
States and Representations of C∗-Algebras Avinash Iyer

Representations
Definition: If A is a C∗-algebra, a representation of A is a pair (π,H) where H is a Hilbert space and π : A→
B(H) is a ∗-homomorphism. If A is unital, then we require π(1) = I.

Note that if A does not have an identity, we can extend to the unitization A1 = A⊕ C and define π̃(a, λ) =
π(a) + λI for any a ∈ A and λ ∈ C.

Note that every representation is contractive and the range of any representation is closed.
Example:

(a) If A is a C∗-subalgebra of B(H), then the inclusion map A ↪→ B(H) is a representation.

(b) If (X,Ω, µ) is a σ-finite measure space, then π : L∞(µ) = B(L2(µ)), where π(φ) = Mφ, is a repre-
sentation.

(c) If X is compact, and µ is a positive Borel measure on X, then πµ : C(X) → B(L2(µ)) defined by
πµ(f) =Mf is a representation of C(X).

Definition: Let A be a C∗-algebra.

(i) If d is a cardinal number, H a Hilbert space, we let H(d) denote the direct sum of H with itself over
d. If T ∈ B(H), we let T (d) be the direct sum of T with itself over d, which is known as the d-fold
inflation of T .

Given a representation π : A→ B(H), we have π(d) : A→ B
(
H(d)), defined by π(d)(a) = π(a)(d) is

a representation, which is known as the inflation of π.

If d = ℵ0, we will denote their respective inflations as H(∞) and π(∞).

(ii) If {(πi, Hi)}i∈I is a collection of representations of A, the direct sum of these representations is the
representation

⊕
i∈I

πi : A→ B

(⊕
i∈I

Hi

)
a 7→

⊕
i∈I

πi(a).

Note that since all representations are contractive, the direct sum is in fact a bounded operator. Further-
more, if π is isometric (hence injective), then so too is its inflation.

Example: If X is a compact topological space, and (µn)n is a sequence of positive Borel measures for X,
with corresponding representations πn : C(X) → B(L2(µn)) taking f 7→Mf , then

⊕
n≥1 πn is also a rep-

resentation.
Definition: Two representations (π1, H1) and (π2, H2) are called equivalent if there is a unitary U : H1 →
H2 such that π2(a) = Uπ1(a)U−1.
Definition: If A is a C∗-algebra, then a representation ρ : A→ B(H) is non-degenerate if

[ρ(A)H] = {ρ(a)h | a ∈ A, h ∈ H}
= H.

That is, the reducing subspace [ρ(A)H] for ρ(A) “lives” on the entire Hilbert space, or that the only g ∈
H for which ρ(a)g = 0 for all a ∈ A is 0.
Definition: A representation ρ : A→ B(H) is called cyclic if there is some v ∈ H such that

H = [ρ(A)v].

We call the vector v a cyclic vector for ρ.
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Theorem: Let π be a representation for the C∗-algebra A. Then, there is a family of cyclic representations
{πi}i∈I for A such that

π ∼=
⊕
i∈I

πi.

Proof. Let E be the family of sets of nonzero vectors in H such that [π(A)e] ⊥ [π(a)f ] for any e ̸= f ∈
E ∈ E . Ordering E by inclusion, using Zorn’s Lemma gives us that E has a maximal element E0. Define

H0 =
⊕
e∈E0

[π(A)e].

Let h ∈ H⊥
0 , so that 0 = ⟨π(a)e, h⟩ for all a ∈ A and e ∈ E0. Therefore, if we have a, b ∈ A with e ∈ E0,

we have

0 = ⟨π(b∗a)e, h⟩
= ⟨π(b)∗π(a)e, h⟩
= ⟨π(a)e, π(b)h⟩.

That is, π(A)e ⊥ π(A)h for all e ∈ E0, meaning that E0 ∪ {h} ∈ E , meaning that by maximality of E0,
we must have that h = 0 and H = H0.

Letting He := [π(A)e], then for any a ∈ A, we have π(a)He ⊆ He, and π(a)∗ = π(a∗), so that He re-
duces π(a). If we define πe : A→ B(He), we have that πe is a representation of a, with

π =
⊕
e∈E0

πe.

Definition: A representation π of a C∗-algebra A is called irreducible if the only invariant subspaces for π(A)
are 0 and H.

The best example of an irreducible representation is a cyclic representation.
Lemma: A representation of a C∗-algebra A is irreducible if and only if the only operators commuting with
π(A) are multiples of the identity.
Proof. If π has a nontrivial invariant subspace V , then PV commutes with every π(a) and is not a scalar.
Conversely, if there is a non-scalar operator T commuting with π(A), then either the real or imaginary part
of T is a non-scalar self-adjoint operator S commuting with π(A), so there is some spectral projection P for
S that is neither the 0 projection or the identity that commutes with π(A), meaning that P (H) is an invari-
ant subspace for π(A).

States
For now, we will assume that M is a unital self-adjoint subspace of a C∗-algebra A. If ρ is a linear func-
tional on M , then the equation

ρ∗(a) = ρ(a∗)

defines another linear functional; if ρ = ρ∗, then we call ρ hermitian. Equivalently, ρ is hermitian if
ρ(a∗) = ρ(a). If ρ is a bounded hermitian functional on M , then we claim that

∥ρ∥ = sup{ρ(a) | a ∈Ms.a., ∥a∥ ≤ 1}.

This follows from the fact that if ε > 0, then from the Riesz lemma, we may find a in the unit ball of M
with |ρ(a)| > ∥ρ∥ − ε. For a suitable λ with |λ| = 1, we have

∥ρ∥ − ε < |ρ(a)|
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= ρ(λa)

= ρ(λa)
= ρ
(
(λa)∗

)
.

If a0 = Re(λa), we have ∥a0∥ ≤ 1 with ρ(a0) > ∥ρ∥ − ε. Thus,

∥ρ∥ ≤ sup{ρ(a) | a ∈Ms.a., ∥a∥ ≤ 1},

with the reverse inequality being true by definition.

We say the linear functional ρ is positive if for any a ∈ M+, ρ(a) ≥ 0; if ρ(1) = 1, then we say ρ is a state.
In fact, if ρ is positive, then ρ is hermitian (as we will see below).

We start by considering a version of the Cauchy–Schwarz inequality for states.
Proposition: If ρ is a positive linear functional on a C∗-algebra A, then

|ρ(b∗a)|2 ≤ ρ(a∗a)ρ(b∗b).
Proof. With a ∈ A, we have a∗a ∈ A+, so ρ(a∗a) ≥ 0. Then, since ρ is hermitian, we have that

⟨a, b⟩ = ρ(b∗a)

defines a positive sesquilinear form on A, so the traditional Cauchy–Schwarz inequality gives the desired re-
sult.
Proposition: Let ρ be a bounded linear functional on a C∗-algebra A. The following are equivalent:

(i) ρ is positive;

(ii) for every approximate unit (ei)i∈I , ∥ρ∥ = limi τ(ei);

(iii) for some approximate unit (ei)i∈I , ∥ρ∥ = limi τ(ei).
Proof. We may assume that ∥ρ∥ = 1. To see that (i) implies (ii), we assume ρ is positive, and let (ei)i∈I

be an approximate unit for A. Then, (ρ(ei))i∈I is an increasing net in R that converges to its supremum,
which is not greater than 1, so limi ρ(ei) ≤ 1.

Now, we let a ∈ A be such that ∥a∥ ≤ 1. We have

|ρ(eia)|2 ≤ ρ
(
e2i
)
ρ(a∗a)

≤ ρ(ei)ρ(a∗a)
≤ lim

i
ρ(ei),

so |ρ(a)|2 ≤ limi ρ(ei), meaning 1 ≤ limi ρ(ei).

Showing that (ii) implies (iii) is pretty much by definition. For (iii) implies (i), let (ei)i be an approximate
unit with 1 = limi ρ(ei). Let a ∈ As.a. with ∥a∥ ≤ 1, and write ρ(a) = α + iβ for α, β ∈ R. We may as-
sume that β ≤ 0, and we will show that β = 0. Letting n be any positive integer, we have

∥a− inei∥2 = ∥(a+ inei)(a− inei)∥
=
∥∥a2 + n2e2i − in(aei − eia)

∥∥
≤ 1 + n2 + n∥aei − eia∥,

so that

|ρ(a− inei)|2 ≤ 1 + n2 + n∥aei − eia∥.

Yet, since limi ρ(a− inei) = ρ(a)− in, with limi∥aei − eia∥ = 0, in the limit, we get

|α+ iβ − in|2 ≤ 1 + n2,
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so by expanding, we have

−2nβ ≤ 1− β2 − α2.

Since β ≤ 0, and this inequality holds for all positive n, it follows that β = 0. If a is positive with ∥a∥ ≤
1, we have ei − a is hermitian with ∥ei − a∥ ≤ 1, so ρ(ei − a) ≤ 1. Then, 1 − ρ(a) = limi ρ(ei − a) ≤ 1,
meaning ρ(a) ≥ 0. Thus, ρ is positive.
Corollary: If ρ is a bounded linear functional on a unital C∗-algebra A, then ρ is positive if and only if ρ(1) =
∥ρ∥.
Proof. The sequence consisting exclusively of 1 is an approximate unit for A.

The best-known example of a state is that of the vector state on B(H), given by ρv : B(H) → C,

ρv(T ) = ⟨Tv, v⟩.

for a unit vector v ∈ H.

In fact, we will show in the next section that this is, to an extent, “every” state on a C∗-algebra.

The GNS Construction
The most important fact about states is that they allow us to represent any C∗-algebra as a subalgebra of
B(H).

Theorem (GNS Construction): Let A be a C∗-algebra, and let ρ : A → C be a state. Then, there is a
representation πρ : A→ B(Hρ) with unit cyclic vector ξρ such that

⟨πρ(a)ξρ, ξρ⟩ = ρ(a)

for all a ∈ A.

Furthermore, if ξ is a unit cyclic vector for a representation π : A→ B(Hπ), then the vector state

τ : A→ C

a 7→ ⟨π(a)ξ, ξ⟩

induces a unitary isomorphism of Hρ onto Hπ such that π(a) = Uπτ (a)U−1 for all a ∈ A.
Proof. To start, we let ρ be a state on a C∗-algebra A, and define the subspace

Nρ = {a ∈ A | ρ(a∗a) = 0}.

We see that ρ(b∗a) = 0 if either a or b are in Nρ, meaning there is a well-defined inner product on A/Nρ

given by

⟨a+Nρ, b+Nρ⟩ = ρ(b∗a).

We may define Hρ to be the Hilbert space completion of A/Nρ. We will show that Nρ is a left ideal, by tak-
ing, for a ∈ A and x ∈ Nρ, and using the identity x∗a∗ax ≤ ∥a∥2x∗x, to find

⟨ax, ax⟩ = φ
(
(ax)∗ax

)
≤ φ

(
∥a∥2x∗x

)
= 0,

meaning that ax ∈ Nρ. Furthermore, we see that

∥a(b+Nρ)∥2 = ρ(b∗a∗ab)
≤ ∥a∥2ρ(b∗b)
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= ∥a∥2∥b+Nρ∥2

Therefore, we may uniquely extend elements of a to bounded operators on Hρ, which defines a representa-
tion πρ : A→ B(Hρ).

Now, if A is unital, we observe that 1 +Nρ is cyclic for πρ, as

[πρ(A)ξρ] = {πρ(a)ξρ | a ∈ A}

= {a(1 +Nρ) | a ∈ A}

= A/Nρ

= Hρ,

and we observe that

⟨πρ(a)ξρ, ξρ⟩ = ⟨a(1 +Nρ), 1 +Nρ⟩
= ⟨a+Nρ, 1 +Nρ⟩
= ρ(a).

Meanwhile, if A is not unital, then we may extend ρ to a state τ on the unitization Ã, which induces an isom-
etry V of Hρ to Hτ mapping a + Nρ to a + Nτ that intertwines πρ and πτ , in the sense that V πρ(a) =
πτ (a)V . We may identify Hρ with the subspace V Hρ ⊆ Hτ . This gives that πτ |A = πρ ⊕ 0 in Hρ ⊕H⊥

ρ .
The projection of 1 +Nτ onto Hρ, which we may denote hρ, then satisfies

πρ(a)hρ = πτ (a)(1 +Nτ )
= a+Nτ ,

meaning that hρ is cyclic for πρ, with

⟨πρ(a)hρ, hρ⟩ = ⟨πτ (a)(1 +Nτ ), 1 +Nτ ⟩
= τ(a)
= ρ(a).

Now, for the converse, we see that the linear functional τ defined by

τ(a) = ⟨π(a)ξ, ξ⟩

is positive with norm at most 1; in fact, since for any approximate identity we have π(ei)ξ → ξ, it fol-
lows that τ in fact has norm 1. We have that

Nτ = {a ∈ A | ⟨π(a∗a)ξ, ξ⟩}
= {a ∈ A | π(a)ξ = 0},

so there is a well-defined linear map U0 : A/Nτ → Hπ defined by U0(a+Nτ ) = π(a)ξ, which is isometric,
since

⟨U0(a+Nτ ), U0(b+Nτ )⟩ = ⟨π(b∗a)ξ, ξ⟩
= τ(b∗a)
= ⟨a+Nτ , b+Nτ ⟩,

meaning that U0 extends to an isometric linear map U on Hτ which surjects onto [π(A)ξ] = Hπ since ξ
is cyclic. Therefore, U is unitary, and we have

Uπτ (a)(b+Nτ ) = U(ab+Nτ )
= π(ab)ξ
= π(a)π(b)ξ
= π(a)U(b+Nτ ).

Therefore, Uπτ (a)U−1 = π(a).
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Corollary: If π is an irreducible representation of a C∗-algebra A, and ξ ∈ Hπ is any unit vector, then
π is unitarily equivalent to the GNS representation πτ , where τ is the vector state a 7→ ⟨π(a)ξ, ξ⟩.
Proof. We observe that K = [π(A)ξ] is invariant under π, so by irreducibility we have that K is either
0 or Hπ. Since π is non-degenerate, it follows that π(ei)ξ → ξ for some approximate unit (ei)i, so ξ is a
nonzero vector in K and K is all of Hπ.

Representations and the Extremal Structure of the State Space
The state space, S(A), can be seen to be convex, as if A is unital with φ, ψ ∈ S(A), then

((1− t)φ+ tψ)(1) = (1− t)φ(1) + tψ(1)
= 1.

Furthermore, by taking a net (φi)i∈I ⊆ S(A), we see that the state space is w∗-closed. Thus, from the
Krein–Milman Theorem, it follows that the state space is equal to the w∗-closure of the convex hull of the
extreme points of S(A). The extreme points are known as pure states, and they have a relationship with
representations of A.

Theorem: Let ρ ∈ S(A). Then, the GNS representation πρ is irreducible if and only if ρ is a pure state.
Proof. Let π := πρ be non-irreducible. That is, there is an invariant subspace K ⊆ Hρ with correspond-
ing projection P such that P, I − P ̸= 0. We will write ρ as a nontrivial convex combination of states.

Since K is invariant, π(a)P = Pπ(a) = Pπ(a)P for all a ∈ A. Since ξρ is cyclic, it follows that ∥Pξρ∥ ≠
0, as otherwise we would have

π(A)Pξρ = Pπ(A)ξρ
= PHρ

= 0.

Similarly, we have ∥(1− P )ξρ∥ ̸= 0, meaning that

φ(a) := 1
∥Pξρ∥2

⟨π(a)Pξρ, P ξρ⟩

ψ(a) := 1
∥(1− P )ξρ∥2

⟨π(a)(1− P )ξρ, (1− P )ξρ⟩

define states for A with ρ(a) = (λ)φ(a) + (1− λ)ψ(a), where λ = ∥Pξρ∥2, and 0 < λ < 1. Now, if we had
ρ = φ, then Pπ(a)P = π(a)P would imply that

⟨π(a)ξρ, ξρ⟩ =
1

∥Pξρ∥2
⟨π(a)ξρ, P ξρ⟩

for all a ∈ A, but this is only possible if ∥Pξρ∥2ξρ = Pξρ, implying that ∥Pξρ∥2Pξρ = Pξρ, meaning
∥Pξρ∥2 = 1, contradicting 0 < λ < 1. Similarly, ρ ̸= ψ, ρ thus admits a nontrivial convex decomposition,
meaning ρ is not an extreme point of S(A).

Now, suppose π = πρ is irreducible, with ρ(a) = ⟨π(a)ξ, ξ⟩ for some ξ ∈ Hπ. Suppose ρ = λφ+ (1− λ)ψ
for some states φ, ψ and some 0 < λ < 1. Since ψ and φ are positive, we have that

Nρ = {a ∈ A | ρ(a∗a) = 0}
⊆ Nφ

= {a ∈ A | φ(a∗a) = 0}.

Since π(a)h = π(b)h whenever a− b ∈ Nρ, the Cauchy–Schwarz inequality implies that the sesquilinear
form

(π(a)h, π(b)h) = λφ(b∗a)
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is well-defined on the dense subspace π(A)h ⊆ Hπ. By the polarization identity, (·, ·) is bounded on π(A)h,
so it can be extended to a bounded sesquilinear form q on Hπ, meaning there is some bounded operator T ∈
B(Hπ) such that q(h, k) = ⟨h, Tk⟩. In particular, we have

⟨π(a)h, Tπ(b)h⟩ = (π(a)h, π(b)h)
= λφ(b∗a).

Since φ is positive and π(A)h is dense, it follows that T is a positive operator with norm at most 1. Now,
we claim that T commutes with π(A). If a, b, c ∈ A, then

⟨π(a)h, Tπ(c)π(b)h⟩ = λφ
(
(cb)∗a

)
= λφ(b∗(c∗a))
= ⟨π(c∗a)h, Tπ(b)h⟩
= ⟨π(a)h, π(c)Tπ(b)h⟩,

so since π(A)h is dense, it follows that π(c)T = Tπ(c). Since π is irreducible and T is positive, it follows
that there is some z ≥ 0 such that T = zI. For any approximate identity (ei)i∈I for A and all a ∈ A, it
then follows that

λφ(a) = lim
i∈I

λφ(eia)

= lim
i
⟨π(a)h, Tπ(ei)h⟩

= z⟨π(a)h, h⟩
= zρ(a),

meaning that λ = z, so φ = ρ.
Remark: The operator T in the forward direction of the proof is akin to a non-commutative Radon–Nikodym deriva-
tive.

Lemma: For any a ∈ A, there is a pure state on A such that ρ(a∗a) = ∥a∥2.

Proof. Let Σ be the set of states satisfying ρ(a∗a) = ∥a∥2. This is nonempty as we established existence
earlier, and the collection of all such ρ form a w∗-compact convex subset of A∗. By Krein–Milman, there
is an extreme point ρ of Σ. We claim that ρ is a pure state.

Let φ, ψ ∈ S(A), 0 < λ < 1, and ρ = λφ+ (1− λ)ψ. Then, we have

ρ(a∗a) = λφ(a∗a) + (1− λ)ψ(a∗a)
≤ ∥a∥2

= ρ(a∗a),

so the inequality is equality, meaning that φ(a∗a) = ∥a∥2 = ψ(a∗a). Then, φ and ψ are in Σ, and since
ρ is extreme in Σ, we have that ρ = φ = ψ.
Theorem: Let A be a C∗-algebra. Then, for each a ∈ A, there is an irreducible representation π of A
with ∥π(a)∥ = ∥a∥.
Proof. Choose ρ as in the previous lemma. Then, πρ is irreducible, and

∥a∥2 = ρ(a∗a)
= ⟨πρ(a∗a)ξρ, ξρ⟩
= ∥πρ(a)ξρ∥2

≤ ∥πρ(a)∥2,

which combined with the fact that ∗-homomorphisms are contractive, gives ∥πρ(a)∥ = ∥a∥.
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The Universal Representation
To progress further, we must ensure that the state space separates the points of a C∗-algebra, so that we
may use the states of a C∗-algebra to construct the universal representation.

Lemma: Let A be a C∗-algebra, and let a ∈ As.a.. Then, there is a state ρ of A such that |ρ(a)| = ∥a∥.
In particular, for any a ∈ A, there is a state ρ such that ρ(a∗a) = ∥a∥2.
Proof. We may assume that A has a unit. If we let B = C∗(a), then there is an isometric isomorphism
from C∗(a) ∼= C(B̂), where B̂ is the character space of B. In particular, since â is a continuous map on
a compact space, there is some φ ∈ B̂ such that

|φ(a)| = |â(φ)|
= ∥â∥
= ∥a∥.

Therefore, there is some ρ ∈ A∗ such that ρ|B = φ and ∥ρ∥ = ∥φ∥ = 1. Since φ(1) = 1, we have ρ(1) = 1,
so ρ is a state with |ρ(a)| = ∥a∥. Thus, ρ is a state on A with the desired property.
Proposition: Every C∗-algebra A has a faithful non-degenerate representation.

Proof. For each a ̸= 0 in A, let ρa be a state such that ρa(a∗a) = ∥a∥2. Let πρa be the corresponding
GNS representation with cyclic vector ξρa . Then, πρa(a) ̸= 0, as

0 < ∥a∥2

= ρa(a∗a)
= ⟨πρa(a∗a)ξρa , ξρa⟩

= ∥πρa(a)ξρa∥
2.

Therefore, the representation

π :=
⊕
a∈A
a̸=0

πρa

is a nondegenerate faithful representation.
Definition: The universal representation for A is the pair (Hu, πu), where

Hu =
⊕

ρ∈S(A)

Hρ

πu =
⊕

ρ∈S(A)

πρ.

We observe that, as we showed in the lemma, the state space of A separates the points of A, so this is in
fact a faithful representation.

We will have more to discuss about the universal representation in the notes on von Neumann algebras.
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