The Standard Representation Avinash Iyer

Unbounded Operators

We will discuss some preliminaries of unbounded operators.

Definition: Let H be a Hilbert space. A partially defined operator on H with domain D is a subspace D <
H with a linear transformation T: D — H. We write D = dom(T).

A densely defined operator on H with domain D is a partially defined operator on H whose domain is dense
in H.

Definition: If S and T are partially defined operators, then we say S = T if dom(S) =dom(T)and S=T
on dom(S).

Wesay S C T if dom(S) Cdom(T)and S =T on dom(S).

The operator S + T is the partially defined operator whose domain is dom(S + T) = dom(S) Ndom(T) and
isequal to S + T on dom(S + T). Similarly, ST is the partially defined operator whose domain is defined
by

dom(ST)={£e€H|&edom(T), TE € dom(S)}

and is equal to ST on dom(ST).

Remark: Note that dom(S + T) or dom(ST) may not be dense even if dom(S) and dom(T) are dense, which
is why unbounded operators require a certain level of care.

Furthermore, commutation relations are very strong. For instance, if ST = T'S, then dom(ST) = dom(TS),
which is a very strong condition. For instance, any operator that is not everywhere defined will not com-
mute with the zero operator.

Definition: Given a densely defined operator T on H, the adjoint operator T* is defined by setting dom(T*)
to be the set of vectors x € H for which the functional y — (Tp, x) is bounded (hence continuous). Since
dom(T) is dense in H, the functional extends by continuity to H, so there is a unique vector T*x € H such
that (y, T*x) = (T, x).
Observe that T* may not be densely defined. If S C T, then T* C S*, and we have
S*+T " C(S+T)
T*S*C(ST)"
givenby S, T, S+ T, and ST are densely defined.

Definition: A densely defined operator S on H is called symmetric if

(Sx,9)=(x,5y).
It follows that this happens if and only if S C §*. In particular, this means S is symmetric if and only if
(Sx,x) € R for every x € dom(S).

Given a symmetric operator S and A = a + ip € C, then for every x € dom(S), we have

IS = A1)el® = 1I(S — ok )e|* + B2l
since S —al is symmetric. It follows that S — A1 is injective whenever Im(A) = p is nonzero, with (S — A1)
defined on range(S — A1) is bounded by “3|71.

A symmetric operator S such that S C T for any symmetric operator T implies S = T is called maximal
symmetric. If S = S*, then we say S is self-adjoint. Every self-adjoint operator is maximal symmetric, but
not vice versa.

Definition: A closed operator is an unbounded operator T on H such that

graph(T) == {(x, Tx) | x € dom(T)}

is a closed subspace of H® H.



The Standard Representation Avinash Iyer

The closed graph theorem gives that any everywhere-defined closed operator is bounded.

Definition: An operator T on H is closable if graph”'”H(z) (T)in H® H is the graph of an operator T.

The operator T is closable if and only if for each sequence (x,,), in dom(T) converging to zero, the only
accumulation point of (Tx,), is zero.

If T is a closed operator on H and Dy C dom(T) is a subspace such that T is the closure of Ty = T|p,, then
we say Dy is a core of T.

The Standard Representation

In order to understand the von Neumann algebra of countable Borel equivalence relations (and the pred-
ual of a von Neumann algebra generally), we must discuss the standard representation.

Proposition: Let M be a finite von Neumann algebra with trace t. Then, the map x > x* extends to an
anti-linear isometry J: LZ(M,T) — L2(M,T) with JMJ = M’OB(LZ(M,T)). Here, LZ(M, 7) refers to the GNS
representation of M with respect to the faithful state t.
Proof. For any x € M, we have
Il = )
=1(x"x)

2
= Ilxllz.

Thus, this extends to an anti-linear isometry J: L?(M,t) — L?(M, ). We have (J&,Jn) = (§,1) for all £, 1 €
L*(M, ).

For any & € L?(M, 1), define the unbounded operators Lg: M1, — L*(M, 1) and Rg: M1, — L*(M, 1) by

L(x1,) = (Jx'])E
Rg(xlT) = x¢&.

Here, 1, refers to the cyclic vector for the representation .

If (x;); € M and 1 € L?(M, 1) are such that ||x;||, — 0 and Lg(xilr) — 1, then for all ze M, we have
[(1,2)] = tim| (737 ). 2)
= lilmKé, zx’{>

< Tim[&]lll2llop Il

=0,

meaning that Lg is closable. Completing the graph gives rise to a closed operator L¢, and similarly Rg is clos-
able with corresponding operator Rs. We have that L,; = x for all x e M.

Now, if x,y € M and & € L?(M, 1), then

(Rje(x10),91c) = (xE Y1)
=(y*x1.,&)
= (x1oRe(y1o)),

meaning that Rj¢ = R;. Additionally,

(JLeJ )(x1c) = xJE
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= Rye(xly)
= Re(x1y),

sothat JLg] = RE.
If we set M = {L¢ | L € B(L2(M, 7))} and N = {Re | Ry € B(L3(M, 1))}, then we have J1] = N.

Therefore, it suffices to show that M = M and M’ = N. For this, we observe that M C Mand N € M.
For any x € M’, let £ = x1,. For any y € M, we then have

Re(yl) =vE
=yxlq
=xyl,,
meaning that R¢ = x, so M’ CN. For any Lg € M, we then have Lg € N’ =M"=M,soM C M. O

We observe that by considering the maps R; and L as left and right multiplication by M, the standard
representation can be considered as a M-M-bimodule. For more information on this, see the notes on
completely positive maps.

Affiliated Operators

If (M, 1) is a tracial von Neumann algebra acting on a Hilbert space H, we will show that the closed densely
defined operators on H affiliated with M behave “nicely” in a certain sense.

To start, we discuss some spectral theory of unbounded self-adjoint operators. If x is a self-adjoint op-
erator on a Hilbert space H — that is, a densely defined possibly unbounded operator with x = x*. The
spectrum o(x) is a closed subset of IR. There is a *-homomorphism f — f(x) taking B.,(o(x)) to B(H).

The functional calculus gives a spectral measure E: (O — E(Q), defined by E(Q) = x,(x), on the Borel
subsets of o(x). Setting E; = E((—oo, t]), we have

flx) = f( S0,

The functional calculus is extended to the algebra of all Borel functions B(c(x)) as follows. If f € B(o(x)),
then we have dom(f(x)) is given by

dom(f (x)) = {n eH

j( )If(t)|2 d(n, Esm) < Oo}r
and we define
€Sty = [ faeEm),
o(x)

Whenever f is real-valued, this is a closed densely defined operator, and we may write

flx) = f( Fwar,

X = J tdEt.
o(x)

IF e = j( VR a0 En

Furthermore, we have
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Now, if y € B(H), then we say y commutes with an unbounded operator z if dom(yz) C dom(zy) and zy =
yz on dom(yz). A bounded operator y commutes with a self-adjoint operator x if and only if it commutes
with all its spectral projections. In that case, it commutes with f(x) for every f € B(o(x)).

There is an analogue of the polar decomposition for closed densely defined operators.
Proposition: Let x be a closed densely defined operator on H. Then, the following hold:
(i) x*x is a positive self-adjoint operator;

(ii) there exists a unique partial isometry u such that x = u|x| and ker(x) = ker(u), where |x| = (x*x)1/2.

We have u*u is the source projection onto ker(x)* and uu* is the range projection onto im(x), denoted s,(x)
and s;(x) respectively. We call them the right support and left support of x respectively (note that they are
Murray-von Neumann equivalent projections). An operator y € B(H) commutes with x if and only if it
commutes with both u and |x|.

Definition: Let M be a von Neumann algebra on a Hilbert space H. We say an (unbounded) operator x is
affiliated with M if for every unitary u € U(M’), we have ux = xu. We will write xé M

That is, the operators ux = xu have the same domain and coincide on this common domain. Denote by
M the set of all closed densely defined operators affiliated with M. The following is a consequence of the
double commutant theorem and what we discussed earlier.

Proposition: Let M be a von Neumann algebra, x a closed densely defined operator on H, and x = u|x|
its polar decomposition. Then, x € M if and only if u and the spectral projections of |x| are in M.

In particular, the left and right supports s,(x) and s;(x) are contained in M whenever x € M.

In the case when T is a trace, then M has a particularly nice property.

Proposition: Let (M, t) be a tracial von Neumann algebra on H, and let x,y € M be such that x Cy. Then,
xX=7.

Here, x C y means that dom(x) € dom(y) and x = Y|qom(x)-

Proof. Let

G(x) ={(&x&) | & € dom(x)}.

Almost by definition, x is a closed operator when G(x) is a closed subspace of H & H = H?). Similarly, we
introduce G(y) which is the graph of . Let [G(x)] and [G(v)] be the projections of H(?) onto G(x) and G(y)
respectively.

The algebra M, (M) of 2 x 2 matrices with entries in M is a von Neumann subalgebra of B(H(z)) with com-
mutant given by

M, (M)’ = {diag(a,a) | aeM’}.

We claim that the projections [G(x)] and [G(y)] are in IM,(M). Since xéM, we have for every u’ € U(M’)
that u’x = xu’, so that

diag(u’,u’)[G(x)] = [G(x)]diag(u’, u’),
so that [G(x)] € M,(M)” = M, (M), and similarly for [G(y)].

1 0
P1= (0 0)
in IM,(M). Then, p; is the left support of the element p;[G(x)] and [G(x)] is its right support. Similar rea-

soning holds for p;[G(y)], meaning that [G(x)] ~ p1 ~ [G(v)]-

Since x C y, we have G(x) C G(p), so [G(x)] < [G(y)]. Since M,(M) has a trace, it is finite, so [G(x)] = [G(y)],
meaning G(x) = G(y), whence x = y. O

Consider the projection
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In general, if we consider two closed densely defined operators x and y on H, the domains interact as
dom(x + y) = dom(x) N dom(yp),

which in general is not dense in H (and can even be equal to 0). Yet, if x,y € M, we will show that x +y is

densely defined and closable, which allows us to define an addition (and product) in M.

Lemma: Let x € M. Then, for every & > 0, there is a projection p € M such that pH C dom(x) and t(1 - p) <
€.
Proof. Let x = u|x| be the polar decomposition of x, and set

Pn = X[O,n](lx|)-

Then, p,H € dom(x), with lim,_,, ©(p,,) = 1, so we may find some n large enough with 1 —t(p,)) <e. O

Lemma: Let V be a subspace of H such that for every € > 0, there is a projection p € M with pH C V and
(1 —-p) <e. Then, V is dense in H.

Proof. It suffices to construct an increasing sequence (q,,), of projections with sup,,q, =1and q,HC V.

For each k > 1, find py € M with pyH C V and (1 — p;) < 27F. Defining
=

we have g, H C V, and

(1 —gy,) =T(sup(1 —pk))

k>n

<) wi-py)

k>n
<) 2
k>n
=2
so since T is normal, we have t(1 —sup,, q,,) = 0, whence sup, g, = 1. O
be a family of projections in (M, t). Then,

T(suppi) < ZT(Pi)-

1

Lemma: Let (Pi)ieI

Proof. Using the Kaplansky formula, given two projections p,q € M, we have

WpVg-p)=tg-pAq),

whence t(p V q) < t(p) + t(q). By induction, we have the inequality when [ is finite, and the case for infi-
nite I follows from the normality of . O
Theorem: Let (M, 1) be a tracial von Neumann algebra on H.
(i) Ifxe M, then x* € M.
(ii) If x,p € M, then x + y and xy are densely defined and closable, with closures in M.
(iii) We have M equipped with these operations is a *-algebra.

Proof. (i) Since x* and x have the same domain, this follows from taking adjoints in the definition of x.

(ii) We start by showing that if x,y € M, then x + v is densely defined. Given € > 0, let p,q € P(M) be
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such that pH C dom(x), gH € dom(y), and (1 —p) < &/2, (1 —q) < &/2. Then, we have

(pAgH=pHNqH
C dom(x) Ndom(y)
=dom(x+v),

with

Wl-pAq)=t(1-p)V(1-9)
<t(l-p)+t(l-9q)
<g

50 by one of the above lemmas, we have x + y is densely defined, and is affiliated with M. Similarly,
since x* and y* are affiliated with M, so too is x* + y*. Since x + v C (x* + v*)", it follows that x + p is
closable, and the closure, which we also denote as x + y, is also affiliated with M.

To prove that xy is closable, consider the projections p and g as above. Then, yq is closed and every-
where defined, so it is bounded. Let r be the projection onto the kernel of the operator (1 —p)yg. Then,
rH € dom(xyq), and so (g A r)H € dom(xyp). Since 1 —r < 1 —p, it follows that

l-(qAr)=t((1-q)V(1-71))

so that xy is densely defined, meaning that xy is closable. The closure, also denoted xy, is affiliated
with M.

O
Example: Suppose (X, ) is a probability measure space, and M = L*(X, p) with trace given by integra-
tion against p. Consider the standard representation of M on L?(X, ), and let f : X — C be a measurable
function with multiplication operator My. Then,

dom(My) ={€e L*(X, 1) | fE € L*(X, )}

is a closed, densely defined affiliated operator. It can also be shown that every closed densely defined op-
erator affiliated with M is of this form, meaning that M can be identified with the complex-valued measur-
able functions modulo null sets.

Noncommutative L2 Spaces

We let (M, 1) be a tracial von Neumann algebra represented in standard form on L?(M, t) with unit cyclic
vector 1. The representation of M on LZ(M, 1) will be denoted M.
| Definition: A closed densely-defined operator x on L?>(M, 1) is called square-integrable if 1 € dom(x).
Given & € L?(M, 1), the densely defined operator L, given by extending the map x1 + (JxJ*)& is bounded
if and only if € € M.
Theorem: For every & € L?(M, 1), the operator L is square-integrable. Moreover, the map & - L¢ is a bi-
jection from L?(M, T) onto the space of square-integrable operators.
Proof. Let & € L*(M, 1). Then, every unitary operator in M’ = R(M) is of the form R, where u € U(M).
For all x € M, we have
R,L¢(R,)% = R, Lexu*
=Ry Ry &
=Ryyul
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=R, &
= L%,

Since M is an essential domain of both R,Lg¢(R,)" and Lg, it follows that they coincide, so Lg is affiliated with
M, with 1 in the domain of Lg.

We show that & — L is linear. For any &, € L*(M, 1), we have

LO

—70,70
E}+Y|_L(5+L,1

c L§+qu

so that the closure of Lg“l is such that L£+n CLg+ Lﬂ‘ whence they are equal as if x,p € M with x C v, then
xX=y.
The map & > Lg is injective since & = Lg 1. Therefore, it remains to show surjectivity. Let T be a square-
integrable operator, and set § = T1. Then, for any x € M, we have
Lt =R, T1
=TR, I
=T%,

whence Ly CTsoLg=T. O

Therefore, we may consider elements of LZ(M, T) as operators undg this identification. For any x € M and
& € L*(M, 1), we have &x and x§ are products of two operators in M, with adjoint corresponding to the
canonical conjugation operator. For the latter, observe that if x,y € M, then

(6 Le9) = (2 R,2)
=(Ry-2,)
={w".5)
= (1&,9%)
=(J& R P)
=(RJE D)
= (Lyex.9)
Therefore, we have L C (L;’)*, whence Lj; = (LE)*. We will often write J§ = £*, and say & is self-adjoint
whenever & = JE.
We can now provide characterizations of self-adjoint and positive square-integrable operators.
Proposition: Let £ € L(M, 7). The following are equivalent:
(i) &is self-adjoint;
(ii) (&, x)eRforall xe M, ;
(iii) there exists a sequence (x,), C M, such that lim,]||X, — &||, = 0.

n —

Proof. For any & € L>(M, 1) and x € M, , we have

(&%) =& %),

which gives the equivalence between (i) and (ii).

Now, we show that (i) implies (iii). Let & = J&. Then, there exists a sequence (x,,),, € M such that lim,||%, — &||, =



The Standard Representation Avinash Iyer

0. Setting

Xyt x;,
Vn = 2
€ MS‘aJ

then since conjugation is an isometry, we have

= JE||, = 1% — &l

so that lim,,”;én - E”T = 0. The converse follows from the fact that J is an isometry. O
We will say that & € L?(M, 1) is positive if L is positive and self-adjoint. That is, <11,L;711> >0forallne
dom(Lg).
Proposition: Let £ € L?>(M, 1). The following are equivalent:
(i) &is positive;
(ii) (%,&) =0 for all x e M;
(iii) there exists a sequence (x,), in M, such that lim,]|X, - &||, = 0.

Proof. Note that & is positive if and only if <J€, L53€> > 0 for all x € M. Write x € M, as x = yy*, so that

(%€= (9. Led),
which gives the equivalence between (i) and (ii).

Now, we prove (iii) implies (i). Suppose there is a sequence (x,,), in M, such that lim,||%, — &||, = 0. Then,
we have & = JE, so if we write x,, = y;,y,, then

(£, x,%) = (U, U X)
>0,
with
(% Lex) = (%, R, &)
=lim(%, R, %,,)
n
=lim(%, x,, %)
n
> 0.
Finally, for (iii) implies (i), let e, be the spectral projection of  relative to [0, n].

Then, ¢,& € M,, with lim,|le,,& - &||, = 0. O

If a € M is any element, then denote by T, the linear functional x > t(ax) (where T is the trace on M).
Observe that if a € M, then 1, is a positive linear functional, and T, <||4||t.

Proposition (Noncommutative Radon-Nikodym Theorem, Version 1): Let @ be a positive linear functional
on (M, 1), and suppose there is A € R, such that ¢ < At. Then, there is a unique a € M such that ¢ = 1,
with 0 <a <Al

Proof. Scaling allows us to assume that A = 1. Define a linear functional { on M by {(%) = ¢(x). By Cauchy-
Schwarz, we have

[b(2)] < @(1)p(x*x)

< t(x*x)
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5112
= [I%[lz-

Therefore, { extends to a continuous linear functional on L?(M, t) that we still denote . By the Riesz Rep-
resentation theorem, there is & € L?(M, 1) such that {(1) = (&, 1), where we use linearity in the second
variable. In particular, we have @(x) = (£, X). We have that & is positive.

Similarly, we have

>0,

meaning 1-&>0,s0that 0 <& < 1. This means that & is norm-bounded by i, meaning that £ = 4 with
0<a<1,whence ¢ =r1,.

If ¢ = 13, for another b € M, then t((a—b)(a—b)")=0,s0a="b. O
The element a4 is called the Radon-Nikodym derivative for ¢ with respect to t. We will discuss a more
powerful version of the Radon-Nikodym theorem after discussing integrable operators.

First, we recall the Powers—Stermer inequality, which is proven in these notes. For £ € L*(M, 1), define wg
to be the positive linear functional given by x — (&, xE) on M. Then, the following holds.

Theorem (Powers—Stgrmer): We have

&=l < lloe = ol < fle=nll e+l

for every £, 1€ LZ(M, ),

In particular, we can use this theorem to see that any normal positive linear functional on M is a vector
state.

Theorem: The map & — wg is a homeomorphism from L?(M, 1), onto the cone of normal positive linear
functionals on M.

Proof. Injectivity follows from the inequality

2

le=nll; < flog = o
Now, let @ be a positive normal linear functional on M. We claim that for every & > 0, there is a € M, such
that ”(p - wdH < &. From the structure of normal linear functionals, we have some &,,...,&,, in L?(M, 1) such

that
m
(P - Zwék S 8/21
k=1

so that there are ay,...,a,, € M with

<e

m
=)
k=1

Since we have

m
)_on =
k=1

where b=} 1", axay > 0, the claim follows from setting a = bl/2,
Now, take a sequence (b,,),, in M such that lim,, wj = Q. From the Powers—Stormer inequality, the sequence

(l;”)n is Cauchy, so it converges to an element & € L?(M, 1),, whence ¢ = ws.

The proof that it is a homeomorphism follows applying Powers—Stermer to establish continuity in both di-
rections. O
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Noncommutative L! and the Predual

Definition: Let x € M, and let E be the spectral measure for |x|. We say x is integrable if
J |t d(E,) :f I (1, E 1),
R R
where E; = E((—oo, t)).

The set of integrable operators is denoted L' (M, 1). Generally, we may define LP(M, 1) to be the space of
all x € M such that flR|t|p dt(E;) < co. We have L*(M, 1) = M.

We have that M C L*(M, ) C L' (M, 1). Soon, we will see that L!(M, t) is a Banach space whose dual is M.

We extend 1|y, to a map T: M, — [0,00] by the formula

T(x) = J;R tdt(E;)

:L+td<i,Eti>.

Lemma: For every x,y € ]\ﬁ/f+ and A > 0, we have

T(x+y) =t(x)+1(p)
T(Ax) = At(x).

Moreover, for every x € M )
T(x*x) = t(xx").
Proof. Let e, be the spectral projection of x + ¢y corresponding to [0, n]. Then,
T(x+y) =limt((x+p)e,)
n

=lim(e,xe, +e,ve,).
n

Since both (e, xe,), and (e, ve,), are bounded sequences with both (t(e,xe,)), and (t(e,ve,)), increasing, we
have

©(x+yp) =limt(e,xe,) +limt(e,pe,)
n n

2
-

Ve[ + timlly e,

= lim”x

n
If we have t(x) < oo, then x!/2 € L%(M, 1), whence
e = )

=1(x),y

liigon

so that t(x +v) = t(x) + t(y) whenever t(x) < co and t(y) < co.

172 4

Now, we claim that if t(x) = co, then lim,, t(e,,xe,) = co. Else, it follows that (x en)n is a Cauchy sequence

in L2(M, ) that converges to some &. Since x!/? is a closed operator, it follows that { is in its domain with
x1/21 = &, which is a contradiction. Then, since

teq(x +y)e,) > (e, xe,),
it follows t(x +v) = 00 = T(x) + (V).

The proof that t(Ax) = At(x) follows from the linearity of Tt when t(x) < co and a comparable argument
when t(x) = co.

10



The Standard Representation Avinash Iyer

Finally, given a polar decomposition x = u|x| € M, where u € U(M), we see that
Et(u|x|2u*) = uEt(|x|2)u*,
where E,(y) is the spectral projection of v € M, relative to (—co, t]. It follows that
T(Et(u|x|2u*)) = T(uEt(|x|2)u*)

= o{ (1))

O
Comparable to the general discussion of weights and semifinite traces on von Neumann algebras, we set

n:{xeﬁ|r(x*x)<oo}

n
m= {in})z‘ Xi,Yi € H}-

Lemma: Let 1: M, — [0, 0] be defined as above. Then,

i=1

(a) mand m are self-adjoint M-M-bimodules contained in M;

(b) we have
mNM, :{xe]\ﬁ/ir ( T(X)<oo},

and m is generated as a subspace m N M,;

(c) the restriction of T to mNM, extends to a unique linear functional t on m with ©(x*) = t(x) for every
xem;
(d) we have t(xy) = t(yx) forany x,yenorxe M and y e m.
Proof.

(a) Let x,y e n. Then,
(x+p)(x+p)+(x =)' (x—p) = 2(x"x + "),

whence T((x + )" (x + 7)) < co. Therefore, n is a subspace of M that is also self-adjoint. For any u €
U(M), we have t((ux)*(ux)) = t(x*x), so n is a M-M-bimodule. A similar process gives the analogous
result for m.
(b) Letz= Z;’:l x;yj with x;,; € n. Since
n 3 .
4z = i_k(X]' + lky]) (X] + Zky] ),
=1 k=0

—.

we have that m is linearly spanned by m N M,.
If z is self-adjoint, then
n n

4z = Z(xj +}7j)*(xj +Vj)_ (xj _yf)*(xj _yj)’

j=1 j=1

so that z is the difference of two elements of m N M+. Moreover, since

n
z< Z(X] +y]) (X] +;l)]'),
j=1

11
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it follows that m N M, C {x eM, | T(x) < oo}. The opposite inclusion is immediate by the definition
of n and m.

(c) Every element x € m is written as x; — x, + i(x3 — x4) where each x; are in m N M., . Then, if we set
T(x) = t(xq) — T(xz) +i(T(x3) — T(xy)).
Since T is additive on M+, then this definition is not ambiguous. Moreover, the extension is linear and
self-adjoint.

(d) The equality t(xy) = t(yx) for any x,y € n follows from extending the fact that t(x*x) = t(xx") and
using polarization.

Finally, for x € M and y;,v, € n, we have

(xy1)y2
V2(xy1)
(

tx(y192)) =T )
)
Y2X)91)
)
)

=T

V1(2x)

(
(
(
(
((¥192)x).

T
T
T

O
Alternatively, we could have started by observing that n = L?(M, 1), following from the fact that T(x*x) =
7(xI?) and E,(|x|) = Ep2([x[?).

Therefore, when £ € L*(M, 1), we have [[g]|. = [I[€]ll, = ©(£°€)'/%. By polarization, we have

€M) = (&M
80 wg,, is the linear functional taking M 3 x - T(£"xn).

Meanwhile, we have

1n={xe]\7 | T(|x|)<oo}

=LY (M, ),

as we may write x = (ulxll/z)(|x1/2|). In particular, this means L' (M, 1) is the set of products of two ele-
ments of LZ(M, ).
Now, we focus on computing the predual of M. Given a € L'(M, 1), set |ja||;1 = t(|a|). Moreover, denote

by 1, the linear functional x - t(ax) defined on M. Observe that wg, = T, and in particular, we have

|a|1/2 and 1 = ulall/z.

T, = wg,y when & =
Theorem: Let (M, ) be a von Neumann algebra acting on LZ(M, 7).
(i) The map a +> T, is a linear, injective map from L!(M, 1) onto the space M, of WOT-continuous lin-
ear functionals on M in standard form, with

Itall = (lal) = llall -

(ii) The space (L1 (M, ), ||-||L1) is a Banach space whose dual is M when x € M is viewed as the functional
a— t(ax).
(iii) The topology o(M, M, ) is the WOT associated with the standard representation.
Proof.

(i) We will prove the equality in the statement, which will immediately give injectivity.

12
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Let a = u|a| be the polar decomposition of a. For any x € M, Cauchy-Schwarz gives

a0l = [<(lal"/?)(xulal" )
— <|a|1/2,xu|a|1/2>1
< [llat'/2 [ [xoatal ]

1/2 1/2
< t(|al)™“[lx[|(lal)

< t(|a])llxl

whence ||t,|| < t(|a]). Taking x = u* gives 1,(u*) = t(|a|), so we get equality.

Since every positive element in M, is of the form wg = Tg2 with & € LZ(M, T), and M, is linearly gen-
erated by its positive elements by polarization, we get the desired result.

(i) Identify M, with L'(M,t). Using the polar decomposition a = u|a|, we have that every ¢ = 1, € M,

may be written as wg ,, where € = |a|l/2 and 1 = u|a|1/2. Therefore, ||E||, = HHHT = H(p“l/z.

We claim that M, is closed in M*. Let w be an element of the norm closure of M,. We have

00
0=) on
k=1

where each ¢y is a WOT-continuous linear functional with ||(pk“ < 27% for each k > 2. From the ear-
lier observation, we have

(o)
w= Z("Ek,ﬂk
k=1

satisfying (Ex )i, (Mk)i € L*(M,t)®Y, (i.e., they are square-summable with respect to the norms from
7). By the polarization identity, we have w is a linear combination of normal linear functionals, so that
w € M,, meaning M, is complete and so is L (M, 7).

Finally, for each x € M, define the map x: M, — C taking w — w(x). Since M is the dual space of
M,, it follows that ||x|| = ||x]| for any x € M.

Let v € (M,)". The map &n)— <v, wm> is a continuous sesquilinear form, so there exists x € B(LZ(M, T))
such that

<V' wé,n> = (& x1n)

for every &1 € L>(M, ). Given y € M’, the functionals induced by wg,yy and wysg , are equal, so that
x commutes with y, whence x e M and X = v.

O

A Taste of Tomita—Takesaki Theory

The standard representation in fact generalizes to a wider setting — namely, T can be merely a faithful
normal state instead of having to be a trace. This is the realm of Tomita—Takesaki Theory. We discuss a
little bit of the ideas therein.

From now on, we will assume that M is a von Neumann algebra represented on the Hilbert space H =
L*(M, @) via the GNS representation from a faithful normal state ¢ with cyclic and separating vector &.

Define two closed conjugate-linear densely-defined linear operators S and F (for “sharp” and “flat”) on H.

13
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Start by taking the densely defined linear operators Sy and F( defined by

x&:nrs—0>qﬁ:x*£

when x € M and

F
pe=nron’ =y°E

when y e M’
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