if and only if F is not perfect.

Solution: Observe that if F has characteristic zero, then any irreducible polynomial over F is separable, so
F cannot admit any inseparable extensions. Therefore, we will assume that the characteristic of F is equal
top=0.

Suppose F admits no finite inseparable extensions. Then, any irreducible polynomial over F is separable,
and in particular, any polynomial of the form

g(x)=xP-b

is not irreducible, seeing as g’(x) = 0. In the algebraic closure F, we have that g(x) = (x —a)? for some a €

F, but since g(x) is reducible, we have that g(x) = xP —aP, so that a? = b. Thus, F is perfect.

Meanwhile, if F is perfect, we observe that if we take an inseparable polynomial f(x) = g(x?), then

f(x)=aux"P+a, (x" 1P 4. +axP +a.
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There are by,...,b, € F such that bf = a;, so by using the Frobenius map and the fact that F has charac-
teristic p, we have that

f(x) = (bpxn+---+byx+by)F,

meaning that f is not irreducible over F. Therefore, F has no finite inseparable extensions.

Problem (Problem 8): Let p # 3 be a prime, and let R = IFp[x]/(x3 - 1). Describe the multiplicative group
R* as a direct product of cyclic groups.

Solution: By the Chinese remainder theorem, we have

Fy[x]  [x]

RE D @00
_
=X @)

Therefore, we concern ourselves with the reducibility of ®3(x). Using the reducibility criterion for cyclo-
tomic polynomials mod p, where, assuming p t n, we have that @, (x) splits into factors with degree equal
to the multiplicative order of p mod n. In particular, if p = 1 mod 3, then ®3(x) splits into (distinct) lin-
ear factors, so we have

IFP IFP
R=I, x X
(x—w)  (x—w?)

;IFPXIFPXIFP,

and
R*=(Z/(p-1)Z)x(Z/(p-1)Z)x(Z/(p-1)Z).
Meanwhile, if p = 2 mod 3, then ®3 admits exactly one factor of degree 2, implying that
R= IFP X Isz,
and

R*=(Z/(p-1)2)x(2/(p* -1)Z).

August 2021

Problem (Problem 1): Let n € IN, and let A = (a,-j)i’], € Mat,(Q) be the matrix given by a;; = i for each
1 <1i,j < n. Compute:

(a) the characteristic polynomial of A;

(b) the minimal polynomial of A;

(c) the Jordan canonical form of A;

(d) the rational canonical form of A.
Solution:

(a) We start by noting that A is a rank 1 matrix. In particular, this means that the eigenvalue 0 has geo-

metric multiplicity equal to (n— 1), so it has algebraic multiplicity at least (n —1). Furthermore, we

note that Tr(A) = w, so it must be the case that the algebraic multiplicity of 0 is equal to (n—1)
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(b)

(as else we would have a trace zero matrix), so that we have characteristic polynomial of A given by

1
XA(x) — X” — Mxn_l_
2
By using an ansatz, we observe that A satisfies the polynomial p(x) = x(x - "(”TH)) In particular, this
means that the minimal polynomial of A satisfies pA(x)Ix(x - @) Since A#=0and A— @I =0,

it follows that s (x) = ’C(\ - n(nTH))

Since p4(x) consists exclusively of linear factors, it follows that A is diagonalizable, so the Jordan canon-
ical form of A is given by

1
A~diag(0,0,...,0, nin+ )).

2

Since the characteristic polynomial is the sum of all the invariant factors of A and the minimal poly-
nomial is the largest invariant factor, it follows that the invariant factors of A consist of a chain of (n—2)
factors of x (corresponding to 1 x 1 blocks) and one 2 x 2 block corresponding to the minimal poly-
nomial. This gives a rational canonical form in block diagonal

0,, O 0
A~| O 0 0 |
(n+1)

0 1 %

Problem (Problem 2): Given a group G, denote by Aut(G) its group of automorphisms.
(a) Let G=Z/p*Z®Z/p"Z with a > b > 0. Show that Aut(G) is non-abelian by explicitly constructing

two non-commuting automorphisms.

(b) Let G be a finite abelian group. Show that Aut(G) is abelian if and only if G is cyclic.
Solution:

(a) We start by considering the case of a=b=1. THen, G = IFPZ, so we will find elements S, T € GLZ(]FP)

that do not commute. Considering

we have

which are not equal regardless of the value of the prime p.

In the general case of a > b > 0, then we observe that for all u € Z/p®Z, we have [u] € Z/p°Z. Con-
sider the transformations

(u,v) > (u+[v]v)

1= 1«

(u,v) > (u,v+[u]).
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First, these are automorphisms since they have inverses defined by

(1,0) £ (i~ [v],v)

(1, 0) P (1,0 = [u]).
Then, we observe that
ST(u,v)=S(u,v+[ul,)
= (u+[ulp +[v]v)
TS(u,v)=T(u+[v],0v)
= (u+ 0]y v+ [V]p + [u] ),
and that ST(1,1) = ([3],1), while TS(1,1) = ([2],[3]).

(b) Write the elementary divisors decomposition of G by

n
G=Pzmiz
i=1

If G is not cyclic, then there is a repeated factor in the elementary divisors decomposition, since else
the Chinese remainder theorem (as distinct primes are coprime) gives

d d,
G=2/(p i)z
Assuming G is not cyclic, we have that
G=7Z/p"Z07Z/p"ZaQ,

where Q is some finite abelian group. The automorphisms S and T discussed in part (a) can be extended

by setting them equal to the identity on Q, yielding non-commuting automorphisms S @idg and

T ®idg in Aut(G).

Meanwhile, if G is cyclic, we have that G = Z/nZ, so that Aut(G) = (Z/nZ)*, which is abelian.
Problem (Problem 3):

(a) Let p be a prime, and let G be a group of order p3. Prove that any two elements x and v of G that are
conjugate in G commute.

(b) Give an example of a group G with order 16 and two elements x,p of G which are conjugate in G but
do not commute.

Solution:

(a) We start by observing that either G is abelian, in which case there are no elements conjugate to each
other and all elements commute, or |Z(G)| = p. Notice that this follows from the fact that if |Z(G)| =
p?, then |G/Z(G)| = p, implying that G/Z(G) is cyclic, or G is abelian, implying |Z(G)| = p>.

By the class equation, we have that

Gl =1Z(G)+ ) [G:Z6(a;)]
S~ ]‘:1

——
:p3 =p
=p(p2-1)

. . n . .
for some collection of representatives {“j}]-,l of conjugacy classes. Notice that Zc(aj) <G, so by La-
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grange’s theorem, 'ZG(aj)| =por ‘ZG((Z/')| = p2. Notice that this yields

p2 if ZG(CI]) =

[G:ZG(“J')]: p i ZG(aj) :ZZ.

Since p? does not divide p(p2 - 1), it follows that ‘Zc(aj)’ = p? for all conjugacy class representa-

tives aj. Thus, ZG(aj) is abelian for each representative aj.

Notice that, since [G : ZG(a]-)] = p, it follows that ZG(aj) is normal in G by the fact that any subgroup
of index p where p is the smallest prime that divides G is normal. Therefore, if x and v are in the same
conjugacy class, then we have some g € G such that gxg~' =y, while since Z5(x) is normal,

Zg(x) = g(Zg(x)g™
=Zs(gxg™")
=Z5(v).

In particular, this means that x and y are in the same centralizer, so x and y commute since the cen-
tralizers are abelian.

January 2022
Problem (Problem 2): Prove that there exist precisely 3 isomorphism classes of groups G that contain a sub-
group H which is infinite cyclic of index 2.

Solution: We start with the abelian case. We observe that G is then a finitely generated abelian group, since
if t denotes the generator for H and g is such that ¢H = H, then (t,¢) = H as H has index 2. Therefore,
by the classification theorem, we may write

G=Z"&T,

where T is a finite abelian group. Since H has finite index, we must have r = 1. Furthermore, HN T = {e}
since H has no torsion elements. Therefore, we have |G/Z| < |G/H| = 2, whence G = Z, where H = 2Z
has index 2 in Z, or G = Z&Z/2Z, which has torsion elements and thus is not isomorphic to Z.

In the non-abelian case, we start by observing that H is normal in G, which implies that conjugation yields
a non-trivial homomorphism in Aut(H). Since Aut(H) = {-1, 1}, it follows that inversion is the only non-
identity element of Aut(H), and any element of G not in H must act on H by inversion. For each such g ¢

H, we observe that g?H = H, so that g* € H. Writing ¢g> = t*, we have that gt*¢~! = +7%, so that g? = t7F,
implying that k = 0, so that g has order 2. This yields the unique nontrivial semidirect product Z=~Z/2Z.
Problem (Problem 4): Let R = Z[V—ll], and let I = (3, 1+v-1 1) be the ideal of R generated by 3 and 1 +
v-11.

(i) Prove that I is maximal.

(ii) Prove that I is not principal.
Solution:

(i) Via an evaluation homomorphism taking p(x) — p(\/—l 1 ), we observe that the map Z[x] — Z[\/—l 1]
yields an isomorphism

Z[x]
—) ':VZ[\/—_H].

(x2+11
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We call the left-hand side R’. Pulling back the ideal (3,1 + V-1 1) into R’ yields the ideal

(3,1+x)+(x2+11)

I'=
(x2+11)

in R’. Therefore, by the third isomorphism theorem, we have

Z[\/—l 1]/(3, 1+V=11) = R//I'
Z[x]
(x2+11)
= (3,1+x)+(x2+11)
(x2+11)
Z[x]
(3,1+x)
Z[x]
(3)
(3,1+x)
(3)
(Z/3Z)[x]
(1+x)

=7/37Z,

1

where the final isomorphism emerges from the fact that (x + 1) is the kernel of the evaluation map p(x)
p(—1). Therefore, the ideal I is maximal since the quotient by ! yields a field.

(ii) Define a norm N: Z[V—l 1] — IN given by
N(a+bV-11)=a’+110%

Notice that this norm is the restriction of the traditional norm |z|* = zZ on C, so in particular it is

multiplicative. Suppose toward contradiction that there exists g = a+bV—11 such that (3,1 + \/H) =
(q). By the definition of the ideal (g), we have that g|3 and q|1+m, so that N(g)|9 and N(g)|12. Yet,
this means that N(g)|3, so either N(q) = 1 or N(q) = 3. If N(q) = 1, then g = 1, implying that the

ideal is not proper, which is a contradiction to what we have shown in (i). Therefore, N(g) = 3. Yet,

there do not exist a,b € Z such that a? + 11b% = 3, so we reach a contradiction.

Problem (Problem 5): Let V be a finite-dimensional vector space over an arbitrary field F,and T: V —
V an F-linear map. Prove that the following two conditions on T are equivalent:

(i) the characteristic polynomial and minimal polynomial of T coincide;

(ii) there exists a T-cyclic vector.

Solution: Consider an F[x]-module structure on V given by x-v = Tv. Then, the invariant factors decom-
position yields

~ D _Flx
V=D Gy

where ayla,|---|a,,. Notice that the minimal polynomial of T is equal to a,,, while the characteristic poly-
nomial of T is equal to the product of all the invariant factors.

If the minimal polynomial and characteristic polynomial coincide, it follows that there is one invariant fac-

tor. In particular, this means that V' = F[x]/(pr(x)), so that V is a cyclic F[x]-module with cyclic vector
. T F[x
given by 1 € ﬁ
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In the reverse direction, if V admits a F[x]-cyclic vector, then V = F[x]-v, so we have that V = F[x]/ Anng[y)(v).
Since v is F[x]-cyclic, it follows that any element of the annihilator ideal of v is the annihilator for all ele-
ments of V. In particular, this means that Anng(,)(v) consists of all the polynomials in T that yield the zero
operator — that is, Anng[y)(v) = (u7(x)). Therefore, there is exactly one summand in the invariant factors
decomposition of V, so this summand is both the minimal polynomial and the characteristic polynomial

for T.

Problem (Problem 6): In each part, determine whether the statement is true in all cases or false in at least
one case, and prove your claim.

(a) Let R be a commutative domain with 1, and M an R-module. If x € M and y € M are torsion ele-
ments, then x + v is a torsion element.

(b) If K and L are fields, then K ®; L is nonzero.
(c) If Ris a commutative ring with 1, and every R-module is free, then R is a field.

(d) If Ris a commutative ring with 1, and M is a finitely generated R-module, then every submodule of
M is finitely generated.

Solution:

(a) Let m,n e R\ {0} be such that mx =0 and ny = 0. Then, mn = 0 since R is a domain, and we have

(mn)(x+) = (m

so that x + v is torsion. This statement is true.

(b) Consider K =IF, and L = Q. Observe that for any elementary tensor, the Z-balancedness of the ten-
sor product gives

a®9=a®pi
c cp

_ b
~Pe

=0,

meaning that [F, ® Q = 0 since every elementary tensor is zero.

(c) Let I CR be an ideal not equal to R. Then, R/I is a nontrivial R-module, so it is free; furthermore,
R — R/I is surjective, meaning that rank(R/I) < rank(R), since the rank of a free module over a com-
mutative ring is well-defined. Since rank(R) = 1, it follows that rank(R/I) = 0 or rank(R/I) = 1, while
since I # R, we have that R/I is nontrivial, meaning that rank(R/I) =1, so R/I = R. Thus, I ={0}, so
the only ideals of R are either {0} or R, whence R is a field.

(d) If R =Z[x1,X;,X3,...] is the polynomial ring with integer coefficients in infinitely many indetermi-
nates, then M = R is a free R-module over itself (hence finitely generated), while the ideal (x1,x;,x3,...)
is an infinitely generated ideal (hence infinitely-generated R-submodule) of M.

Problem (Problem 7): Let p be a prime, and let F be a field of order p°. Let

Prim(F) = {a €F:Fy(a)= F}.

(a) Find an explicit formula for |Prim(F)|.

(b) Let Irrg(p) denote the set of all monic irreducible polynomials of degree 6 over IF,. Find a simple re-
lation between |Irr¢(p)| and |Prim(F)).
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Solution:

(a) Any element of F = IF,s that is not in any proper subfield of F is a generator for F. Since [F,s contains
subfields of the form IF,n with ml6, it follows that the largest proper subfield of F is given by [F;3, so

that there are p® — p3 such a with Fy(a) =F.

(b) Since [, is perfect, any irreducible polynomial over IF, is separable. Furthermore, we recall that the

Galois group of F,¢/IF, is generated by the Frobenius endomorphism, where fr(x) = x¥, and fré =
id. Therefore, if a € Prim(F), then the polynomial

6
p) =] (x-fr'(e)

i=1

is invariant under the action of the generator fr, so that p(x) € IF,[x]. Since Gal(IFpe/IFp) acts transi-

tively on the roots of p(x), it follows that p(x) is irreducible. To find all such irreducible polynomials
of degree 6, it follows that each of these has degree 6, so that |Irrg(p)| = %|Prim(F)|.

Problem (Problem 8): Let F be a field, and let f(x) € F[x] be a separable irreducible polynomial of degree
n.

(a) Let o= p be distinct roots of f in some field extension K/F. Prove that [F(o,f): F] < n(n—1).
(b) Let o and p be as in (a). Prove that

[F(a+p): F] < (’;)

(c) Assume F = Q and n is prime. Give an explicit example of f and « and p satisfying the above con-
ditions such that (a) holds. Prove that your example has the required properties.

Solution:
(a) We have that
[F(o,B): F] = [F(ou B) : F(@)][F(@) : F].
Since f is separable and irreducible (and without loss of generality, monic), it follows that f is the min-

imal polynomial for o, meaning that [F(a): F] = n. Meanwhile, we observe that pﬁ,F(aﬂM € F(o)[x],

(x—a)
so since 2% has degree n—1, it follows that [F(o, ) : F(a)] < (n—1). This gives the desired result.

(x—a)

(b) We observe that the minimal polynomial of (a + ) over F is given by the product of all (x — 6;), where
the 06; are the Gal(K/F)-orbit of (a+ ). Since o # B, we have that o(a) = o(p) for all o € Gal(K/F),
meaning that there are most (%) distinct Galois conjugates of (o +f).

(c) We have that p(x) = x" — 2, with splitting field given by Q(Cn, VE) where C, is a primitive nth root of
unity, satisfies

[0(c, ¥2): 0] - [ofc,, ¥2):0( ¥2)0[ ¥2):0}

with the latter term equal to n seeing as p(x) is irreducible by the Eisenstein criterion (and separable
since Q is characteristic zero). Meanwhile, we observe that, since n is prime, the minimal polynomial
of ¢, is given by

Oy(x)=x"1+x" 24 x 41,

and @,/ (x) remains as such over Q(%) as there are no roots of @, (x) that are real-valued. Thus, we
have that

[©(cn ¥2): Q(¥2)] =n-1.
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August 2022

(a)
(b)
()

()

Problem (Problem 1): Let R denote the commutative ring Z[V—S].

Construct two non-associate factorizations of 6 into products of irreducible elements.
Using the factorizations from (a), construct an ideal a € R which is not principal.

Show that the square a’ = aa of the ideal from part (b) is principal.

Solution:

(a) We claim that 6 = (2)(3) = (1 + \/—5)(1 - \/—5) is a factorization into non-associate irreducibles. To

see that these are irreducible, observe that if we define a norm N: R — IN given by N(c + dV—S) =

c? +5d2, then this norm is inherited from the standard norm on C, so it is multiplicative. In particu-
lar, this means that N (ab) = N(a)N(b) for any a,b € R. If a were invertible, then N(aa’l) = N(a)N(a’l) =
1,50 N(a) = N(a‘l) =1, and in particular, we must have thata=1ora=-1in R.

Regarding the factorizations of 6, we have that N(2) =4 and N(3) = 9. Given a factorization ab of

2, we have N(ab) = N(a)N(b) = 4, so either N(a) = 4, meaning N(b) =1, or b = +1, N(a) = 2, which

is not possible, or N(a) = 1, or a = +1. Therefore, it follows that either 4 or b is a unit, so that 2 is

irreducible. A similar argument follows for 3, substituting the instances of 2 with 3 and the instances
of 4 with 9.

Furthermore, we have N(l + \/—_5) =6, so if there is a factorization ab = 1i\/3, then N(ab) = N(a)N(b) =
6, s0 if N(a) = 6, then b = 1 by the same argument as with 2, and N(a) # 2,3, and if N(a) =1, then
a==1. In particular, we have that 1 + V=5 is irreducible. Since the only units of R are %1, it follows

that these factorizations are not associate.

Consider the ideal a = (3,1 + \/3) = (a,b). Suppose there were some ¢ € R such that (¢) = (a,b).
Then, we have (a) C (c¢) = (a,b), meaning that there is some g € R such that gc = a. Since a is irre-
ducible, it follows that either g is a unit or ¢ is a unit, while since (a,b) # R, we have g is a unit. Thus,
we have that (c) = (a), so we have that (b) C (a,b) = (c) = (a), implying that a|b, but b is irreducible
and a is irreducible, implying that a and b are associates, but 3 and 1 + v/=5 are not associates. Thus,
(3,1 + \/3) is not principal.

We observe that a = (9, 3+3V-5—-4+ 2\/—_5) We start by observing that
(3+3\/3)—(—4+2\/—_5) = 7+\/—_5,
so that b= (9, 7+ \/E) C a2. Furthermore, we have 9 € b, and
2(7+V-5)-9=-4+2V-5
3(7 + V=5) - (2)(9) = 3+ 3V-5,

so that b = a2. Similarly, we observe that that 2—-v-5=9- (7 + V—S) €b,sothatc= (2 - \/—5) Cal.
Meanwhile, we have

(2+V=5)(2-V-5)=9
(1+\/—_5)(2—\/3):7+\/—_5,

so that a? C c. In particular, this means that a® is principal.

Problem (Problem 2): For a complex n x n matrix A = (aij) , we let A denote the matrix (a_lj) , where

i,j i,j
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the bar denotes complex conjugation. Let x4 denote the characteristic polynomial.
(a) If A and A are conjugate matrices, prove that the characteristic polynomial x, has real coefficients.
(b) Conversely, if A is diagonalizable and x4 has real coefficients, show that A and A are conjugate.
(c) Give an example of a non-diagonalizable complex matrix A such that x4 has real coefficients, but A
and A are not conjugate.
Problem (Problem 3):
(a) Let G be a group, H € G a normal subgroup. Assume that Z(H) = {e}, and that every automorphism

of H is inner. Show that G is the direct product H x C5(H), where C(H) is the centralizer of H in
G.

(b) Show that there is no group G such that the commutator subgroup [G, G] is isomorphic to the sym-
metric group Ss.
Solution:
(a) Let G act on H by automorphisms — that is, g > 1,. Suppose g € G acts non-trivially. Then, since
every automorphism of H is inner, it follows that there is h € H such that gxg~' = hxh~! for all x €
H. This gives that x = (g’lh)x(g’l h)il, or g"'h e Z(H). Since Z(H) = {e}, it follows that g = h.

We thus have that G — Aut(H) = H is surjective with kernel given by Cs(H), giving G/Cg(H) = H.
Since Cg(H) is normal and Cg(H)NH = Z(H) = {e}, and the second isomorphism theorem gives

HCg(H) _  H

Cg(H) Ces(H)NH
~H,

we have that HCg(H) = G, so G = H x C;(H) by the classification for direct products.

(b) Suppose it were the case that [G, G] = Sj. Since Sj; satisfies the assumptions in (a), it follows that
G =[G, G]x Cs([G, G]). Since direct products and commutators commute, it follows that

53 =[[G,GL[G, Gl x[Ce([G, G]), Co([G, G])]:

Since G/[G,G] = Cs(H), where H =[G, G], it follows that Cg(H) is abelian, so it is equal to the com-
mutator subgroup. Meanwhile, the commutator of S; is given by A3 = Z/3Z. Therefore, this im-
plies that

S3=7Z/3ZxCg(H),

implying that S; is abelian, which is not the case.

Problem (Problem 4): Let R be a commutative ring with identity. We say that a finitely generated R-module
P is projective if P is a direct summand of a free R-module. That is, there is some 4 > 1 and an R-module
Q such that P& Q = R7.

(a) Suppose P is a finitely generated projective R-module. Show that for every epimorphism of R-modules
pp g pTo] yep p
¢@: M — N, an arbitrary R-module homomorphism a: P — N lifts to a homomorphism p: P - M
such that @op = .

(b) Show that if P; and P, are finitely generated projective modules, then their tensor product P; ®g P>
is a finitely generated projective R-module.
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January 2023
Problem (Problem 1):
(a) Let G be a finite group, and let H C G be a proper subgroup. Prove that

G= UgHg‘l.
geG

(b) Let G be a transitive subgroup of the symmetric group S,,. Prove that there exists ¢ € G that has no
fixed points on {1,...,n}.

Solution:

(a) We observe that there are [G : Ng(H)] distinct conjugates of H, giving

|JgHg™ | <[G: Ne(H))(H|-1)+1.
geG

Since |[Ng(H)| = |H|, we have [G: Ng(H)] < [G : H], so that

| JgHe | <G HI(HI-1)+1
geG

=|G|-[G: H]+1
<|G]|

since H is a proper subgroup of G.

(b) If Gis a transitive subgroup of S,;, then for each i € {1,...,n}, Stabg(7/) C G is a proper subgroup. If
0 € Stabg(i), then o admits a (full) cycle decomposition including length-one cycles with a copy of
(i). Furthermore, note that if x € G is any permutation, then xox~! has a cycle decomposition that
fixes x(i).

Since G acts transitively, for any j € {1,...,n}, there is x € G such that x(1) = j. We thus have that
the set of all elements in G that fixes any point is given by

U x(Stabg(1))x L.
xeG

Since this does not equal all of G, it follows that there is some g € G such that g is not in this set —
that is, g does not fix any point in {1,...,n}.

Problem (Problem 2): Let R = Z[Q/E]
(a) Prove that R is a subring of IR.

(b) Prove that the evaluation homomorphism Z[x] — R, given by p(x) — p(%) yields a ring isomor-
phism
Z[x]
(x*=2)

(c) Using the isomorphism from (b) and the third isomorphism theorem, can you determine if the ide-
als (5) and (7) are prime or maximal?
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Solution:

(a) By direct computation, it can be shown that R is closed under subtraction and multiplication.

(b) We start by observing that the map p(x) — p(%) gives that (x3 - 2) C ker(¢). Note that since g(x) =
x% — 2 is irreducible by Eisenstein’s criterion, we have that if ker(¢q) were principal, then ker(¢) =
(x3 - 2) as we would have ker(¢) = (p(x)) 2 (¢(x)), meaning that p(x)|g(x), and since g(x) is irreducible,
we have p(x) = £g(x) as the only units in Z[x] are +1.

Furthermore, we note that if Z[x] > f(x) € ker(¢p), then f(x) € Q[x]; by Gauss’s lemma, g(x) is monic

and irreducible over Q[x], meaning it is the minimal polynomial for ¥2, meaning we must have f(x) =

g(x)(x3 - 2) for some g(x) € Q[x]. We will show that g(x) € Z[x]. Observe that we may write

f(x) = cux)
gl = 7v(x)

with u(x),v(x) € Z[x] with content 1, a,b,c € Z, and gcd(a,b) = 1. Therefore, we have
beu(x) = av(x)(x3 - 2).

Since taking the content of polynomials respects multiplication, it follows that bc = g, so that § =

cis an integer. In particular, this means that g(x) € Z[x]. Therefore, it follows that ker(¢) = (x3 - 2).

Problem (Problem 3): Let F be a field (possibly finite). Prove that the polynomial ring F[x] has infinitely
many prime ideals.

Solution: We observe that irreducibles are prime in F[x] since F[x]is a principal ideal domain (hence a unique
factorization domain). Therefore, we will show that there are infinitely many irreducible polynomials over
F[x].

Suppose toward contradiction that there are finitely many (monic) irreducible polynomials py,...,p, €
F[x]. Then, it follows that the polynomial

ax) =] pitx)+1
i=1

is reducible. In particular, g(x) admits a factorization in terms of the polynomials py,..., p,. Without loss
of generality, we may assume that p;(x)|q(x), we have that there is some b(x) such that p;(x)b(x) = g(x).
Therefore, we have

P1(x)(b(x) = p2(x)p3(x)--- pu(x)) = 1.

Yet, this implies that p;(x) is invertible, which contradicts the assumption that p;(x) is irreducible. Thus,
there are infinitely many irreducible polynomials in F[x], yielding infinitely many prime ideals.

Problem (Problem 4): Let f: Z" — Z" be a Z-module homomorphism, and let K = ker(f). Prove that
there exists a submodule M € Z" such that Z" = K& M.

Solution: We have the exact sequence given by
0->K—-Z"—>P—0,

where P =im(f) € Z™. Since P C Z™ is a submodule of a finitely generated module over the principal
ideal domain Z, it follows that P is a free module. Writing

P= éZei,
i=1
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then we will show that P is projective. If ¢: M — N is a surjection, and {: P — N is a map, then we may
consider an extension taking e; — m; eip‘l (P(e;)) that, by the universal property, yields a Z-module ho-
momorphism {: P — M satisfying @ o = .

In particular, we have that Z" — P — 0 is a surjection that admits a section 1: P — Z" satisfying f o1 =
idp. Therefore, we have that the exact sequence

0>K—->Z"->P—>0

splits, giving Z" = K @ P.

Problem (Problem 6): Let K/Q be a Galois extension with Galois group Gal(K/Q) = S, for some n > 5.
Assume that K contains a primitive root of unity ;. Prove that 4 < 6.

Solution: We observe that if Cy € K is a primitive root of unity, then K admits the subfield Q(C;). Since
Q(Ty)/Q is a Galois extension, it follows that Gal(K/Q(Ty)) is a normal subgroup of S,,. The only normal
subgroups of S, are given by {e}, A,, and S,,. If Gal(K/Q(Ty)) = {e}, then it would imply that Q(Ty) = K,
but this is not possible since Gal(Q(C,;)/Q) = (Z/dZ)*, which is not isomorphic to S, since it is abelian
while S, is not. If Gal(K/Q((4)) = S,,, then Q((,) = Q, so d = 1. If Gal(K/Q((,)) = A,,, then Q((4)/Q has
degree equal to [S, : A,] = 2, meaning that we get d = 3,4, 6.

Problem (Problem 7):

(a) Let L/K be a field extension, and let f(x) € K[x]. Prove that there is an isomorphism of L-algebras
given by

(b) Suppose L/K is a finite Galois extension of degree n. Prove that there is an isomorphism of L-algebras

L®KLE’Ln.

Solution:

(a) We consider the K-bilinear map (f,@) — ¢g(x). We claim that this map is well-defined. If g;(x) =

@ (x) in K[x]/(f(x)), then g;(x) = f(x)h(x) + g2(x) for some h(x) € K[x], and we have

o(6,81(x) = (g (x))
= U () + f(D)h(x))
=g, (x) + Cf (x)h(x)
= (6, 2(x)).

This yields a well-defined K-linear map ¢: L ®g (I;([—z)]) — UL‘E_l])) by the universal property. By using

the L-algebra structure on the left-hand side, we have ¢ is a map of L-algebras.

To show surjectivity, we observe that if n = deg(f), then every element of L[x]/(f(x)) is represented
by a polynomial of the form

n—1
a(x) = Za,-x’,
i=0
with a; € L. Then, we have that
n—1 n—1
@© a;®x [= ) ax'
i=0 i=0
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=a(x).

To show injectivity, we count dimensions over L. Observe that 1 ®% fori= 0,...,n—1 forms an L-
basis for L ®g K[x]/(f(x)), giving that L ®x K[x]/(f(x)) is dimension n over L. Similarly, X' for i =
0,...,n—1 forms an L-basis for L[x]/(f(x)), so that the dimensions of both sides are equal, yielding
that ¢ is injective.

(b) Since L/K is a finite Galois extension, it is a finite separable extension, so it is generated by a single

element o € L such that K(a) = L. Since K(a) = (MK[’\;L)),
a,K\-

we get that

Kv) _ Ll
FO k)~ Gtk ()

Since, over L, we have that p, x(x) splits into distinct linear factors, Chinese Remainder Theorem gives

Lx]  _pq Ll
(Mo (x) ~ I_[ (x—a;)’

where the a; are distinct roots of i, g (x) in L. Therefore, we have the series of isomorphisms

L@y L=L®g K(a)
Kx]
(Vo‘,K(X))

. Llx]
N (VQ,K(X))

zrj L[x]
S (x—ag)

~ 1",

=L Qg

August 2023

Problem (Problem 1): Let G be a finite group, and let g € G be an element different from e that lies in ev-
ery nontrivial subgroup H C G.

(a) Show that G is a p-group for some prime p, and moreover, the order of g equals p.
(b) Prove that if the group G is abelian then it must be cyclic.
(c) Provide an example of a non-abelian (hence non-cyclic) finite group that contains a nontrivial element
that lies in every nontrivial subgroup.
Solution:
(a) Since g is contained in every nontrivial subgroup, {(g) < H for all nontrivial subgroups H. Then, ev-

ery subgroup of G is divisible by the order of g, which is not equal to 1. Letting plo(g) be a prime, we
may find an element 4 of {(g) such that o(h) = p by Cauchy’s theorem.

Suppose there were a prime g # p such that g divides the order of G. Then, we may write |G| = ¢"m
for some r > 1. Yet, this would give that G has a g-Sylow subgroup Q, and we would have (g) < Q,
but this would imply that o(h)|q", but ptg. Thus, G is a p-group.

Observe then that g is an element of all the subgroups (g), <g2>,...,<g°(g)‘1>. In particular, this means

that ged(o(g),k) =1 forall 1 <k <o(g)-1, so that ¢(o(g)) = o(g) — 1. In particular, this means that
o0(g) = p for some prime p since (k) = k-1 if and only if k is prime.

(b) If Gis an abelian p-group, then if G is not cyclic, the structure of finite abelian groups gives at least
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two non-trivial factors G = G; x G, with G and G; abelian p-groups, and G;G, = G. Yet, the as-
sumptions on g say that e # g € G; N G, = {¢}, yielding a contradiction.

Problem (Problem 2): Let G be a simple group of order 60.
(a) Use the Sylow theorems to show that G has a subgroup H of index 6.

(b) Use the action of G on the coset space G/H by left multiplication to construct an embedding ¢: G —
S;. Then, show that the image ¢(G) of this embedding is contained in I := A4.

(c) Thinking of G as a subgroup of I, use the action of G on the coset space I'/G by left multiplication to
embed G into As, then conclude that G = As.
Solution:
(a) Writing 60 = 22 -3 - 5. We observe that the number of 5-Sylow subgroups divides 12 and equals 1
mod 5, implying there are 6 5-Sylow subgroups since G is simple. Since the number of 5-Sylow sub-

groups is equal to the index of the normalizer [G: Ng(P5)] of some 5-Sylow subgroup D5, it follows
that Ng(Ps) is our desired subgroup H.

(b) Label the cosets {H,g1H,...,gsH}, and let G ~ G/H by taking ¢-(g;H) = (gg;)H. This yields a per-
mutation representation ¢: G — Sym(G/H) = Sq. The action is non-trivial, so since G is simple, ker(¢}) =
{e}, meaning this is an embedding.

Next, since sgn: S¢ — Z/2Z is a nontrivial homomorphism with kernel A4, we get that sgno¢p: G —
Z/27Z is a homomorphism whose kernel must be equal to G, as else we would have an index 2 sub-
group of ¢(G) = G that would be normal. Therefore, G C ker(sgn) = Ag.

(c) If G acts on the coset space I'/G, then we observe that G is its own stabilizer, meaning we may view
the action via a permutation representation as p: G — Sym((I'/G)\ {G}) = S5. This map is yet again
injective by the simplicity of G, and by an analogous argument to the previous part, we must have that
G C As yet again. Since G and ¢(G) have the same cardinality with ¢(G) C As, it follows that G =

¢(G) = As.
Problem (Problem 3): Let R be a commutative ring with 1, and let I,] C R be two ideals.

(a) Consider R, I, and ] as R-modules. Show that the map f: I @] — R taking (x,y) = x+p is a homo-
morphism of R-modules.

(b) Assume that [ +] = R. Show that @] =R&].
Solution:

(a) Observe that

fl(x1,01) +(x2,02)) =x1 + X2+ 91 + 12
=XtV X+
= f(x1,v1) + f(x2,02)
flriup) =rx+ry
=r(x+7)

=rf(x).

(b) If I +] = R, then we observe that I] =IN]J. The inclusion I] CIN]J is immediate, while we observe
that 1=a+bforsomeaclandbe],sothatifzelIN],thenz=za+zbel], whenceI]=1NJ.

We observe that f(x,v) = 0 if and only if x = -y, meaning that I N ] embeds into I @ ] via the map
X (x,—x), giving rise to the exact sequence

O—)I]—)I@]LR%O.

Since R is a projective R-modules, the map f admits a splitting, so that R@I] =1 ].
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Problem (Problem 4): Let A = J,(\) be a Jordan block of size n > 1 with eigenvalue A over a field K. Find
all A-invariant subspaces of the n-dimensional vector space V = K".

Solution: Viewing V as a K[x]-module with the action x - v = Av, we obtain that, by the definition of A,
there is one summand in the elementary divisors decomposition of A, given by

The right-hand side admits a basis given by

{(x—A)"’l,(x—x)"’z,...,(x—x),T} —{en ... en).

Observe that we have

vy =N AN

= )\@1

xer =N AN
=e) + X@Z

yielding a complete flag of invariant subspaces given by
{0} Cspan{e;} Cspan{e,e;} C--- Cspanfey,...,e,1} SV,

yielding (n + 1) such invariant subspaces. Meanwhile, we observe that under the K[x]-module interpreta-

K(x]
\)VI/

this ring, which are the ideals of K[x] containing (x —\)". Smce (g(x)) 2 ((x=A\)") if and only if g(x)|(x = \)",
and (x — ) is irreducible, it follows that any such ideal is some ideal of the form (x — A, implying that these
are indeed all the invariant subspaces.

tion, the invariant subspaces are precisely the submodules of and the submodules are the ideals of

Problem (Problem 5): Identify the following tensor products:
(a) Q(x)®q[x) Q(x) as a Q[x]-module;
(b) Q(V2)®Q(V2)as a Q-algebra.

Solution:

(a) By using the fact that elementary tensors in Q(x) ®q[,] Q(x) are Q[x]-balanced, we have that any ele-
mentary tensor has an equivalent representative given by

a(x) _c(x) a(x)c(x) 1

b0 %6 - b 2w
_a(x)e(x)d(x) 1
= Tmd) 2dl)

—— - ®L

In particular, using Q[x]-linearity, we have that any element of Q(x) ®q[y] Q(x) is represented by an

elementary tensor of the form % ® 1. Therefore, we get an isomorphism Q(x )®Q[x] Q(x) —» Q(x)

px) () _

given by takmg ®1 ol That it is injective follows from the fact that (— 0 if and only if
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X

p(x) =0 if and only if % ®1 = 0. That it is surjective follows immediately from the definition of
(

X

Py
) ®1.
. . .  Qlx] . . Klx] o Lx] :
(b) Using the isomorphism Q(\/E) = [y We use the isomorphism L ®g o0 = D) for any field ex-

tension L D K and the Chinese Remainder Theorem to obtain

0(V2)800(v2)= 0(VE)80 (o s
_Q(V2)lx]
_Q(V2)l] ) Q(V2)[x]
(o) (e
= Q(\/E) X Q(\/E)

Problem (Problem 6): Let p be an odd prime, and consider the polynomial f(x) = x

4_x2+1in I, [x].

(a) For which pis f(x) separable?

(b) Show that for p > 3, the polynomial f(x) splits into linear factors over the extension [F,2 of IF,. What
happens for p = 3?

(c) Find the minimal odd prime p for which f(x) splits into linear factors over .
Solution:
(a) We start by observing that for p =2, f’(x) =0, so that gcd(f, f’) = 1. If p > 3, then gcd(f'(x), f(x)) =
1 as f’(x) = 4x3—2x # 0. Meanwhile, if p = 3, then f’(x) = 4x®>—2x = x3+x. Since j’(x)(x2 + 1) =x%+1,
we have that f(x)(x2 + 1)— (x2 + 1)3 =0, or that f(x) = (x2 + 1)2, so that gcd(f(x), f/(x)) = 1.

(b) Notice that f(x)(\2 + 1) = x%+1, meaning that f(x)(x2 + 1)(x6 - 1) = x!2 1. Taking the factorization

xP-1= (P12 (X)) Py () (P (x) Do (x) D3 (x)Dg (%)),

we then find that f(x) = ®;5(x). In particular, to show that f splits into linear factors over [F,2 for
any p >3, we show that for any p > 3, IF,> admits a primitive 12th root of unity. Note that if p >3,
then either p = 1 mod 3 or p = —1 mod 3, and similarly, since p is odd, either p = 1 mod 4 or p =
—1 mod 4. Taking squares, we have that p> = 1 mod 3 and p? = 1 mod 4, meaning that 3|(p2 - 1)

and 4|(p2 - 1), so that 12|(p2 - 1). Since |IF%| = Z/(p2 - I)Z, it follows that, since 12|(p2 - 1), we have

a unique subgroup of order 12 in IFPXZ, so that [F,> admits a primitive 12th root of unity.

If p = 3, then we may write
f(x)(x2+ 1) =141
= (x2 + 1)3,
so that

(x2+1)(f(x)—(x2+1)2):0,

2
giving that f(x) = (x2 + 1) . Notice that —1 is not a square mod 3, so that f(x) = (x—w)z(x+ w)? over
IF52, where w is a primitive cube root of unity.

(c) We want to find the smallest odd prime such that [F, contains a primitive 12th root of unity. That is,
the smallest odd prime p such that 12|p — 1. This gives that 13 is the smallest such odd prime.
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Problem (Problem 7): Use cyclotomic extensions to construct two distinct cyclic Galois extensions of Q of
degree 7, and show that there exists a Galois extension of Q with Galois group isomorphic to Z/7ZxZ/7Z.

Solution: Consider w to be a primitive 29th root of unity. Then, Q(w)/Q is a cyclic Galois extension of de-
gree 28 with Galois group G = (Z/29Z)*. In particular, we have a unique order 4 subgroup H < G, giv-
ing a fixed field Q(w) 2 K2 Q with [G: H]=[K: Q] =7.

Similarly, we may use a primitive 43rd root of unity v to construct a cyclic Galois extension Q(v)/Q of de-
gree 42 with Galois group G’ = (Z/43Z). There is a unique order 6 subgroup H’ < G’ yielding a fixed
field Q(v) 2L 2 Qwith [G': H']=[L: Q] =7.

Notice that both K and L are Galois over Q since the groups G and G’ are abelian, so all their subgroups

are normal.

We claim now that Q(w) N Q(v) = Q. For this, observe that we have

[Q(wv): Q] £ [Q(w, V) : Q]
_ [Q(): Q[Q(v): Q]
[Q(@)NQ(M): Q]
<[Q(w): QJ[Q): Q]
= (28)(42).

Notice that wv is a primitive root of unity with order (29)(47), yielding a degree equal to ¢((29)(47)) =
(28)(42). Therefore, we must have that [Q(w) NQ(v): Q] = 1. In particular, this means that KN L = Q.
Since KL/Q is Galois as K/Q and L/Q are Galois, and we have K N L = Q, it follows that the isomorphism
Gal(KL/Q) = Gal(K/Q) x Gal(L/Q), so that Gal(KL/Q) = Z/7Z x Z/7Z.

Problem (Problem 8): Let K be a field of characteristic p > 0, and let L/K be a cyclic Galois extension of
degree p. Let o be a generator of the Galois group Gal(L/K). We consider o as a linear transformation of L
as a vector space over K.

(a) Find the eigenvalues of o.
(b) Identify the Jordan canonical form of o.

(c) Use the result from (b) to show there exists a € L such that o(a) = o + 1.
Solution:

2

(a) We see that o = 1; since {1,0,0 ,...,oP1 } are linearly independent (by the linear independence of

characters), it follows that p,(p) = xP =1 = (x — 1)P. Therefore, there is one eigenvalue of o, namely
1.

(b) We may view L as a K[x]-module where x acts by o. Taking the elementary divisors form of the cor-
responding finitely generated module, we get that

~  K[x]
L= )
@(x—ndf

where dy +---+d, = p. To identify the number of Jordan blocks, we notice that the largest Jordan
block has size max(dy,...,d,), which is also equal to the degree of the minimal polynomial (x - 1)?. Yet,
since dy,...,d, add up to p, it follows that there is exactly one Jordan block, namely giving

In particular, this means that o has a Jordan canonical form given by one Jordan block with size p and
eigenvalue 1.
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(c) Let © € L be such that
p-1
Tr(0)= ) o'(0)
i=0
=1.
Then, if we define
p-1
p= Zicl(e),
i=0
we get
p—-1
o)=Y io™(6)
i=0
p—-1
=) (i-1)0'(0)
i=0
p-l p-l
=) id'(0)-) (0)
i=0 i=0
=p-1,
so that a = —f is our desired element.

January 2024
Problem (Problem 1): Let R € Q be a subring with 1.
(a) Show that if $ € Rwitha,beZ, b =0, and ged(a,b) = 1, then % eR.

(b) Show that R coincides with the localization Zg of Z with respect to some multiplicative set S € Z
which should be described explicitly.

(c) For a prime p, define
a

Z(p):{b :a,beZ,p{b}.

Show that every Z ;) is a maximal proper subring of Q, and conversely, that every maximal proper
subring R C Q is of the form Zy).

Solution:

(a) We find x,v € Z such that xa + yb = 1. Then, since b = 0, we have that \(%) +7 = L Since X, VeEZ,

they are equal to some integer multiple of 1, whence x and p are both elements of R, meaning that % €
R.

(b) Consider the set defined by

S:{beZ:%eR}.

Then, we observe that the set S is multiplicatively closed, since 1 € S as 1 € R and, for any b,d € S,
we have that %,% € R, whence ﬁ € R since R is a subring of Q, so that bd € S.

Consider a map Z — R given by inclusion. Then, we observe that, if b € S, then since % € R, we
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have b(%) =1, so that b € R*. Since S C R*, the universal property of localization yields a map Zg —
R given by ¢ + . This map is surjective since for any ; € R, we have that | € Zs mapsto ; € R,
while 0 = # € Rif and only if a = 0 if and only if § = 0in S. Thus, this yields our desired isomor-
phism.

(c) We start by observing that, if we consider Z,) as a localization Zs, then each element b € S not equal

to 1 defines a factorization into primes p}' ---p;", none of which are equal to p. In particular, since the
only restriction on b € S is that p{ b, we have that the set of all primes in § is all primes except for
p- This yields maximality of the subring Zp), since any Q 2 R 2 Z ) would define a set of primes
that must include p, hence yielding all of Q as the corresponding localization set S would be equal
to all of Z not equal to 0.

If R € Q is a maximal subring, we observe that the corresponding localization set S is a maximal
multiplicatively closed subset that is not equal to all of Z.,. Consider the smallest element g of Z\
S. We claim that g is prime. If not, then we would have some composites b,c € Z, such that bc =
q. Yet, since g is minimal, it follows that b,c € S, implying that bc = g € S, contradicting the defini-

tion of g. We claim that g does not divide any element of S; if it were the case that there were some
multiple ag in S, then we would have ;—q € R, meaning that % = a(;—q) = % is in R; therefore, g does
not divide any element of S, so R C Z), where we define

a
Z(q):{gza,bez,q{b}.

Since R is a maximal subring, it follows that R = Z(q).

Problem (Problem 2): Let K be a field.

(a) Let K[x],K[v],K[x,v] be rings of polynomials in x, y, and both x and p respectively. Show that the nat-
ural inclusions K[x] — K[x,y] and K[y] — K[x,v] induce a ring homomorphism ¢: K[x]®x K[y] —
K[x,v], and that this homomorphism is actually a ring isomorphism.

(b) Let K(x), K(v), and K(x,v) be the fields of rational functions in their respective variables (i.e., the fields
of fractions of their respective polynomial rings). Show that the inclusions K(x) — K(x,v) and K(y) —
K(x,v) give rise to a ring homomorphism {: K — K(x)®xK(y) — K(x,). Derive, using 1, that K(x)®
K(v) is not a field.

Problem (Problem 3): Let G be a finite group of order n. Let X = {(x,v) € G x G : xp = yx}. Show that X
has size nh, where h is the number of conjugacy classes of G.

Solution: Let C be a conjugacy class. Notice that |C| =[G : C;(g)] for any ¢ € C, meaning that |G| =|C||Cs(g)]-

Observe that for each g € C, the section

Xo={heG:(gh)eX}
{heG:gh=nhg}

heG:g=hgh™'}
Ca(8):

Therefore, the set of all (g,h) € X with ¢ € C has cardinality equal to |C||Cs(g)] = |G|. Therefore, since
conjugacy classes are disjoint, it follows that |X| = nh.

Problem (Problem 4): Let T: V — V be a linear transformation of an n-dimensional vector space V over
a field K, and let x7(x) and pr(x) be the characteristic and minimal polynomials of T in K[x] respectively.

(a) Prove that if deg(pur) < n, then V has a T-invariant subspace different from {0} and V.

(b) Prove that V does not have any T-invariant subspaces different from {0} and V if and only if xr(x)
is irreducible in K[x].
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(a)

be:
(a)
(b)
()

()

(b)

Solution:

Define a K[x]-module structure on V by taking x - v = Tv. The submodules are equivalent to the
T-invariant subspaces.

Since V is a finitely generated K[x]-module, the structure theorem in invariant factors yields
™ Kl¥]
V= @ —,
=7 (ai(x))

where we have ay(x)|ay(x)|---]a,(x) = p(x) are nonzero, non-unit monic polynomials. The product
of all the invariant factors has degree equal to n, and is also equal to the characteristic polynomial. Since

deg(u(x)) < n, it follows that there is a nontrivial invariant factor a(x) in the decomposition not equal
K{x]
(a(x))

to p(x). The corresponding K[x]-submodule

is not equal to V or {0}, so that V has a nontrivial
invariant subspace.

Suppose V has no nontrivial invariant subspaces. There is then one summand in the invariant factors
decomposition, as otherwise the summand would be a K[x]-submodule of V not equal to {0} or V. There-
fore, we have

Any submodule of the ring K[x]/(x(x)) is an ideal of the ring; by the third isomorphism theorem, there
is a one-to-one correspondence between the ideals of the quotient ring K[x]/(x(x)) and the ideals of
K[x] containing (x(x)). Since there are no nontrivial invariant subspaces, it follows that the only ide-

als of K[x] containing (x(x)) are equal to (x(x)) and K[x], implying that (x(x)) is a maximal ideal. There-
fore, x(x) is irreducible.

Now, suppose that x(x) is irreducible. The only monic polynomials that divide x(x) are equal to 1 or
x(x). In particular, since all the invariant factors of T divide x(x), and are nonzero, non-unit monic
polynomials, it follows that there are no invariant factors of T not equal to x(x), so that

As discussed in the previous section, the ideals of K[x]/(x(x)) are precisely the K[x]-submodules of

V, which are precisely the invariant subspaces of V. Since there are no ideals in K[x]/(x(x)) not equal
to either {0} or V, as x(x) is irreducible implying that K[x]/(x(x)) is a field, it follows that V has no non-
trivial invariant subspaces.

Problem (Problem 5): Let f(x) € K[x] be a nonconstant monic polynomial in one variable over a field K,
and let f = p{'---p;" be its factorization into a product of powers of distinct irreducible monic polyno-
mials. Find necessary and sufficient conditions in terms of r and ay,...,a, for the quotient ring K[x]/(f) to

a field;
a local ring which is not a field;

a direct product of fields.

Solution:

Since K[x] is a principal ideal domain, irreducibles are prime, and prime ideals are maximal. There-
fore, K[x]/(f) is a field if and only if f is irreducible, which holds if and only if r =1 and 4; =1 in
the factorization f = p{'---p;".

The ring K[x]/(f) is a non-field if f has a nontrivial factorization into irreducibles. Since any ideal of
K[x]/(f) corresponds to an ideal (q) 2 (f), which is given by a polynomial g|f. The maximal ideals
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of K[x]/(f) then correspond to irreducible factors p|f. Therefore, if K[x] is a local ring, there is then
only one irreducible factor of f, and if K[x]is not a field, then this irreducible factor must have ex-
ponent greater than 1. Thatis, r =1 and a; > 1.

(c) Since, forany i = j, p;,pjlf, and a;,a; > 1, gcd(p?f,p?j) = 1, we have that the ideals (p?") and (p?j)
are coprime. Therefore, by Chinese Remainder Theorem, we have

r

KL =D f;”)
i=1 i

Assuming that K[x]/(f) is a field thus implies that each of the ideals (p?i) are maximal, meaning that
each a; = 1. Therefore, we have that K[x]/(f) with r > 1 and a; =1 foreachi=1,...,r.

Problem (Problem 6): Let L/K be a finite Galois extension of degree n. Show that for every prime p divid-
ing n, there exists an intermediate subfield K € M C L such that [M : K] is prime to p.

Solution: Let G = Gal(L/K). Then, if p|[L : K] = |G| = n, we may write |G| = p*m with gcd(m, p) = 1. There
exists a p-Sylow subgroup H < G. Taking M = LH as the fixed field, then we have Gal(L/M) = H, so that
[L:K]

[L:M]

=m.

[M:K]=

In particular, we have gcd([M : K],p) = 1. Since, for any prime p|[L : K], there exists a p-Sylow subgroup,
the corresponding fixed field has [M : K] is prime to p.

August 2024

Problem (Problem 1): Let s, n be positive integers, and let I,, denote the n x n identity matrix. Consider
the following matrix

01, 0 0 0
00 I, 0 0

Agn =1+ i b
0 0 0 0 I,
0 0 0 0

an s x s matrix of n x n blocks. Find the Jordan canonical form of A;, over C.

Solution: First, we observe that ps(x) = x° since the nx n blocks are preserved whenever A is multiplied
by itself, and we have that A*"! is given by a single copy of I,, in the (1,s) block of A. Meanwhile, we also
observe that x4(x) = x°". Therefore, viewing C°" as a C[x]-module with x acting via A, we have that C*"
in elementary divisors form is of the form

Clx]

XS

Do

i=1

C" =

’

where the latter term denotes the size of the largest Jordan block, and we have dy+:--+d,+s = sn with each
d; > 1. To find the number of Jordan blocks with eigenvalue 0 (or, since x4(x) has only eigenvalue zero,
the whole Jordan block structure of A), we only need to compute the geometric multiplicity of 0. Observe
that if (vy,...,v,) is an ordered collection of s n-dimensional vectors, then A acts via taking (vy,...,vs) —
(v2,...,v5,0). In particular, this means that any collection of the form (v,0,...,0) is mapped to 0 by A, so that
dimker(A) = n.

Since there are n total Jordan blocks, it follows that each of dy,...,d, = s, that r = n—1, and that C*" de-
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composes in elementary divisors form as

xb

1\@n
C" = (%) .

Therefore, the Jordan canonical form for A is given in block diagonals by A ~ diag(J,(0),...,](0)), where
there are n total blocks.

Problem (Problem 2): Let I, be a finite field with g elements. Denote by GLW(IFq) the group of invertible
n x n matrices with coefficients in IFq, and by Gr(k, n) the set of all k-dimensional subspaces in IFq”.

(a) Find the cardinality of the group GL4(1Fq).

(b) Show that the natural action of GL,,(IFq) gives rise to a transitive action of GLH(IFq) on Gr(k,n).
(c) Find the cardinality of the set Gr(3,4).
Solution:

(a) Any element of GL4(IFq) is determined by selecting four linearly independent vectors in IFq4. Count-
ing these yields

[GL(E,)| = (4"~ 1)(a* ~a)(a* - 4°)(a* - )

(b) We may view Gr(k,n) as the collection of ordered sets of k linearly independent n-dimensional vec-
tors (with a suitable notion of equivalence). We will show that GL4(1Fq) acts transitively on all these
sets, so that it acts transitively on Gr(k, n).

Given any two sets (vy,...,vx) and (wy,...,wy) in Gr(k, n), we may extend each of these to ordered bases
(vl,...,vk,vliJrl,...,v,Q) and (wl,...,wk,w,'<+1,...,w;1). We may define a linear transformation T taking

v; —> w; and v]f — w} foreachi=1,...,kand j =k +1,...,n. Taking the matrix of this linear transfor-

mation defines an element of GL4(]Fq).

(c) Since GL4(IFq) acts transitively on Gr(3,4), we may use orbit-stabilizer to find the number of elements
in Gr(3,4).

A matrix A preserves spanfe, e, e3} if and only if A is block upper-triangular of the form
B v
=l )

where B € GL3(IFq), S IFqS, and t € [F; \ {0}. The total number of these matrices is then given by
73(q - 1)(q3 - 1)(q3 - q)(q3 - qz). Thus, we have

‘GL”:(IPQ)‘
|Gr(k, n)| =
(> - 1)(a*-a)(q> - q2)(9* - 4°)
=(q+ 1)(q2 + 1).

Problem (Problem 3): Let S be a principal ideal domain, and let R be a subdomain of S that is also a PID.
Let a,b € R. Show that the GCD of a and b in R and the GCD of a and b in S differ only by a unit in S.

Solution: Let d be the GCD in S and d’ the GCD in R. We will show that d’ is the GCD in S. First, observe
that we may write

d251a+52b
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d' =ria+ryb

where s1,5, € S and r{, 7, € R. Since d|a and d|b, we have that d|(rya+r,b) = d” in S. Similarly, since d’|a
and d’|b, it follows that d’|(s;a + s,b) = d in S. Therefore, since d|d’ and d’|d, we have that (d) = (d’), so
that d and d’ necessarily differ by a unit, as S is a unique factorization domain.

Problem (Problem 4): Fix a prime number p. Let [F, be a field of order p, and let IF, be a finite field of or-
der g = p" elements. Show that, as commutative algebras, there is an isomorphism

F, ®p, I, = F".

Solution: There is a separable irreducible polynomial g(x) in [F,[x] with degree n such that

Using the tensor product isomorphism of rings given by L ® (I;([\)]) = (;Ei])) for any extension L/K, we may

use the Chinese Remainder Theorem with

F F ~F —IFP[X]
1 ®F, X = 8O )

IF,[x]
(9(x))

1R

1R

(x—a;)

—_

i=
n

1N
o

Problem (Problem 5): If G is a group of order 483, show that G = H x K, where H is a group of order 23
and K is a group of order 21.

Solution: Using the factorization |G| = 3-7-23. There exists a 23-Sylow subgroup K, and this 23-Sylow
subgroup is normal since there are either 1 or 24 such Sylow subgroups, and the number of these Sylow sub-
groups must divide 21. Similarly, there is exactly one 7-Sylow subgroup, since the number of 7-Sylow sub-
groups must divide 3-23 and is congruent to 1 mod 7. This 7-Sylow subgroup is normal. Call it P. If Q is
any 3-Sylow subgroup, then H = PQ is a subgroup of G since P is normal.

We note that H N K = {e} since all non-trivial elements of K are of order 23, while any element of H is
of order either 3, 7, or 21. Furthermore, this means that |[HK|=(21)(23) =483 =|G|, so HK = G. Finally,
observe that there are no nontrivial homomorphisms H — Aut(K) = Z/227Z. Therefore, we have that G =
K x H, where K is a group of order 23 and H is a group of order 21.

Problem (Problem 6): Let D be the dihedral group of order 8. The generators and relations for D are given
by

D= <s, t|52, t4,stst>.

(a) List all conjugacy classes of D.
(b) Describe all the 1-dimensional irreducible representations of D over C.

(c) Compute the character table of D.

Solution:

(a) Computing all the conjugacy classes of D is found by brute force. Specifically, we see that the follow-
ing are all the conjugacy classes of D:

C1 ={e}
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(b)

()

(a)
(b)
()

(a)

Cy={#}
C3:{S,St2}
C4={t,t3}
Caz{st,st3}

Letting ¢: G — C* be a 1-dimensional representation, we have that ¢(t)* = 1, ¢(s)* = 1, and @(t) =
(p(t)3. Combined, this gives that (p(s)2 =1and (p(t)2 =1, so that there are exactly 4 1-dimensional
representations, found by selecting the values of ¢(s) and ¢(t) to be equal to either +1 or —1.

Since there are five conjugacy classes, there are five (equivalence classes of) irreducible representa-
tions. The sum of squared dimensions of these representations (equal to the character on the identity
conjugacy class) equals the order of the group, so the final irreducible representation is order 2.

Labeling these representations py,...,p5 and corresponding characters xy,..., x5, we observe that p; =
p5®p; forany j =1,...,4 since the dimension of tensor products of irreducible representations is
multiplicative. In particular, for any conjugacy class not equal to {tz}, we have that x5 evaluates to
0.

Finally, we have that (x5, x5) = 1 by the irreducibility criterion, so |x5(t2) , and since {x1,x5) = 0

by the first orthogonality relation, we have that x5(t2) = —2. This gives the following character ta-

ble.
e} | {2} | {22} | {52} | {st.5°)
il 1] 1 1 1 1
w1t 1 -1 -1
G114 1 -1
el 1] 1] =1 -1 1
il 2121 o 0 0

Problem (Problem 7): Consider the field extension Q( 8+ 2\/@) over Q.

Determine the degree of the extension.
Show that this is a Galois extension.

Compute the Galois group for this extension.

Solution:

We start by seeking a simplified form of /8 + 2V15. This can be seen by the fact that (\/§+ \/g)z =

8+24/15, so that we are dealing with Q(\/§+ \/g) Observe now that Q(\/§+ \/5) = Q(\/g, \/g), since

we have

2
v PV

meaning that V5e Q(\/§+ \/3) and V3 € Q(\/§+ \/g), so that Q(\/g, \/g) C Q(\/§+ \/5) C Q(\/g, \/5)

| o(v3.v3) -] - [0(3.95)-(v3] ol v)-]

Observe that any element of Q(\/g) is of the form a + b5 for some a,b € Q. If it were the case that
V3e Q(\/g), then we would have

V3=a+bV5,
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or that
3=4a?+5b%+2abV5,

implying that V5 = 3—a® —5b?, or that V5 is rational, which is not the case. Therefore, each of these
extensions is of degree 2, so that [Q(\/g, \/g) : Q] =4,

(b) Observe that Q(\/g, \/5) is the splitting field for the separable polynomial p(x) = (x2 - 3)():2 - 5). There-
fore, the extension is Galois.
(c) There are three subfields of Q(\/g, \/g), given by Q(\@),Q(\/g),@(\/ﬁ). These correspond to three

subgroups of the Galois group of Q(\/g, \/g) over Q. Since the extension is degree 4, there are three

subgroups of the Galois group, meaning that by the classification of groups of order 4, we must have
that the Galois group is equal to Z/2Z xZ/2Z.

Problem (Problem 8): Let R = Q[x]/(x2 - 9), and let M be an R-module. Show that there is a direct sum
decomposition of R-modules M = M, & M_, where x € R acts on M, as +3.
Solution: By the Chinese Remainder Theorem, we have
_ Q[
C((x+3)(x=3))
_ Qb @
(x=3) " (x+3)

where we see that 6 € (x —3) + (x + 3), so that (x—3) and (x + 3) are coprime ideals. Observe that, for any
element p(x) € R, we have that p is determined via (p(3), p(-3)) in the Chinese Remainder Theorem de-
Q[x] 4 Qlx]

57

composition. Let @: R — -3 © e3)

(S%]) @ (?J[r’?), M gains a module structure by taking the ring operation to be defined

by (a,b)-m =@ (1,0)(am) +~1(0,1)(bm).

be the corresponding isomorphism.

We observe that, over

M, :{(p_l(l,O)~m:meM}
M2:{(p_1(0,1)-m:m€M},
seeing that My N M, = {0} as any m € M; N M, is equal to

m=q¢ ' (1,0)m

while M, + M, follows from the fact that m = ¢@~(0, 1)m +¢@~'(1,0)m.

To find the action of x € R on this direct sum decomposition, it suffices to find polynomial representa-
tives p,(x) and p_(x) such that ¢(p,(x)) = (1,0) and ¢(p_(x)) = (0,1). Since the quotient ring R has rep-
resentatives given by degree 1 polynomials, we find that these representatives in R can be given by

1 1
p(x) = —x+
1 1
p-(x) = RS

Inside M, we see that this yields M; = p, M and M, = p_M. Taking the action of x on M then yields x -
(pem) = (xp,)m; observe that @(x-p,) = ((xp,)(3), (xp.)(~3)) = (3,0), s0 that (xp,)m = 3p, m. Similarly,
we have x - (p_m) = (xp_)m, and @(xp_) = ((xp_)(3), (xp_)(=3)) = (0,-3), whence (xp_)m = -3p_m.
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January 2025
Problem (Problem 2): Consider a group action G x X — X.

(a) Show that G naturally extends to an action on X* away from the multi-diagonal, i.e. on the set

k. .
{(xl,...,xk) € X" :x; # xj whenever i :t]}.

(b) The group action of G on X is said to be k-transitive if the action on X* away from the multi-diagonal
is transitive. Prove that the natural action of the alternating group A, on [n] = {1,...,n} is (n - 2)-
transitive.

Solution:
(a)

(b) Given tuples (ay,...,a,_5) and (by,...,b,_,) away from the multi-diagonal, we want to find some o €
A, such that o(a;) = b; for each 1.

Write ¢1, ¢, for the elements of [n] not in (ay,...,4,_), and write dy, d, for the elements of [#] not in
(by,...,b,_5). Define the permutation

o= (ay,by)(a,b;) - (an_2,by_2)(c1,d1)(c2,d3).

If o is even, then we are done. Else, if 0 is not even, then the permutation ¢’ = (d;,d,)o does not af-
fect any codomain symbol in (by,...,b,_;), so o’ still takes a; +> b; for each i =1,...,n—2, whence A,
acts (n — 2)-transitively on [n].

Problem (Problem 4): Let ¢: Z" — Z" be a homomorphism of free abelian groups given by multiplica-
tion by a square matrix A € Mat,(Z).

(a) Show that im(¢) is of finite index in the target if and only if det(A) = 0.
(b) Show that when the index is finite, it is equal to |[det(A)|.

Solution:

(a) Write N =im(¢). Then, since N <Z' is a submodule of a finitely generated free module over a prin-
cipal ideal domain, the compatible basis theorem yields the existence of yy,...,7, € Z" and nonzero
elements ay,...,a; € Z with (a;) 2 (a) 2 --- 2 (ag) such that

Z"={vi,- 0 )
N =({a1v1,...,a v })-

Notice that the compatible bases are determined by the matrices P,Q € GL,(Z) in the Smith Nor-
mal Form decomposition SNF(A) = PAQ.

Suppose N has finite index in Z". Then, we must have that Z"/N is a finite abelian group; by the com-
patible basis theorem, since

Z'/N=7"% @

’

k
P z/a)
=1

it follows that r = k (as else this would contradict the finitude of the index of N), so that the coeffi-
cients in the Smith Normal Form of A are given by ay,...,a,, all of which are nonzero (i.e., the com-
patible basis for N has the same cardinality as the rank of M). Since

det(SNF(A)) = det(PAQ)
=det(P)det(A)det(Q)
=udet(A)

94



Algebra Qualifier Prep Avinash Iyer

for some unit u of Z; since u = +1, it follows that det(A) = +(ay ---a;) # 0.

Meanwhile, if N has infinite index in Z', then we have

k
@Z/(ai)
i=1

with r > k. In particular, this means that there are k < r invariant factors ay,...,a;, and the Smith
Normal form of A is given by diag(ay,...,ax,0,...,0). In particular, this means that det(A) = 0.

Z'/N =7"%g

’

(b) Recalling that if N <Z" has finite index, then the Smith Normal Form of A has determinant given
by det(SNF(A)) = ay ---ag, and that det(A) = £det(SNF(A)). Furthermore, the index of N is given by
the total number of elements in Z’/N, which is equal to the absolute value of the product a; ---ay of
the invariant factors since N is a direct sum of cyclic groups, whence the index is equal to |det(A)|.

Problem (Problem 6): Let A be a finitely generated abelian group such that A®y Z/25Z = A. Classify all
such groups up to isomorphism.

Solution: First, we establish the isomorphism that R/I ®g R/] = R/(I +]), where R is a commutative unital
ring. For this, observe that any simple tensor of R/I ®g R/] can be written using the R-balancedness of the
tensor product as

(@a+D@b+])=a(1+)®(b+])
=(1+I)(ab+]).
In particular, since any element of R/I g R/] is a sum of simple tensors all of the form (1 +I)(t +]), it fol-
lows that any element of R/I ®g R/] is of the form (1 +I)(t +]).

Defining the R-balanced map ¢: R/IxR/] - R/(I+]) by (a+1,b+]) > (ab)+ (I +]) yields an R-module
homomorphism R/IQgR/] — R/(I +]) taking (1 +I)®(t +]) +> t+(I +J). Since this map admits the inverse
t+(I+]) = (1+1)®(t +]), it follows that R/I ®g R/J = R/(I +]).

Using the classification of finitely generated abelian groups in elementary divisors form as well as the fact
that tensor products distribute over direct sums yields that A® Z/257Z is given by

z* eaéBZ/(pf’f )z
i=1

In order for such an isomorphism A®zZ/25Z = A to hold, we cannot have any free part as the right-hand

®7Z/257 = (Z/25Z)  ® @Z/((pf’f )+(25)).
i=1

side is a torsion Z-module, and by the definition of the greatest common denominator, we have (pfl[ ) +
(25) = (gcd(p?i,25)) in Z. Since gcd(p;i",25) = p;-j” if and only if p; = 5 for each i and d; = 1, 2, it follows
that the isomorphism A ®y Z/(25) = A holds if and only if A is of the form

A= (2/52)%" & (2/252)%"

for some integers n,m > 0.

Problem (Problem 8): Let F be a field of characteristic p > 0, and consider the polynomial f(x) =xP —x—c.
Let o be a root of f(x)in an algebraic closure F of F.

(a) Prove that f(x) hasroots a,a0+ 1,...,a+p—1.

(b) Prove that F(a)/F is a Galois extension.

(c) Prove that f(x) is either irreducible or splits into linear factors in F[x].

| Solution:
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(a) Suppose ais a root of f(x). Then, if 0 <k <p -1, the Frobenius endomorphism yields

fla+k)=(a+k)P—(a+k)—c
=(af —a—c)+ (kP k).

Since k € IFP, we have kP =k, so that f(a+k)=0.

(b) Notice that a+k € F(a) for each 0 <k < p—1 since there is a copy of IF, inside every field of character-
istic p. In particular, this means that F(«)/F is a normal extension as all the roots of f(x) are in F(«).
The extension is also separable since a + k # o + ¢ whenever k # ¢, and there are exactly p roots of
f given by a+k for each 0 < k < p—1. Therefore, F(«)/F is separable. Since F(«)/F is normal and
separable, it is Galois.

(c) Suppose a € F. Then, all of a+k, 0 <k <p—1, are in F, meaning that f(x) splits into linear factors
over F[x]. If a ¢ F, then all of a+k, 0 <k <p—1, are not in F, so that none of the roots of f(x) are
contained in F. In particular, this means F[x] is irreducible.
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