
Avinash Iyer

Notationally, we will use 1 to denote the identity operator.
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Preliminaries

We start by recalling some of the topologies on B(H).

Definition: Let H be a Hilbert space, with B(H) denoting the space of bounded operators on H .

The strong operator topology, or SOT, is the locally convex topology generated by the seminorms

{∥T v∥ | T ∈ B(H), v ∈H }

The weak operator topology, or WOT, is the locally convex topology generated by the seminorms

{|⟨T v,w⟩| | T ∈ B(H), v,w ∈H }
Theorem: Let φ : B(H)→C be a linear functional. The following are equivalent:

(i) there are ξk ,ηk ∈H such that φ(T ) =
n∑

k=1

〈
T ξk ,ηk

〉
;

(ii) φ is WOT-continuous;

(iii) φ is SOT-continuous.

Proof. The directions (i) implies (ii) implies (iii) are pretty much by definition. To see (iii) implies (i), we
have ξ1, . . . ,ξn such that, for all T ∈ B(H), max∥T ξk∥ ≤ 1 implies φ(T ) ≤ 1. Then, we have

∣∣∣φ(T )
∣∣∣ ≤  n∑

k=1

∥T ξk∥2
1/2

.

Let

H (n) D
n⊕

k=1

H

T (n) D diag(T , . . . ,T ) ∈ B
(
H (n)

)
,
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and let ξ = (ξ1, . . . ,ξn) ∈H (n). We see then that the linear functional ψ : H →C given by

ψ
(
T (n)ξ

)
= φ(T )

defines a linear functional on the closed subspace of K spanned by the vectors{
T (n)ξ

∣∣∣ T ∈ B(H)
}
,

and has ∣∣∣∣ψ(
T (n)ξ

)∣∣∣∣ ≤ ∥∥∥T (n)ξ
∥∥∥,

so by the Riesz Representation Theorem for Hilbert Spaces, it follows there is η = (η1, . . . ,ηn) such that

φ(x) =
〈
T (n)ξ,η

〉
=

n∑
k=1

〈
T ξk ,ηk

〉
.

Corollary: Every SOT-closed convex subset of B(H) is WOT-closed.

Proof. The closed convex subsets of a locally convex topological vector space are determined by the contin-
uous linear functionals, as follows from an application of the Hahn–Banach separation.

Theorem: The unit ball of B(H) is WOT-compact.

Proof. LetD denote the closed unit disk of C, and consider the set

K =
∏

x,y∈BH

D.

This space is compact by Tychonoff’s theorem. Define the embedding φ : BB(H)→ K given by

φ(T ) = (
〈
T x,y

〉
)x,y .

By Cauchy–Schwarz, we have ∣∣∣〈T x,y〉∣∣∣ ≤ ∥T ∥op∥x∥
∥∥∥y∥∥∥

≤ 1,

so φ is well-defined. We see that φ is WOT-continuous by definition and injective, so we only need to show
that im(φ) is closed. Let (Ti)i ⊆ BB(H) be a net with

lim
i∈I

(
〈
Tix,y

〉
)x,y =

(
zx,y

)
x,y

.

We have that
(
zx,y

)
x,y
∈ K since K is compact, and since the product topology is the topology of pointwise

convergence, we have

lim
i∈I

〈
Tix,y

〉
= zx,y

defines a sesquilinear form F(x,y). This means we may find T ∈ BB(H) such that F(x,y) =
〈
T x,y

〉
, and so

(Ti)i → T in WOT.
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Structure of von Neumann Algebras

There are a variety of ways we will understand the structure of von Neumann algebras. We start with dis-
cussing the most basic characterization of von Neumann algebras (emerging from the Double Commutant
Theorem), then go into more depth into the structure of abelian von Neumann algebras, and end with a
discussion of a characterization of a von Neumann algebra as a dual space.

Double Commutant Theorem
Definition: Let M ⊆ B(H). We define the commutant to be

M ′ D {S ∈ B(H) | T S = ST for all T ∈M }.

The double commutant of M is denoted M ′′ , and has M ⊆M ′′ .

We see that M ′ is a WOT-closed subalgebra, and if M ′ is self-adjoint, then M ′ is a C∗-algebra. Additionally,
if M1 ⊆M2, then M ′1 ⊇M ′1.

Theorem (Double Commutant Theorem): Let M be a unital C∗-subalgebra of B(H). The following are equiv-
alent:

(i) M = M ′′ ;

(ii) M is WOT-closed;

(iii) M is SOT-closed.

Proof. The implications (i) implies (ii) follows from the discussion above, and (ii) if and only (iii) follow from
the definitions (as subalgebras are convex). We focus on showing that (iii) implies (i).

For a fixed ξ ∈H , let P be the projection onto the closure of the subspace {T ξ | T ∈M }. We see that P ξ =
ξ, since 1 ∈M. Additionally, P T P = T P for each T ∈M, so P ∈M ′. Letting V ∈M ′′, we have that P V =
V P , so V ξ ∈ PH . In particular, for each ε > 0, there is S ∈M such that ∥(V − S)ξ∥ < ε.

Let ξ1, . . . ,ξn ∈ H , and set ξ = (ξ1, . . . ,ξn) in H (n). Letting ρ : B(H) ↪→ B
(
H (n)

)
be the embedding defined

by

T 7→ T (n),

we see that

ρ(M)′ =
{
S ∈ B(K)

∣∣∣ Sij ∈M ′ }.
Therefore, we have that ρ(V ) ∈ ρ(M)′′ , meaning that using the same process as above in the amplified al-
gebra, we have

n∑
k=1

∥(V − T )ξk∥2 =
∥∥∥(ρ(V )− ρ(T ))ξ

∥∥∥2

< ε2,

meaning that we can approximate V in SOT from M, so V ∈M.

Definition: A von Neumann algebra is a unital SOT-closed (or WOT-closed) C∗-subalgebra of B(H).

The double commutant theorem says that M = M ′′ is a characterization of a von Neumann algebra.

Observe that if T ∈M is a normal operator in a von Neumann algebra M, then if E denotes the spectral
measure for T , and S ∈ M ′, then T S = ST , so by Fuglede’s Theorem, T ∗S = ST ∗, meaning that Sf (T ) =
f (T )S for all f ∈ B∞(σ(T )). In particular, this means that E(S) ∈M ′′ = M. Since the closed linear span of
the characteristic functions χS is equal to B∞(σ(T )), it follows that, if M is a von Neumann algebra, then
M is the (norm)-closed linear span of all of its projections.
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To see this another way, let a ∈Ms.a., and consider a partition −∥a∥ = t0 < t1 < · · · < tn = ∥a∥, where tj+1 − tj < ε
for each j = 0, . . . ,n− 1, and define projections

Pi = χ[tj−1,tj)

for j = 1, . . . ,n− 1, and Pn = χ[tn−1,tn]. Then, we necessarily have∥∥∥∥∥∥∥∥a−
n∑

j=1

tjPj

∥∥∥∥∥∥∥∥
op

< ε,

so every self-adjoint operator is in the norm-closed linear span of the projections of M. Since every el-
ement of M can be written as a decomposition of self-adjoint operators, it follows that M is the norm-
closed linear span of its projections.

Proposition: Let M be a von Neumann algebra, and let A ∈M.

(a) If A is normal, and φ is a bounded Borel function on σ(A), then φ(A) ∈M.

(b) The operator A is the linear combination of four unitaries in M.

(c) If E and F are the projections onto im(A) and ker(A) respectively, then E,F ∈M.

(d) If A = W |A| is the polar decomposition for A, then W and |A| are in M.

Abelian von Neumann Algebras

Definition: Two subsets M1 ⊆ B(H1) and M2 ⊆ B(H2) are said to be spatially isomorphic if there is an iso-
morphism U : H1→H2 such that UM1U

−1 = M2.

Definition: A vector e0 is said to be separating for S ⊆ B(H) if the only operator T ∈ S for which T e0 = 0
is the 0 operator.

Proposition: If S is a subspace of B(H), then every cyclic vector for S is separating for S ′ . If A is a C∗-algebra
of operators, then a vector is cyclic for A if and only if it is separating for A′ .

Proof. If e0 is cyclic for S, and T ∈ S ′ with T e0 = 0, then for every L ∈ S, we have T Le0 = LT e0 = 0, mean-
ing that T [Se0] = 0. Since e0 is cyclic, this means T = 0.

If A is a unital C∗-subalgebra of B(H), with e0 separating for A′ , we let P be the projection onto N = [Ae0]⊥.
Since N reduces A, it follows that P ∈ A′ , but since e0 ⊥N , we have P e0 = 0. Since e0 is separating for A′ ,
it follows that P = 0, so e0 is cyclic for A.

Corollary: If A is an abelian algebra of operators, every cyclic vector for A is separating.

Theorem: If H is separable, and A is an unital, abelian C∗-subalgebra of B(H), then the following are equiv-
alent:

(a) A is a maximal abelian von Neumann algebra;

(b) A = A′ ;

(c) A is SOT-closed with a cyclic vector;

(d) there is a compact metric space X, a regular Borel measure µ supported on X, and an isomorphism
U : L2(X,µ)→H such that UAµU

−1 = A, where Aµ is the representation of L∞(X,µ) as the space of
multiplication operators acting on L2(X,µ).

Proof. If A is a maximal abelian von Neumann algebra, then A = A′′ and A ⊆ A′, or that A′ ⊇ A′′ = A,
so A = A′. Similarly, if A = A′, then A = A′ = A′′, so that A is a maximal abelian von Neumann algebra.
Thus, (a) and (b) are equivalent.

Now, assume A = A′ , it follows that A = A′′ , so that A is SOT-closed and contains the identity. Let {en }n≥1
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be a maximal sequence of unit vectors with [Aen]⊥ [Aem] whenever n ≤m. Then, by maximality, we have

H =
⊕
n≥1

[Aen].

Let Pn = [Aen], and set e0 =
∑∞

n=1 2−nen. Since Pn reduces A, Pn ∈ A′, so from (b), Pn ∈ A, meaning that
en = 2nP e0 ∈ [Ae0], and thus [Aen] ⊆ [Ae0] for each n. Thus, e0 is cyclic for A. This shows (b) implies (c).

Now, since H is separable, BA is WOT-compact, meaning there is a countable WOT-dense subset. Let A1 be
the C∗-algebra generated by this WOT-dense subset; then, A1 is a separable C∗-algebra that is WOT-dense
in A. Let X be the character space of A1; since A1 is separable, X is metrizable, and let ρ : C(X)→ A1 ⊆
A ⊆ B(H) be the inverse Gelfand transform. Then, ρ is a representation of C(X), so there is a spectral mea-
sure E on X such that

ρ(f ) =
∫

f dE.

For every bounded Borel function, we then have

ρ̃(φ) =
∫
φ dE

∈ A′′1
= A′′

= A

by the Double Commutant Theorem.

Letting e0 be a cyclic vector for A, set µ(B) = ⟨E(B)e0, e0⟩ for any Borel B ⊆ X. We have

〈̃
ρ(φ)e0, e0

〉
=

∫
φ dµ

for every φ ∈ B∞(X), and ∥∥∥̃ρ(φ)e0

∥∥∥2
=

〈̃
ρ(φ)∗ρ̃(φ)e0, e0

〉
=

∫ ∣∣∣φ∣∣∣2 dµ.
Therefore, B∞(X), considered as a dense subspace of L2(X,µ), admits the well-defined isometry U : B∞(X)→
H given by Uφ = ρ̃(φ)e0. We may extend U to be an isometry on all of L2(X,µ).

Now, if φ ∈ B∞(X) and ψ ∈ L∞(X,µ), then

UMψφ = U (ψφ)

= ρ̃(ψφ)e0

= ρ̃(ψ)̃ρ(φ)e0

= ρ̃(ψ)Uφ.

That is, UAµU
−1 = ρ̃(L∞(X,µ)). Yet, since Aµ is WOT-closed in B(L2(X,µ)), we have ρ̃(L∞(X,µ)) is WOT-closed

in B(H). Furthermore, since ρ̃(L∞(X,µ)) ⊇ ρ(C(X)) = A1, we have UAµU
−1 = A. This shows (c) implies

(d).

Finally, to show (d) implies (b), we show that Aµ = A′µ. Let T ∈ A′µ. Since X is compact and µ is regular,
it follows that µ(X) <∞. Then, 1 ∈ L2(X,µ), so we may set L2(X,µ) ∋ φ = T (1). For any ψ ∈ L∞(X,µ), then
ψ ∈ L2(X,µ), with Tψ = TMψ1 = MψT (1) = ψφ, with∥∥∥φψ∥∥∥ =

∥∥∥Tψ∥∥∥
5



Avinash Iyer

≤ ∥T ∥op

∥∥∥ψ∥∥∥.
SetDeltan =

{
x ∈ X

∣∣∣ ∣∣∣φ(x)
∣∣∣ ≥ n

}
. Setting ψ = χ

Deltan , we have

∥T ∥2opµ(Deltan) = ∥T ∥2op

∥∥∥ψ∥∥∥2

≥
∥∥∥φψ∥∥∥2

=
∫
Deltan

∣∣∣φ∣∣∣2 dµ
≥ n2µ(Deltan).

Yet, since T is bounded, for sufficiently large n it follows that µ(Deltan) = 0, meaning φ ∈ L∞(µ), and since
T = Mφ on L∞(µ), we have T = Mφ.

Trace-Class Operators and the σ-Weak Operator Topology

In order to discuss a further structural characterization of von Neumann algebras, we start by discussing
trace-class operators and characterizing B(H) as a dual space.

An operator T ∈ B(H) is called trace-class if there exists an orthonormal basis (ei)i∈I such that the quantity

tr(|T |)D
∑
i∈I
⟨|T |ei , ei⟩

<∞.

Similarly, an operator T ∈ B(H) is called Hilbert–Schmidt if the quantity tr(T ∗T ) <∞. The set of all trace-
class operators is denoted L1(B(H)), while the set of Hilbert–Schmidt operators is denoted L2(B(H)). We
list some essential properties of trace-class operators. The proofs can be found in [Con00, Ch. 3, §18].

Proposition (Properties of trace-class and Hilbert–Schmidt operators): Let T1 ∈ L1(B(H)) and T2 ∈ L2(B(H)).
The following properties hold.

(i) The quantities

∥T1∥1 D tr(|T1|)
∥T2∥2 D tr(T ∗2T2)

define norms for T1 and T2 respectively.

(ii) For any A ∈ B(H), we have tr(AT1) = tr(T1A), and |tr(AT1)| ≤ ∥A∥op∥T1∥1.

(iii) Both L1(B(H)) and L2(B(H)) are ideals in B(H) satisfying∥∥∥AT1,2

∥∥∥
1,2
≤ ∥A∥op

∥∥∥T1,2

∥∥∥
1,2

.

Furthermore, both L1(B(H)) and L2(B(H)) are subsets of K(H).

(iv) The operator T1 is the product of two Hilbert–Schmidt operators, and any operator S is trace-class if
and only if it is the product of two Hilbert–Schmidt operators.

(v) The pairing ⟨A,B⟩ = tr(B∗A) defines an inner product on L2(B(H)), and L2(B(H)) is a Hilbert space
with respect to this inner product.

The main thing we are interested in is understanding the duality properties of trace-class operators. We
observe that the following is an analogue of the duality (c0)∗ = ℓ1.

Theorem: For any T ∈ L1(B(H)), define the linear functional φT : K(H)→C by φT (A) = tr(TA) = tr(AT ).
Then, the map T 7→ φT is an isometric isomorphism between L1(B(H)) and (K(H))∗.
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Proof. We observe that

sup
{
|tr(AC)|

∣∣∣ C ∈ K(H),∥C∥op ≤ 1
}
≤ ∥A∥1,

so that ΦA is a bounded linear functional on K(H) satisfying ∥ΦA∥ ≤ ∥A∥1. Defining ρ : L1(B(H))→ K(H)
by ρ(A) = ΦA, we have that ρ is a linear map with

∥∥∥ρ(A)
∥∥∥ ≤ ∥A∥1 for all A ∈ L1(B(H)).

Now, we will show that ρ is surjective with
∥∥∥ρ(A)

∥∥∥ ≥ ∥A∥1 for any A ∈ L1(B(H)). Define a sesquilinear form

for Φ ∈ K(H)∗ by [g,h] = Φ
(
θg,h

)
, where θg,h is the rank-one bounded operator given by

θg,h(k) = ⟨k,h⟩g.

We have that |[g,h]| ≤ ∥Φ∥∥g∥∥h∥ for all g and h, so [·, ·] is bounded, so there is A ∈ B(H) such that [g,h] =〈
Ag,h

〉
. We will show that A ∈ L1(B(H)) with Φ = ΦA.

Let C ∈ F(H) be given by

C =
n∑

k=1

θgk ,hk ,

Then,

Φ(C) = Φ

 n∑
k=1

θgk⊗hk


=

n∑
k=1

〈
Agk ,hk

〉
=

n∑
k=1

tr
(
Aθgk ,hk

)
= tr(AC).

If we can show that A ∈ L1(B(H)), then both Φ and ΦA are bounded linear functionals on K(H) that agree
on F(H).

For this, let A = W |A| be the polar decomposition of A, and let (ei)i∈I be an orthonormal basis. For any
finite subset F ⊆ I , we have

CF D

∑
i∈F

θei ,ei

W ∗
is a contraction in F(H) with

∥Φ∥ ≥ |Φ(CF)|

=

∣∣∣∣∣∣∣Φ
∑
i∈F

ei ⊗Wei


∣∣∣∣∣∣∣

=
∑
i∈F
|⟨Aei ,W ei⟩|

=
∑
i∈F
⟨|A|ei , ei⟩.

Letting F grow arbitrarily gives ∥Φ∥ ≥ ∥A∥1, so A ∈ L1(B(H)), and Φ = ΦA. Yet, this means ∥ΦA∥ ≥ ∥A∥1,
so ρ is an isometry.
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Similarly, just as (ℓ1)∗ = ℓ∞, the following holds.

Theorem: Let Ψ : L1(B(H))→C be given by

ΦB(A) = tr(AB).

Then, the map B 7→ ΦB defines an isometric isomorphism of B(H) onto ℓ1(B(H))∗.

Proof. That ∥ΨB∥ ≤ ∥B∥ follows from the fact that |tr(AB)| ≤ ∥A∥1∥B∥op. Defining ρ(B) = ΨB, we have ρ is
linear. If ε > 0, we use the Riesz lemma to find a unit vector g such that ∥Bg∥ > ∥B∥op−ε. Find a unit vector
h such that

〈
Bg,h

〉
= ∥Bg∥. Then, letting C = θg,h, we have C ∈ L1(B(H)) with ∥C∥1 = 1, with

∥ΨB∥ ≥ |tr(BC)|
=

〈
Bg,h

〉
= ∥Bg∥
> ∥B∥op − ε.

Since ε is arbitrary, we have ∥ΨB∥ = ∥B∥op, and ρ is an isometry.

Now, let Ψ ∈ L1(B(H))∗. Then, there is an operator B ∈ B(H) such that
〈
Bg,h

〉
= Ψ

(
θg,h

)
for all g,h ∈ H .

Then, it follows that Ψ (T ) = ΨB(T ) for every finite-rank operator T , so since F(H) is dense in L1(B(H)),
we have that both Ψ and ΨB are bounded linear functionals with Ψ = ΨB.

Therefore, we can talk about the weak* topology on B(H) induced by L1(B(H)). We discuss an alternative
form of convergence known as σ-WOT and σ-SOT convergence.

Definition: Let H be a Hilbert space. The σ-strong operator topology on B(H) is the locally convex topol-
ogy defined by the family of seminorms

pξ(T ) = ∥(T ⊗ 1)ξ∥

for all ξ ∈H ⊗ ℓ2. The norm is defined by

∥(T ⊗ 1)ξ∥ =

 ∞∑
k=1

∥T ξk∥2
1/2

.

The σ-weak operator topology on B(H) is the locally convex topology defined by the family of seminorms

qξ,η =
∣∣∣〈(T ⊗ 1)ξ,η

〉∣∣∣
for all ξ,η ∈H ⊗ ℓ2. The inner product is defined by

∣∣∣〈(T ⊗ 1)ξ,η
〉∣∣∣ =

∣∣∣∣∣∣∣
∞∑
k=1

〈
T ξk ,ηk

〉∣∣∣∣∣∣∣.
We note that σ-WOT and WOT are equal on bounded subsets of B(H). Furthermore, the following holds.

Proposition: The weak* topology on B(H) induced by L1(B(H)) and the σ-WOT are identical.

Proof. First, we observe that for any sequences ξ,η ∈H ⊗ ℓ2, we have that the operator

T =
∞∑
k=1

θξk ,ηk (∗)

is trace-class. Since multiplication by an element of B(H) is continuous with respect to the trace-class norm,

8
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it follows that, whenever (Si)i → S is a w∗-convergent net, then

∞∑
k=1

〈
Siξk ,ηk

〉
= tr

 ∞∑
k=1

θSiξk ,ηk


= tr(SiT )

→ tr(ST )

=
∞∑
k=1

〈
Sξk ,ηk

〉
.

Therefore, we have that each seminorm tends to 0 for all ξ,η ∈H ⊗ ℓ2, meaning (Si)i → S in σ-WOT.

Now, if (Si)i → S in σ-WOT, then since every trace-class operator is of the form in (∗), it follows that tr(SiT )→
tr(ST ) for every T ∈ L1(B(H)), so (Si)i → S is w∗-convergent.

Preduals and Normal Linear Maps

The existence of a predual for B(H) extends to all von Neumann algebras.

Theorem: Suppose V is a Banach space. Then, there exists a vector space W such that V �W ∗ if and only
if there exists a locally convex topology τ on V such that BV is τ-compact. Furthermore, if we set

W =
{
ϕ ∈ V ∗

∣∣∣ ϕ|BV
is τ-continuous

}
,

then Φ : V →W ∗ defined by v 7→ v̂ is an isometric isomorphism.

Proof. The forward direction follows from the Banach–Alaoglu theorem, so we only need to show the re-
verse direction.

To start, we observe that W ∗ ⊆ V ∗∗, so in particular, if v , 0, we must have that ∥v̂|W ∗∥ ≤ ∥v̂∥ = ∥v∥, where
the latter equivalence follows from the fact that the canonical embedding of V into its double dual is iso-
metric. Now, by Hahn–Banach separation, there is some τ-continuous linear functional ϕ : V → C such
that ϕ(v) , 0. Now, since the unit ball of V is compact with respect to τ, it follows that

C = sup
v∈BV

∣∣∣ϕ(v)
∣∣∣

<∞,

so that Φ is injective into W ∗.

Now, if ψ ∈W ∗, then by the Hahn–Banach extension, there is some norm-preserving extension ψ ∈ V ∗∗.
By Hahn–Banach separation, there are vi ∈ V such that ∥vi∥ ≤

∥∥∥ψ∥∥∥ and the w∗-convergent net v̂i → ψ.
Since the unit ball of V is compact, it follows that there is a subnet vij → v. In particular, we have Φ(v) =

ψ, and ∥v∥ ≤
∥∥∥ψ∥∥∥, so that Φ is surjective with Φ−1 contractive.

If M is a von Neumann algebra, then we get the predual

M∗ =
{
ϕ ∈M∗

∣∣∣ ϕ|BM
is WOT-continuous

}
.

A theorem of Sakai gives that this is, in fact, a characterization of von Neumann algebras.

Theorem (Sakai): Let A be a C∗-algebra. Then, A is a von Neumann algebra if and only if there is a Banach
space V such that A � V ∗ as Banach spaces.

Now, we discuss normal maps between von Neumann algebras, and a characterization.

Theorem (Krein–Smulian): Let V be a Banach space, and let C ⊆ V ∗ be a convex subset. Then, C is w∗-
closed if and only if the intersection of C with any ball of any radius in V ∗ is w∗-closed.

Definition: Let M,N be von Neumann algebras. Then, a map T : M→N is called normal if it is w∗-continuous.

9
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Theorem: Consider the following conditions for a map T : M→N between von Neumann algebras:

(i) T is normal;

(ii) T |BM
is WOT-WOT continuous;

(iii) T |BM
is SOT-SOT continuous.

Then, (i) and (ii) are equivalent, and (iii) implies (i). Furthermore, if N = C or T is a ∗-homomorphism,
then (ii) implies (iii).

Proof. We start by showing (i) implies (ii). Let T be normal. Then, using the principle of uniform bound-
edness, it follows that T is norm-continuous, with C = ∥T ∥ <∞. Since the weak* topology on BM is equal
to the WOT on BM , it follows that this holds on CBM , meaning that T is WOT-WOT continuous when re-
stricted to BM .

Now, we show (ii) implies (i). It suffices to show T †(N∗) ⊆M∗, meaning that if ϕ ∈N∗, then we will show
that ϕ◦T ∈M∗; for this, it suffices to show that ker(ϕ ◦ T ) is w∗-closed, so we only need to show that ker(ϕ ◦ T )∩
BM is w∗-closed by the Krein–Smulian theorem. Yet, since the weak* topology and WOT coincide on BM ,
it follows that T is normal.

Kaplansky Density Theorem and Pedersen’s Up-Down Theorem

We will now discuss two very useful theorems.

Kaplansky’s Density Theorem

Lemma: Let (Ti)i∈I , (Si)i∈I ⊆ B(H) be nets with (Ti)i → T , (Si)i → S in SOT. If supi∈I∥Ti∥ <∞, then (TiSi)i →
T S in SOT.
Proof. Set R = supi∥Ti∥. Then, for any ξ ∈H ,

∥T Sξ− TiSiξ∥ ≤ ∥(T − Ti)Sξ∥+ ∥Ti(S − Si)ξ∥
≤ ∥(T − Ti)ξ∥+R∥(S − Si)ξ∥
→ 0.

Proposition: Let f ∈ C(C). Then, the map T 7→ f (T ) on normal operators in B(H) is SOT-continuous on
bounded subsets of B(H).

Proof. Let (Ti)i be a uniformly bounded net of operators converging to T in SOT, with R = supi∥Ti∥. By
Stone–Weierstrass, we are able to approximate f uniformly B(0,R) by a sequence of polynomials (pn)n ⊆
C[z,z]. Since multiplication is SOT-continuous on bounded subsets, it follows that

(
pn

(
Ti ,T

∗
i

))
i
→ pn

(
Ti ,T

∗
i

)
in SOT.

Fix ξ ∈H , ε > 0, and set N to be such that

sup
z∈B(0,R)

|f (z)− pN (z,z)| <
ε

3∥ξ∥
,

and i0 to be such that for all i ≥ i0, ∥∥∥∥(pN (
Ti ,T

∗
i

)
− pN (T ,T ∗)

)
ξ

∥∥∥∥ < ε/3.
Then,

∥(f (T )− f (Ti))ξ∥ ≤ ∥(f (T )− pN (T ,T ∗))∥∥ξ∥+
∥∥∥∥(pN (T ,T ∗)− pN

(
Ti ,T

∗
i

))
ξ

∥∥∥∥+
∥∥∥∥(pN (

Ti ,T
∗
i

)
− f (Ti)

)
ξ

∥∥∥∥
< ε.

10
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Now, we observe that if T ∈ B(H)s.a., then σ(T ) ⊆ R, meaning that T + z1 is invertible for any z ∈ C with
Im(z) , 0.

Definition: Let T ∈ B(H)s.a.. Then, the Cayley transform of T is given by the operator

c(T )D (T − i1)(T + i1)−1.

Observe that the Cayley transform emerges from the continuous functional calculus on c(z) = z−i
z+i , mean-

ing that c(T ) is a unitary operator, and (T − i1)(T + i1)−1 = (T + i1)−1(T − i1). This gives the following.

Proposition: The Cayley Transform is SOT-continuous on B(H)s.a..

Proof. Let
(
Tj

)
j
→ T be a net of self-adjoint operators. By continuous functional calculus, we have

∥∥∥∥(Tj + i1
)−1∥∥∥∥ ≤

1 for all i ∈ I . If ξ ∈H , we have∥∥∥∥c(T )ξ− c
(
Tj

)
ξ

∥∥∥∥ =
∥∥∥∥c(T )ξ−

(
Tj + i1

)−1(
Tj − i1

)
ξ

∥∥∥∥
=

∥∥∥∥2i
(
Tj + i1

)−1(
T − Tj

)
(T − i1)−1

ξ

∥∥∥∥
≤ 2

∥∥∥∥(T − Tj)(T − i1)−1
ξ

∥∥∥∥.
Thus, SOT-convergence of

(
Tj

)
j

to T implies SOT convergence of the Cayley transform.

Corollary: If f ∈ C0(R), then the map T 7→ f (T ) is SOT-continuous on B(H)s.a..

Proof. Since f vanishes at infinity, it follows that the function

g(z)D

0 z = 1
f
(
i 1+z

1−z

)
else

defines a continuous function on S1. Since any continuous function on C is SOT-continuous on bounded
sets, it follows that g is SOT-continuous on unitary operators, so by composing g with the Cayley transform,
it follows that f is SOT-continuous.

For any subset S ⊆ B(H), we define

(S)1 D {T ∈ S | ∥T ∥ ≤ 1}.

Theorem (Kaplansky Density Theorem): Let A ⊆ B(H) be a ∗-subalgebra. Then,

As.a.
SOT

=
(
A

SOT
)

s.a.

and

(A)1
SOT

=
(
A

SOT
)

1
.

Proof. Denote B = A
SOT

. We start by showing that it suffices to show that A is (operator) norm-closed. This
follows from the fact that norm convergence implies SOT convergence, meaning that if C denotes the norm

closure of A, then C
SOT

= A
SOT

.

Since SOT convergence implies WOT convergence, it follows that As.a.
SOT ⊆ Bs.a.. If T ∈ Bs.a., then there

exists a net (Ti)i → T in SOT. Taking adjoints is WOT-continuous, so
(
Ti+T ∗i

2

)
i
⊆ As.a. converges to T in

WOT. Therefore, T ∈ As.a.
WOT

, but since As.a. is convex, As.a.
WOT

= As.a.
SOT

, meaning Bs.a. = As.a.
SOT

.

Now, to show that (A)1
SOT

= (B)1, we start by showing that the SOT closure of (As.a.)1 and (Bs.a.)1 coincide.
Let x ∈ (Bs.a.)1, and let (Ti)i ⊆ As.a. converge to T in SOT. Let f ∈ C0(R) be a function with ∥f ∥u = 1 and

11
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f (t) = t for |t| ≤ 1. Then, (f (Ti))i ⊆ (As.a.)1, converging to f (T ) = T in SOT, meaning (As.a.)1 is SOT dense
in (Bs.a.)1.

Next, we show thatM2(A)
SOT

=M2(B). Fixing elements(
S11 S12
S21 S22

)
∈M2(B)(

ξ1
ξ2

)
∈H ⊕H,

we use the fact that B = A
SOT

, so for each i, j, we can find Tij ∈ A such that
∥∥∥∥(Tij − Sij)ξj∥∥∥∥ < ε. In particu-

lar, this gives ∥∥∥∥∥∥
(
T11 − S11 T12 − S12
T21 − S21 T22 − S22

)(
ξ1
ξ2

)∥∥∥∥∥∥2

=
2∑

i=1

∥(Ti1 − Si1)ξ1 + (Ti2 − Si2)ξ2∥2

< 8ε2.

Now, since we have (A)1
SOT
⊆ (B)1, we then select S ∈ (B)1, and consider

S =
(

0 S
S∗

)
∈ (M2(B))1,

which is self-adjoint. Therefore, by applying the earlier result replacing A and B withM2(A) andM2(B),
we have a net

(
Si

)
i
⊆ (M2(A)s.a.)1 converging to S in SOT.

Now, if Si denotes the (1,2) entry of Si , then we observe that ∥Si∥ ≤ 1 and converges to S in SOT upon ap-
plication to the vector (0,ξ).

Note that the choice of 1 for the operator norm bound in the KDT is arbitrary; by introducing some fac-

tors, we find that for any R, we have (A)R
SOT

= (B)R. The primary case will find use for is where R = ∥T ∥
for some T ∈ B.

Corollary: If M ⊆ B(H) is a unital ∗-subalgebra, then the following are equal to each other:

• M
σ-SOT

;

• M
σ-WOT

;

• M
SOT

;

• M
WOT

;

• M ′′ .

In particular, this means that M is a von Neumann algebra if and only if it is σ-SOT or σ-WOT closed.

Proof. The latter three equivalences follow from the Double Commutant Theorem. Now, since σ-SOT con-
vergence implies σ-WOT convergence, which implies WOT convergence, it follows that all we need to show

that M
SOT ⊆M

σ-SOT
. For T ∈MSOT

, we may find (Ti)i → T , where the net is contained in (M)∥T ∥, conver-
gent in SOT. Since the net is uniformly bounded, and the σ-SOT and SOT coincide on bounded subsets, it

follows that M
SOT ⊆M

σ-SOT
.

Pedersen’s Up-Down Theorem

If M ⊆ B(H), we let Mσ/Mδ be the set of operators in B(H)s.a. that can be obtained as SOT limits of mono-
tone increasing/decreasing sequences from M. Similarly, let Mm and Mm be the sets obtained by mono-

12
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tone increasing/decreasing nets from M. We have that M ⊆Mσ ⊆Mm, and Mδ = −(−Mσ ). Furthermore, if
M is SOT-closed, then Mm = Mm = M.

We investigate the converse.

Lemma: Let A be a C∗-subalgebra of B(H) with SOT closure M. If p is a projection in M, then for any sequence
(ξn)n of unit vectors in H , there is an element y in

((
A1

+

)
σ

)
δ

such that y(1− p)ξn = 0, and (1− y)pξn = 0

for all n. Here, A1 denotes the unit ball of A.

Proof. We will approximate p by vectors of the form pξn and (1− p)ξn. By the Kaplansky density theorem,
we can find (xk)k in A1

+ such that ∥pξn − xkpξn∥ < 1/k, and ∥xn(1− p)ξi∥ < 2−n/n for all i ≤ n.

For any n < m, define

yn,m =

1 +
m∑
k=n

kxk

−1 m∑
k=n

kxk

.
From results in spectral theory, we see that ynm ∈ A1

+ with ynm ≤
∑m

k=n kxk . Therefore, for any i ≤ n, we
have

〈
ynm(1− p)ξi , (1− p)ξi

〉
≤

m∑
k=n

2−k

< 2−n+1.

Now, since mxm ≤
∑m

k=n kxk , we have (1 +mxm)−1mxm ≤ ynm, and thus

1− ynm ≤ (1 +mxm)−1

≤ 1
1 +m

(1 +m(1− xm)),

so for i ≤m, we have
〈
pξi ,pξi

〉
≤ 2

1+m . For fixed n, the sequence (ynm)m is monotone increasing and SOT-
convergent to an element yn ∈

(
A1

+

)
σ
. Furthermore, since yn+1,m ≤ ynm, we have that yn+1 ≤ yn, and so

(yn)n is monotone decreasing to an element y in
((
A1

+

)
σ

)
δ
. This gives〈

yn(1− p)ξi , (1− p)ξi
〉
≤ 2−n+1〈

(1− yn)pξi ,pξi
〉
≤ 0,

so since 0 ≤ y ≤ 1, we have y(1− p)ξi = 0 and (1− y)pξi = 0 for all i.

Theorem: Let A be a C∗-subalgebra of B(H) with SOT closure M. If H is separable, then M1
+ =

((
A1

+

)
σ

)
δ

and Ms.a. = ((As.a.)σ )δ.

Proof. Let (ξi)i be a dense subsequence of the unit ball of H . Then, we have that each projection in M be-
longs to

((
A1

+

)
σ

)
δ
. If A acts non-degenerately on H , we have that 1 is the largest element in M1

+, meaning

that 1 ∈
(
A1

+

)
σ
.

For each x ∈M1
+, there is a sequence of spectral projections (pk)k such that x is the norm limit of

∑n
k=1 2−kpk .

This is given by letting p1 = (1/2,1], p2 = (1/4,1/2)∪ (3/4,1], etc.

Let (zkm)m be a sequence in
(
A1

+

)
σ

decreasing to pk , and define

xn =
n∑

k=1

2−kzkn + 2−n.

13
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Since
(
A1

+

)
σ

is convex, it follows that xn ∈
(
A1

+

)
σ
, and we have

xn − xn+1 =
n∑

k=1

2−k
(
zkn − zk,n+1

)
+ 2−n −

(
2−n−1zn+1,n+1 + 2−n−1

)
≥ 0,

so that (xn)n is decreasing. We have

xn − x ≤
n∑

k=1

2−k(zkn − pk) + 2−m

for any n > m, so (xn)n→ x and x ∈
((
A1

+

)
σ

)
δ
.

To show that Ms.a. = ((As.a.)σ )δ, note that any x ∈ Ms.a. can be written as αy − β for α,β positive and y ∈
M1

+.

Theorem: A C∗-subalgebra M of B(H) is a von Neumann algebra if and only if (Ms.a.)
m = Ms.a..

Proof. The forward direction is clear from the fact that SOT closure includes SOT closure includes the mono-
tone nets.

Now, in the reverse direction, suppose Ms.a. is monotone closed. By cutting with a projection, we may as-
sume that 1 ∈M. To show that M is a von Neumann algebra, it suffices to show that any projection in the
SOT closure of M belongs to M. Let ξ ∈ pH and η ∈ (1− p)H . Then, there is an element y ∈M+ such that
yξ = ξ and yη = 0. The range projection pξη of y (emerging from the polar decomposition) belongs to M,
and has pξηξ = ξ and pξηη = 0.

The projections inf
{
pξη1

, . . . ,pξηn
}

forms a decreasing net in M+ as
{
η1, . . . ,ηn

}
runs through the finite sub-

sets of (1− p)H . Therefore, we have the limit projection pξ is less than or equal to p.

We have that p is the limit of the increasing net of projections sup
{
pξ1

, . . . ,pξn
}

as the collection {ξ1, . . . ,ξn }
runs through finite subsets of pH . Thus, p ∈M.

Fundamental Examples

We focus now on a few special von Neumann algebras.

Group von Neumann Algebras

We start by discussing a little bit of theory of unitary representations.

Let Γ be a discrete group. A unitary representation of Γ is a homomorphism π : Γ → U (H). The trivial
representation of Γ is given by π(g) = 1. The left regular representation is λ : Γ → U (ℓ2(Γ )) given by
(λ(g)ξ)(x) = ξ

(
g−1x

)
. The right regular representation is ρ : Γ →U (ℓ2(Γ )), given by (ρ(g)ξ)(x) = ξ(xg).

If Λ < Γ is a subgroup, then the representation π : Γ : ℓ2(Γ /Λ), given by (π(g)ξ)(x) = ξ
(
g−1x

)
is a quasi-

regular representation.

We say two representations πi : Γ → U (Hi), for i = 1,2 are equivalent if there exists a unitary U : H1→ H2
such that Uπ1(g) = π2(g)U for all g ∈ Γ . Note that the left and right regular representations are equivalent
under the unitary U : ℓ2(Γ )→ ℓ2(Γ ) given by Uξ(x) = ξ

(
x−1

)
.

Given a unitary representation π : Γ → U (H), the adjoint representation π : Γ → U (H) is given by π(g)ξ =
π(g)ξ. Note that ξ = ⟨·,ξ⟩ is the linear functional.
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If πi : Γ →U (Hi), we define the direct sum representation by⊕
i∈I

πi

(g) =
⊕
i∈I

πi(g),

and if I is finite, we have ⊗
i∈I

πi

(g) =
⊗
i∈I

πi(g).

Lemma (Fell’s Absorption Principle): Let π : Γ → U (H) be a unitary representation of a discrete group
Γ , and let 1H be the trivial representation of Γ on H . Then, λ⊗π and λ⊗ 1H are equivalent.

Proof. Consider the unitary in U (ℓ2(Γ )⊗H) given by U
(
δg ⊗ ξ

)
= δg ⊗π(g)ξ for all g ∈ Γ and ξ ∈H . Then,

for all h,g ∈ Γ and ξ ∈H , we have

(U ∗(λ⊗π)(h)U )
(
δg ⊗ ξ

)
= (U ∗(λ⊗π)(h))

(
δg ⊗π(g)ξ

)
= U ∗

(
δhg ⊗π(h)π(g)ξ

)
= δhg ⊗π(hg)−1

π(h)π(g)ξ

= (λ⊗ 1H )(h)
(
δg ⊗ ξ

)
.

For any ξ,η ∈ ℓ2(Γ ), the convolution of ξ with η is

ξ ·η(x) =
∑
g∈Γ

ξ(g)η
(
g−1x

)
=

∑
g∈Γ

ξ
(
xg−1

)
η(g).

By Cauchy–Schwarz, we have ξ · η ∈ ℓ∞(Γ ) with
∥∥∥ξ ·η∥∥∥

ℓ∞
≤ ∥ξ∥ℓ2

∥∥∥η∥∥∥
ℓ2

. If ξ,η ∈ ℓ1(Γ ), we have
∥∥∥ξ ·η∥∥∥

ℓ1
≤

∥ξ∥ℓ1

∥∥∥η∥∥∥
ℓ1

.

Given ξ ∈ ℓ2(Γ ), we set

Dξ =
{
η ∈ ℓ2(Γ )

∣∣∣ ξ ·η ∈ ℓ2(Γ )
}
;

D ′ξ =
{
η ∈ ℓ2(Γ )

∣∣∣ η · ξ ∈ ℓ2(Γ )
}
,

with

Lξη = ξ ·η
Rξη = η · ξ

acting on Dξ and D ′
ξ

respectively.

Lemma: The operators Lξ and Rξ have closed graphs in ℓ2(Γ )⊕ ℓ2(Γ ).

Proof. Let (ηn)n→ ℓ2(Γ ) be a sequence such that ηn→ η ∈ ℓ2(Γ ), and Lξηn→ ζ ∈ ℓ2(Γ ). Then, for any x ∈
Γ , we have

∣∣∣ζ(x)− (ξ ·η)(x)
∣∣∣ ≤ ∥ξ∥ℓ2

∥∥∥ηn −η∥∥∥ℓ2
, so ξ ·η = ζ ∈ ℓ2(Γ ), meaning η ∈Dξ and Lξη = ζ.

A left convolver is a vector ξ ∈ ℓ2(Γ ) such that ξ · ℓ2(Γ ) ⊆ ℓ2(Γ ). If ξ is a left convolver, then by the closed
graph theorem, we have Lξ,Rξ ∈ B(ℓ2(Γ )) whenever ξ is a left(/right resp.) convolver. The space of left-
/right convolvers contains δg for each g ∈ Γ .

Let L(Γ ) be the set of left convolvers, and R(Γ ) the space of right convolvers. Setting ξ(x) = ξ(x−1), we have
L∗
ξ

= Lξ, with Lξ·η = LξLη. This gives the structure of unital ∗-subalgebras for both L(Γ ) and R(Γ ). In fact,
we have something more.
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Theorem: Let Γ be a discrete group. Then, L(Γ ) and R(Γ ) are von Neumann algebras. Furthermore, L(Γ ) =
im(ρ)′ and R(Γ ) = im(λ)′ .

Proof. It is enough to show that L(Γ ) = R(Γ )′ = im(ρ)′ . Note that we automatically have the inclusions L(Γ ) ⊆
R(Γ )′ ⊆ im(ρ)′, so we only need to show that im(ρ)′ ⊆ L(Γ ). Let T ∈ im(ρ)′, and set ξ = T δe. Then, for all
g ∈ Γ , we have

ξ · δg = ρ
(
g−1

)
(T δe)

= T ρ
(
g−1

)
δe

= T δg .

By linearity and continuity, this extends to all η ∈ L(Γ ), so T = Lξ ∈ L(Γ ).

Proposition: Let Γ be a discrete group. Then, τ(x) = ⟨xδe,δe⟩ defines a normal faithful trace on L(Γ ).

If Γ is abelian, then the dual group Γ̂ D Hom
(
Γ ,S1

)
becomes a compact group when endowed with the

topology of pointwise convergence. This group then admits a Haar measure, which we may normalize by
setting µ

(
Γ̂
)

= 1.

Define the Fourier transform F : ℓ2(Γ )→ L2

(
Γ̂
)

by

(F ξ)(χ) =
∑
g∈Γ

ξ(g)
〈
χ, g

〉
,

where
〈
χ, g

〉
implements the Pontryagin duality between Γ and Γ̂ . This map is a unitary between ℓ2(Γ ) and

L2

(
Γ̂
)
.

If ξ is a left convolver, then Lξ = F −1MF ξF , so we obtain a canonical isomorphism between L(Γ ) and
L∞

(
Γ̂
)
, where

τ
(
Lξ

)
=

∫
F ξ dµ

for every Lξ ∈ L(Γ ).

If x =
∑

g∈Γ αgδg ∈ ℓ2(Γ ), then we will also write x, or we will write
∑

g∈Γ αgug , to denote the operator

Lx ∈ L(Γ ). The set
{
αg

}
g∈Γ

are called the Fourier coefficients of x.

Definition: A discrete group Γ is said to be infinite conjugacy class (icc) if every nontrivial conjugacy class
of Γ is infinite.
Theorem: Let Γ be a discrete group. Then, L(Γ ) is a factor if and only if Γ is icc.

Proof. Let h ∈ Γ \ {e}, and suppose hΓ D
{
ghg−1

∣∣∣ g ∈ Γ } is finite. Setting

x =
∑
k∈hΓ

uk ,

we have that x <C1, and for all g ∈ g, we have

ugxu
∗
g =

∑
k∈hΓ

ugkg−1

= x,

so x ∈
{
ug

}′
g∈G
∩L(Γ ) = Z(L(Γ )).

Conversely, if Γ is icc, and x =
∑

g∈Γ αgug ∈ Z(L(Γ )) \C1, then for all h ∈ Γ , we have

x = uhxu
∗
h
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=
∑
g∈Γ

αguhgh−1

=
∑
g∈Γ

αh−1ghug ,

so all the Fourier coefficients for x are constant on conjugacy classes. Since x ∈ L(Γ ) ⊆ ℓ2(Γ ), we have that
αg = 0 for all g , e, meaning x = τ(x) ∈C.

Group Measure Space

Let Γ be a discrete group acting on a finite measure space (X,µ). We say the action is quasi-invariant if,
for each g ∈ Γ and every measurable E ⊆ X, we have that gE is measurable, and µ(gE) = 0 if and only
if µ(E) = 0. If we have that µ(gE) = µ(E) for all g ∈ Γ and measurable E ⊆ X, then we say the action is
measure-preserving.

A quasi-invariant action of a group induces an action on the space of measurable functions of the group
given by g 7→ αg , where αg (f )(x) = f

(
g−1x

)
. Furthermore, if f ∈ L∞(X,µ), then

∥∥∥αg (f )
∥∥∥
L∞

= ∥f ∥L∞ .

Now, for each g ∈ Γ , the pushforward g∗µ is given by g∗µ(E) = µ
(
g−1E

)
. If the action is quasi-invariant, then

g∗µ≪ µ, so there is a Radon–Nikodym derivative dg∗µ
dµ that is positive and integrable, with∫

σg−1(f ) dµ =
∫

f dg∗µ

=
∫

f
dg∗µ

dµ
dµ.

The Koopman representation of the action is the representation π : Γ →U (L2(X,µ)) given by

πg (ξ) =
(
dg∗µ

dµ

)1/2

αg (ξ).

We observe that if f ∈ L∞(X,µ), ξ ∈ L2(X,µ), and g ∈ Γ , then

πgMaπg−1(ξ) = πg

a(dg−1
∗ µ

dµ

)1/2

αg−1(ξ)


= αg (a)

(
dg∗µ

dµ
αg

(
dg−1
∗ µ

dµ

))1/2

ξ

= Mαg (a)ξ

If we let H = L2(X,µ)⊗̄ℓ2(Γ ), then we have the normal representation of L∞(X,µ) on H given by a 7→Ma⊗1 ∈
B(H). Furthermore, we have the diagonal action of Γ on H given by ug = πg ⊗λg ∈U (H).

Remark: Note that we can also view H as ℓ2(Γ ,L2(X,µ)) — that is, the space of square-summable sequences whose en-
tries are elements of L2(X,µ).

The group measure space construction associated to the action of Γ is the von Neumann algebra L∞(X,µ)⋊ Γ
generated by the operators Ma ⊗ 1 and ug . We may consider L∞(X,µ) as a von Neumann subalgebra of
L∞(X,µ) ⋊ Γ , and ugaug−1 = αg (a) under this identification. Furthermore, by Fell’s absorption principle,
we have π⊗ λ � 1⊗ λ, meaning that the map λg 7→ ug extends to L(Γ ), so we also have an inclusion L(Γ ) ⊆
L∞(X,µ)⋊ Γ .

We will consider L2(X,µ) as a subspace of L2(X,µ)⊗̄ℓ2(Γ ) given by Uξ = ξ⊗ δe. Then, e : L2(X,µ)⊗̄ℓ2(Γ )→
L2(X,µ) will be the orthogonal projection, and we let E : L∞(X,µ)⋊ Γ → B(L2(X,µ)) be given by E(x) = exe.
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Interactions

A simple question we may be interested in is understanding the various properties of the action of Γ on
(X,µ), and how they are reflected in terms of L(Γ ) or L∞(X,µ)⋊ Γ .

Definition: Let A ⊆M be von Neumann algebras, with A abelian. We say A is a masa (maximal abelian
self-adjoint subalgebra) if A′ ∩M = A.

Definition: If G is a probability measure preserving (pmp) action on (X,µ), we say the action is essentially
free if for all g ∈ G \ {e}, we have that

µ({x ∈ X | gx = x}) = 0.

Equivalently, the action is free if, for all E ⊆ X with µ(E) > 0, we have a ∈ L∞(X,µ) such that(
a−αg (a)

)
χE , 0

Definition: We say an action of G on (X,µ) is ergodic if, whenever E ⊆ X is a measurable subset with gE =
E, then µ(E) = 0 or µ(E) = 1.

Definition: We say a Borel probability measure space (X,µ) is standard if there exists a compact metric space
Y and Borel probability measure ν on Y such that (Y ,ν) � (X,µ) as measure spaces, modulo null sets.

Proposition: Suppose G acts via probability measure preserving transformations on a standard measure
space (X,µ). If the action of G is essentially free, then L∞(X,µ) is a masa in L∞(X,µ)⋊G.

Proof. Without loss of generality, we may assume that X is a compact metric space. Let x ∈ L∞(X,µ)′ ∩
L∞(X,µ)⋊G. We may write

x =
∑
g∈G

xgug ,

where xg ∈ L∞(X,µ).

Then, for all f ∈ L∞(X,µ), we have

xf =
∑
g∈G

xgαg (f )ug

f x =
∑
g∈G

f xgug .

Therefore, we have that f xg = αg (f )xg for all g ∈ G and all f ∈ L∞(Xµ). Therefore, all we need to show
is that g = e, meaning that we are only dealing with the projection onto the subalgebra L∞(X,µ) ⊗ δe �
L∞(X,µ).

Fix g ∈ G with g , e, so that µ({x ∈ X | gx = x}) = 0. Suppose toward contradiction that xg , 0. Let d be a
metric on X. Then, for all ε > 0, we have that

µ
({
p ∈ X

∣∣∣ d(gp,p) ≥ ε,xg (p) , 0
})
> 0.

Set A =
{
p ∈ X

∣∣∣ d(gp,p) ≥ ε,xg (p) , 0
}
. Then, there exists p ∈ A such that µ(U (p,ε/3)∩A) > 0. For all z,y ∈

U (p,ε/3)∩A, we have

d(gz,y) ≥ ε− d(z,y)

> ε− 2ε
3

=
ε

3
> 0.
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Set E = U (p,ε/3)∩A. Then, χExg = χgExg by our finding above, yet since gE∩E = ∅, µ(E) , 0, and xg (p) , 0

for all p ∈ E, we have
〈
χExg ,χgExg

〉
= 0 while

∥∥∥χExg∥∥∥2
> 0, which cannot happen.

Therefore, we must have x = xe ∈ L∞(X,µ).

Proposition: Let G act on a standard Borel probability space (X,µ) by pmp transformations. The following
are equivalent:

(i) the action is ergodic;

(ii) if ξ ∈ L2(X,µ), and αgξ = ξ for all g ∈ G, then ξ ∈C1;

(iii) if ϕ : X → C is measurable, and αgϕ = ϕ for all g ∈ G, then there exists λ such that ϕ = λ almost
everywhere.

Proof. The direction (iii) implies (ii) is clear from the fact that L2 functions are measurable.

Next, we show (ii) implies (i). If we let f = χE , then∥∥∥αgχE −χE∥∥∥2
L2

= µ(gE△E)∥∥∥χE − µ(E)1
∥∥∥2
L2

= µ(E)µ(Ec).

Since both of these measures are finite, the fact that the action of G is ergodic follows.

Finally, we show (i) implies (iii). Given ε > 0, there exists z such that µ
(
ϕ−1(U (z,ε))

)
> 0, so that ϕ−1(U (z,ε))

is G-invariant.

In particular, since the action of G is ergodic, µ
(
ϕ−1(U (z,ε))

)
= 1, so ϕ ∈ L∞(X,µ). Let C be an essential

bound for ϕ.

Consider the set

E =
⋂{

B(p,ε)
∣∣∣∣ ε > 0, |p| ≤ C,µ

(
ϕ−1(U (p,ε))

)
= 1

}
.

Then, since X is compact, it follows that E = {λ}, and for all ε > 0, we have µ
(
ϕ−1(U (λ,ε))

)
= 1, so that

ϕ = λ almost everywhere.

Corollary: Let (X,µ) be a standard probability space equipped with an essentially free pmp G-action. Then,

(i) Z(L∞(X)⋊G) =
{
f ∈ L∞(X)

∣∣∣ αgf = f almost everywhere for all g ∈ G
}
;

(ii) L∞(X)⋊G is a factor if and only if the action is ergodic.

Proof.

(i) If αgf = f almost everywhere for all g, then f ∈ L∞(X)′, so ugf =
(
αgf

)
ug = f ug , meaning that for

all g ∈ G, we have f ∈ Z(L∞(X)⋊G).

Conversely, if f ∈ Z(L∞(X)⋊G), then f ∈ (L∞(X)⋊G)′ ∩ L∞(X) = L∞(X) as the action of G is essen-
tially free. Therefore, αgf = ugf u

−1
g = f .

(ii) This follows from (i) and the previous proposition.

Note that if the action is not essentially free, then it is not necessarily possible to show that (L∞(X,µ))′ ∩
(L∞(X)⋊G) = L∞(X,µ). For instance, the action of G is trivial, then

L∞(X)⋊G � L∞(X)⊗̄L(G).

In particular, we cannot say that the action of G is ergodic if and only if L∞(X)⋊G is a factor. We will seek
to resolve this issue by “modding out” by stabilizers in some reasonable fashion.
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Equivalence Relations

We start by considering a type of “mass transport principle” on an equivalence relation R⊆ X ×X, where
(X,µ) is some probability space. From now on, we will disregard null sets (i.e., “every” means “almost
every”). We will also assume that (almost) every orbit of R is infinite.

Definition: If R⊆ X ×X is an equivalence relation, andW ⊆R is Borel, then we define

ν(W ) =
∫
X
µ
(
{y ∈ X

∣∣∣ (x,y) ∈W}
)
dµ(x).

Note that since µ is invariant under R, we have that∫
X
µ
(
{y ∈ X

∣∣∣ (x,y) ∈W}
)
dµ(x) =

∫
X
µ
(
{x ∈ X

∣∣∣ (x,y) ∈W}
)
dµ(y).

Note that if f : X1 → X2 is a Borel isomorphism, then there is a unique πf : L∞(X1) → L∞(X2) given by

πf (φ)(x) = φ
(
f −1(x)

)
.

Now, consider the space L2(R,ν). If φ ∈ [[R]], and ξ ∈ L2(R,ν), define(
uφξ

)
(x,y) = χran(φ)(x)ξ

(
φ−1(x), y

)
.

That is, (
uφξ

)
(x,y) = ξ

(
φ−1(x), y

)
if x ∈ ran(φ) and 0 otherwise. The von Neumann algebra L∞(X) acts on L2(R,ν) by multiplication in the x
coordinate:

(Fξ)(x,y) = F(x)ξ(x,y).

If φ ∈ [[R]] and F ∈ L∞(X), then Fφ ∈ L∞(X) can be defined by

Fφ(x) = χran(φ)(x)F
(
φ−1(x)

)
.

That is, Fφ(x) = F
(
φ−1(x)

)
if x ∈ ran(φ) and 0 otherwise. We call this the left-regular representation of R.

Similarly, it is possible to define the right-regular representation of R by taking
(
vφξ

)
(x,y) = 1ran(φ)(y)ξ

(
x,φ−1(y)

)
.

Proposition: If φ,ψ ∈ [[R]], the following hold:

(i) uφuψ = uφψ;

(ii) u∗
φ

= uφ−1 ;

(iii) u∗
φ
uψ = χdom(φ) and uφu

∗
φ

= χran(φ);

(iv) uφF = Fφuφ for any F ∈ L∞(X).

Definition: Define the von Neumann algebra L(R) ⊆ B(L2(R,ν)) to be the von Neumann algebra gener-
ated by the set

{
uφ

∣∣∣ φ ∈ [[R]]
}
.

Likewise, define R(R) ⊆ B(L2(R,ν)) to be the von Neumann algebra generated by
{
vφ

∣∣∣ φ ∈ [[R]]
}
.

We will specialize this for the case of the von Neumann algebra L(R). Observe that L(R) ⊆ R(R)′, so we
may define the canonical anti-unitary J : L2(R,ν)→ L2(R,ν) by (Jξ)(x,y) = ξ(y,x).

Proposition: Let ξ0 = χ∆ ∈ L2(R,ν), where ∆ ⊆R is the diagonal.

(i) We have that ξ0 is a cyclic and separating vector for L(R).
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(ii) The vector state τ = ⟨·ξ0,ξ0⟩ is a faithful normal trace on L(R). In particular, L(R) is a finite von Neu-
mann algebra.

(iii) For any φ ∈ [[R]], we have JuφJ = vφ, and in particular, L(R) = R(R)′ .

Proof.

(i) Let ξ0 = χ∆. For any φ ∈ [[R]], we have

χgraph(φ) = uφ−1ξ0.

Since R can be written as a countable disjoint union of the graphs of Borel isomorphisms, R =
⊔

n graph(gn),
so we may write any W ⊆R as W =

⊔
nWn with Wn = W ∩graph(gn). Since Wn is the graph of a par-

tial Borel isomorphism, we have that χW ∈ L(R)ξ0, so ξ0 is cyclic for L(R).

(ii) It suffices to show that τ
(
uφuψ

)
= τ

(
uψuφ

)
for all φ,ψ ∈ [[R]]. We have

τ
(
uφuψ

)
= µ

({
x ∈ X

∣∣∣ (φ ◦ψ)−1(x) = x
})

= µ
({
x ∈ X

∣∣∣ ψ−1 ◦φ−1(x) = x
})

= µ
({
x ∈ X

∣∣∣∣ φ−1 ◦ψ−1
(
φ−1(x)

)
= φ−1(x)

})
= µ

({
x ∈ X

∣∣∣ (ψ ◦φ)−1(x) = x
})

= τ
(
uψuφ

)
.

Let A = L∞(X) and M = L(R). We have that A ⊆M. There must then exist a unique τ-preserving normal
conditional expectation EA : M → A, by some results in von Neumann algebra theory. It suffices to com-
pute EA

(
uφ

)
for any φ ∈ [[R]]. Denote by eD : L2(R)→ L2(∆, ) the orthogonal projection onto the subspace

of the diagonal.

Proposition:

(i) We have

EA

(
ug

)
= χ{x=g−1x}

for all g ∈ [R].

(ii) We have eD (xξ0) = EA(x)ξ0 for all x ∈ L(R).

Proof. It suffices to show that EA

(
uφ

)
= χ{x=φ−1(x)} for all φ ∈ [[R]]. For this, let φ,ψ ∈ [[R]]. Then, if f =

χ{x=φ−1(x)}, we have

τ
(
EA

(
uφ

)
uψ

)
=

∫
X
EA

(
uφ

)
(x)χ{x=ψ−1(x)} dµ(x)

=
∫
X
EA

(
uφχ{x=ψ−1(x)}

)
dµ(x)

= τ
(
EA

(
uφχ{x=ψ−1(x)}

))
= τ

(
uφχ{x=ψ−1(x)}

)
=

∫
X
χ{x=ψ−1(x)}f (x) dµ(x)

=
∫

f (x)χ{x=ψ−1(x)} dµ(x)
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= τ
(
f uψ

)
,

so that τ
((
EA

(
uφ

)
− f

)
x
)

= 0 for any x ∈M, meaning that EA

(
uφ

)
= f .
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