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What follows will require a solid command of the continuous functional calculus.

The Positive Cone of a C∗-Algebra
Definition: Let A be a C∗-algebra. We say a ∈ A is positive if a ∈ As.a. and σ(a) ⊆ R+. We write a ≥
0, and say a ∈ A+.

For example, an element f ∈ C(X) is positive if and only if f(x) ≥ 0 for all x ∈ X, and φ ∈ L∞(µ) is
positive if and only if φ(x) ≥ 0 for µ-a.e. x.

Proposition: If a ∈ A+, then there are unique positive elements u and v in A such that a = u− v, uv =
vu = 0.
Proof. Letting f(t) = max(0, t) and g(t) = −min(0, t), we have f, g ∈ C(R)+ with f(t)− g(t) = t. Using
the continuous functional calculus, let u = f(a) and v = g(a). Spectral mapping gives that u, v ∈ A+
with a = u− v and uv = vu = 0.
Lemma: If a ∈ A is a C∗-algebra, t ∈ R with ∥a∥ ≤ t, then a ∈ A+ if and only if ∥a− t1∥ ≤ t.
Proof. Since σ(a) ⊆ [−t, t], and a, 1 are self-adjoint, we have

∥a− t1∥ = r(a− t1)
= sup

s∈σ(a)
|s− t|

= sup
s∈σ(a)

(t− s),

so we have ∥a− t1∥ ≤ t if and only if σ(a) ⊆ [0,∞).
Theorem: Suppose A is a C∗-algebra.
Proposition: Let A be a C∗-algebra, a ∈ A. The following are equivalent:

(i) a ∈ A+

(ii) there is v ∈ A+ with a = v2

(iii) there is b ∈ A with a = b∗b.

Proof. To see that (i) implies (ii), we use the function f(t) = t1/2 and apply the continuous functional
calculus, which is well-defined since σ(a) ⊆ [0,∞). Similarly, since v is self-adjoint, it follows that (ii) im-
plies (iii).

Now, if a = b∗b for b ∈ A, we have the decomposition a = a+ − a− as above. If we let C = ba−, then

c∗c = a−b
∗ba−

= a−(a+ − a−)a−
= −(a−)3.

Since a− ∈ A+, and σ(a−) =
{
t3

∣∣ t ∈ σ(a−)
}
, it follows that −c∗c = (a−)3 is in A+. Yet, this means

that c = 0, so that a = a+ ∈ A+

The element v such that v2 = a is known as the square root of a. We define the absolute value of an
element a in a C∗-algebra by |a| = (a∗a)1/2.

Corollary: If A is a C∗-algebra, a ∈ A+, and b ∈ A, then b∗ab ∈ A+.

Proof. We have that b∗ab =
(
a1/2b

)∗
a1/2b.

Proposition: The set A+ is a norm-closed cone in A.
Proof. Let A+ ⊇ (an)n → a ∈ A. Then, a ∈ As.a., and we have from above that, since σ(an) ⊆ [0, ∥an∥],

∥an − ∥an∥1∥ ≤ ∥an∥,
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so that

∥a− ∥a∥∥ ≤ ∥a∥,

meaning that a ≥ 0. It follows from spectral mapping that if a ≥ 0 and t ≥ 0, then ta ≥ 0.

Finally, we must show that if a, b ≥ 0, then so is a+ b. It suffices to show that ∥a∥ and ∥b∥ are both less
than or equal to 1. Yet, we then have∥∥∥∥1− 1

2(a+ b)
∥∥∥∥ = 1

2∥(1− a) + (1− b)∥

≤ 1,

so we have 1
2 (a+ b) ≥ 0.

Finally, if a ∈ A+ ∩ (−A+), then σ(a) = 0, so r(a) = 0, but r(a) = ∥a∥ since a is self-adjoint, and thus
normal.

The fact that A+ is a closed cone in A allows us to define an order on As.a. given by a ≤ b if b− a ∈ A+.

Note that an element a ∈ A+ is invertible if and only if a ≥ t1 for some t > 0. This follows from the fact
that a ≥ t1 if and only if a− t1 ∈ A+; by spectral mapping, this means that σ(a− t1) = {λ− t | λ ∈ σ(a)},
which occurs only if σ(a) ⊆ [t,∞). In particular, this means that 0 /∈ σ(a), so that a is invertible.

Proposition: Let a, b ∈ As.a.. The following hold:

(i) if −b ≤ a ≤ b, then ∥a∥ ≤ ∥b∥;

(ii) if 0 ≤ a ≤ b, then a1/2 ≤ b1/2;

(iii) if 0 ≤ a ≤ b and a is invertible, then b is invertible and b−1 ≤ a−1.
Proof.

(i) Since −∥b∥1 ≤ −b ≤ a ≤ b ≤ ∥b∥1, it follows that ∥a∥ ≤ ∥b∥.

(ii) From (∗) in the proof of (iii), ∥∥∥b−1/4a1/2b−1/4
∥∥∥ = r

(
b−1/4a1/2b−1/4

)
= r

(
a1/2b−1/4b−1/4

)
≤

∥∥∥a1/2b−1/2
∥∥∥

≤ 1,

meaning that b−1/4a1/2b−1/4 ≤ 1, and thus a1/2 ≤ b1/2. This shows the case where a is invertible

If a is not invertible, then for any ε > 0, we have that (a+ ε1)1/2 ≤ (b+ ε1)1/2. For some c ∈ As.a.,
define fε ∈ C(σ(c)) by fε(t) = (t+ ε)1/2, meaning that fε(c) ∈ A+ and (fε(c))2 = c+ ε1. In partic-
ular, this means that (c+ ε1)1/2 = fε(c), and since fε(t) → t1/2 uniformly as ε → 0, we have that∥∥∥(c+ ε1)1/2 − c1/2

∥∥∥ → 0, so we get a1/2 ≤ b1/2 in the general caseomte.

(iii) If 0 ≤ a ≤ b and a is invertible, then a ≥ t1 for some t > 0, so b ≥ t1 meaning b is invertible.
Moreover, we see that

0 ≤ b−1/2ab−1/2

≤ b−1/2bb−1/2

= 1,
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so that
∥∥b−1/2ab−1/2

∥∥ ≤ 1. Therefore, we have∥∥∥a1/2b−1/2
∥∥∥ =

∥∥∥(a1/2b−1/2
)∗
a1/2b−1/2

∥∥∥1/2 ∗

=
∥∥∥b−1/2ab−1/2

∥∥∥1/2
≤ 1,

so we have ∥∥∥a1/2b−1a1/2
∥∥∥ =

∥∥∥a1/2b−1/2
(
a1/2b−1/2

)∗∥∥∥
≤ 1,

so a1/2b−1a1/2 ≤ 1, meaning b−1 ≤ a−1.

We say a function like f(t) = t1/2 defined on S ⊆ R is operator-monotone if f(a) ≤ f(b) whenever a ≤ b in
As.a. and σ(a) ∪ σ(b) ⊆ S.

Ideals in C∗-Algebras
We seek to understand the structure of ideals in a C∗-algebra, which will allow us to establish a C∗-
algebraic version of the first isomorphism theorem. We will also use some of these ideas when discussing
approximate identities in C∗-algebras next section.

Proposition: If I is a closed left (or right) ideal in A, with a ∈ I and a = a∗, then if f ∈ C(σ(a)) is
such that f(0) = 0, then f(a) ∈ I.
Proof. We note that if I is proper, we must have 0 ∈ σ(a) since a cannot be invertible. Since σ(a) ⊆ R,
the Stone–Weierstrass theorem implies there is a sequence (pn(t))n → f(t) uniformly, so pn(0) → f(0) =
0. In particular, qn(t) = pn(t)− pn(0) converges to f(t) uniformly on σ(a) with qn(0) = 0 for all n. There-
fore, we see that qn(a) ∈ I for each n by the definition of an ideal, and ∥qn(a)− f(a)∥ → 0, so f(a) ∈
I.
Corollary: If I is a closed left or right ideal, and a ∈ I with a = a∗, then a+, a−, |a|, |a|1/2 ∈ I.
Theorem: If I is a closed ideal in A, then I is self-adjoint.
Proof. Fix a ∈ I. Since I is an ideal, a∗a ∈ I. We will construct a sequence of continuous functions (un)n
defined on [0,∞) such that un(0) = 0 and un(t) ≥ 0 for all t, such that

∥aun(a∗a)− a∥ → 0.

If such a sequence can be constructed, then un(a∗a) ∈ I, un(a∗a) ∈ I, and un(a∗a)a∗ ∈ I as I is an
ideal, giving

∥un(a∗a)a∗ − a∗∥ = ∥aun(a∗a)− a∥
→ 0,

so that a∗ ∈ I whenever a ∈ I. We observe that

∥aun(a∗a)− a∥2 =
∥∥(aun(a∗a)− a)∗(aun(a∗a)− a)

∥∥
= ∥un(a∗a)a∗aun(a∗a)− a∗aun(a∗a)− un(a∗a)a∗a+ a∗a∥,

meaning that if b = a∗a, we have that bun(b) = un(b)b implies that, if we set

fn(t) = tun(t)2 − 2tun(t) + t

= t(un(t)− 1)2,
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then we have ∥fn(b)∥ ≤ supt≥0|fn(t)|. If we set un(t) = nt for 0 ≤ t ≤ 1
n and u(t) = 1 for all t ≥ 1

n , then
we have that

sup
t≥0

|fn(t)| =
4

27n,

which gives our desired result.
The function un actually gives us a sequence (en)n of positive elements corresponding to each a such that
e1 ≤ e2 ≤ · · · , ∥en∥ ≤ 1, and ∥aen − a∥ → 0. We will discuss a similar, more useful version in the following
section.

Now, we discuss quotients of C∗-algebras.
Lemma: If I is an ideal in A, and a ∈ A, then

∥a+ I∥ = inf{∥a− ax∥ | x ∈ I, x ≥ 0, ∥x∥ ≤ 1}.
Proof. Let

(BI)+ = {x ∈ (BX ∩ I) ∩A+}.

Then, we have that

∥a+ I∥ ≤ inf
x∈(BI)+

∥a− ax∥.

Now, if (en)n is a sequence in (BI)+ such that ∥y − yen∥ → 0 as n → ∞, we have that 0 ≤ 1 − en ≤ 1,
meaning

∥(a+ y)(1− en)∥ ≤ ∥a+ y∥.

Hence,

∥a+ y∥ ≥ lim inf
n→∞

∥(a+ y)(1− en)∥

= lim inf
n→∞

∥a− aen + y − yen∥

= lim inf
n→∞

∥a− aen∥,

meaning that

∥a+ y∥ ≥ inf
n
∥a− aen∥

≥ inf
x∈(BI)+

∥a− ax∥.

This gives our desired result.
Theorem: Let A be a C∗-algebra, and let I be a closed ideal of A. Defining (a+ I)∗ = a∗ + I, we have
that A/I with the quotient norm is a C∗-algebra.
Proof. Since A is a C∗-algebra, it is a Banach algebra, so since I is a closed subspace of A, it follows that
A/I is a Banach algebra. The main thing we must prove is the C∗-identity. Since I is self-adjoint, it follows
that

∥a∗ + I∥ = ∥a+ I∥

for all a ∈ A, so since A/I is a Banach algebra, we have

∥a∗a+ I∥ = ∥(a∗ + I)(a+ I)∥
≤ ∥a∗ + I∥∥a+ I∥

= ∥a+ I∥2.
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Meanwhile, from the lemma, we have

∥a+ I∥2 = inf
x∈(BI)+

∥a− ax∥2

= inf
x∈(BI)+

∥a(1− x)∥2

= inf
x∈(BI)+

∥(1− x)a∗a(1− x)∥

≤ inf
x∈(BI)+

∥a∗a(1− x)∥

= inf
x∈(BI)+

∥a∗a− a∗ax∥

= ∥a∗∥.

This gives our desired result.
Theorem: If A and B are C∗-algebras, and ρ : A→ B is a ∗-homomorphism, then ρ is a contraction, and
im(ρ) is closed in B. If ρ is injective, then ρ is an isometry.
Proof. It suffices to assume that A and B are unital (else we simply use the unitization), so we know that
σ(ρ(x)) ⊆ σ(x) for each x, so r(ρ(x)) ⊆ r(x). This gives the case for all normal elements, and by the C∗-
identity, we get

∥ρ(a)∥2 = ∥ρ(a∗a)∥
= r(ρ(a∗a))
≤ r(a∗a)
= ∥a∥2.

Since ρ is a contraction, it follows that I = ker(ρ) is a closed ideal, and by the first isomorphism theo-
rem, ρ : A/I → B is injective, so it is an isometry, meaning im(ρ) = im(ρ) is closed.

Approximate Identities
Not all C∗-algebras have a unit (even though we can always pass to the unitization), but it is often useful
to work with approximations of an identity without choosing to adjoin a unit.

Definition: If A is a C∗-algebra, a net (ei)i is called an approximate identity for A if

(i) 0 ≤ ei ≤ 1 for each i;

(ii) ei ≤ ej whenever i ≤ j;

(iii) limi∈I∥xei − x∥ = 0 for all x ∈ A.

If the net is a sequence, we call it a sequential approximate identity.
Lemma: If A is a C∗-algebra, a, b ∈ A with 0 ≤ a ≤ b ≤ 1, then

∥x− bx∥2 ≤ ∥x∗(1− a)x∥
∥x− xb∥2 = ∥x∗(1− a)x∥

for all x ∈ A.
Proof. For any x ∈ A, we have

∥x− bx∥2 = ∥(1− b)x∥2

=
∥∥∥x∗(1− b)2x

∥∥∥
≤ ∥x∗(1− b)x∥
≤ ∥x∗(1− a)x∥.
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The other inequality follows similarly.
Theorem: Let I be a dense ideal of A. Letting

E = {e ∈ I | 0 ≤ e < 1}

be equipped with the natural ordering, then E is directed and an approximate identity for A.
Proof. To establish that E is directed, let a, b ∈ E, and define

ψ(t) = 1− (1 + t)−1

φ(t) = t(1− t)−1,

where ψ(t) is defined for all t ≥ 0 and φ(t) is defined for 0 ≤ t < 1. Define c = φ(a) + φ(b) and d = ψ(c).
For any e ∈ E, we then have

φ(e) = e(1− e)−1

∈ I+.

Therefore, c ∈ I+ and d = c(1 + c)2 ∈ I. Since 0 ≤ ψ(t) < 1 for all t ≥ 0, we have d ∈ E by functional
calculus. Now, if we let x = φ(a), then x ≤ c, so (1 + x)−1 ≥ (1 + c)−1, and since ψ(φ(t)) = t, we have

a = ψ(x)
= 1− (1 + x)−1

≤ ψ(c)
= d,

where the inequality emerges from the fact that continuous functional calculus preserves order. Thus, d dom-
inates both a and b, so E is directed.

For any x ∈ I+, we define an = ψ(nx), so an ∈ E, and take η(t) = t2(1− ψ(nt)) = t2(1 + nt)−1 ≤ t/n.
Therefore, η(x) = x2(1− ψ(nx)) = x(1− an)x, meaning

∥x(1− an)x∥ ≤ ∥η∥u
≤ ∥x∥/n.

If ε > 0, then there is n large enough such that for any e ∈ E with e ≥ an,

∥x− xe∥2 ≤ ε,

so that

lim
e∈E

∥xe− x∥ = 0

whenever x ∈ I+.

For any x ∈ A+, let (yn)n ⊆ I+ such that (yn)n → x1/2. Then, xn = y∗nyn → x with xn ∈ I+. Since
E is bounded, the limit holds for any x ∈ A+. Finally, since any element of A can be written as a linear
combination of elements in A+, this holds for all x ∈ A.
Corollary: A separable C∗-algebra has a sequential approximate identity.
Proof. Let {an}n≥1 be a countable dense subset of A, (ei)i an approximate identity. By inducting, we have
a sequence (in)n such that ∥akei − ak∥ < 2−n for 1 ≤ k ≤ n and i ≥ in. If we let xn = ein , then for all
k ≥ 1, ∥akxn − ak∥ → 0 as n→ ∞, and since (xn)n is bounded, ∥axn − a∥ → 0 for all a ∈ A.
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