Injective von Neumann Algebras are Hyperfinite Avinash Iyer

Some of these notes were originally written by my advisor, Ben Hayes.

Overviewing Amenability in von Neumann Algebras

This material is taken from the completely positive maps notes.

Recall that a discrete group G is called amenable if it admits m € €o,(G)* such that m(\, f) = m(f), where
Asf(t) = f(s‘1 t). There are a variety of other equivalent notions, such as the existence of a net (&;); € ¢,(G)
satisfying

IAs€i = Eillg, = 0
for all s € G (approximate means), or if A: G — U({,(G)) be the left regular representation, we have some
net of unit vectors (&;); C S¢, () satisfying
£._¢c.
oz =il =0
known as almost invariant vectors. The existence of almost invariant vectors is furthermore equivalent to
the existence of a net (F;);c; of finite subsets of G whose union is equal to G, with the net satisfying

|SF,’AF{|
LSl el RN
|F;l

known as a Folner net (or sequence).

Most all of these have analogous ideas in von Neumann algebras. We will start by discussing an analogue
of an invariant mean on a von Neumann algebra, known as a hypertrace.

Let (M, 1) be a von Neumann algebra, and let L,(M) denote the standard representation of M, which is the
GNS representation of M with respect to the faithful state T. We observe that L,(M) is equipped with an
M-M-bimodule structure.

We start by introducing a way to characterize amenability of a group via its group von Neumann algebra.

Proposition: Let G be a group, and let M = L(G) be its group von Neumann algebra. Then, G is amenable
if and only if there exists a conditional expectation E from B(L,(M)) onto M.

Proof. Suppose such an E exists. If f € {,,(G) is some function, let M be the multiplication operator on

¢5(G) corresponding to f. Set m(f) = T(E(Mf)), where T is the canonical trace on M. Since usMyui =M, ¢
for every s € G, we have that m is left invariant.

Now, suppose G is amenable, and let m be a mean on €, (G). Given &, € 5(G), and T € B(L,(M)), let

f(s) = (& () To(s™ )n).

where p is the right regular representation of G. Then, fgﬂ is a bounded function on G satisfying

’

F )| < ITinE |

which allows us to define a continuous sesquilinear form

(&n)= m(fé,Tﬂ)'

By the structure of sesquilinear form,s we have a unique operator E(T) satisfying

(GE(T)ny=m(f)

Since m is invariant under the left regular action, it is invariant under the right regular action, so that

p(s)E(T)p(s™") = E(T),
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meaning that E(T) commutes with p(G), whence E(T) € L(G). Furthermore, E(T) is a conditional expec-
tation as it is equal to the identity on L(G) and has norm less than or equal to 1. O

This property motivates the following definition.

Definition: We say a von Neumann algebra is amenable (or injective) if M can be faithfully represented as
a von Neumann subalgebra of some B(H) such that there exists a conditional expectation E: B(H) — M.

Proposition: Let M be a von Neumann algebra. The following are equivalent:
(i) M is injective;

(ii) for every inclusion A C B of unital C*-subalgebras, any unital completely positive map ¢: A - M
extends to a completely positive map from B to M;

(iii) for any B(H) that contains M as a von Neumann subalgebra, there is a conditional expectation from
B(H) onto M.

Proof. To show (i) implies (ii), assume M is a von Neumann subalgebra of B(H), and let E: B(H) — M be
a conditional expectation. Extend ¢ to a completely positive map ¢: B — B(H) by using Arveson’s ex-
tension theorem. Then, E o ¢: B — M is a completely positive extension of ¢.

For (ii) implies (iii), if M € B(H), then apply (ii) with A = M, B = B(H), and the identity map idy;. Then,
there exists a completely positive map ¢: B(H) — M whose restriction to M is idy;, which is necessarily
a conditional expectation. O

Example: The hyperfinite II; factor, R, is amenable. Recall that the hyperfinite II; factor is defined to be
the SOT-closure of the inductive limit of Q, = M;:(C), where we equip Q,, — Q41 with the block-diagonal
embedding,

A 0
A»—>(0 A)'

Let ] be the conjugation operator on L,(R). For any n > 1 and T € B(L,(R)), set

E (T) = ](L(m ul TJu® du(u))],

where p denotes the Haar probability measure on the compact group U(2"), the group of unitary 2" x 2"
matrices. Then, (E,(T)), is a norm-bounded sequence of operators in B(L,(R)).

Take the limit of this sequence along a free ultrafilter, which allows for the existence of a unique bounded
operator denoted E(T) satisfying

(& E(T)) = lim(&, Ey(T)n)
for all &, € L(R). Observe that for any n > ng, we have that E,(T) € ](Q”o)/]' so that

E(T)e () ](Qn)7

ng>1

=R,

and E(T) =T if T € R. This gives that E is our desired conditional expectation.

Definition: Let (M, t) be a tracial von Neumann algebra. A state { on B(L,(M, 1)) is called a hypertrace if
U(xT) = U(Tx) for every x € M and every T € B(L,(M, 1)), with ¥ = T.

Proposition: Let (M, 1) be a tracial von Neumann algebra. Then, M is amenable if and only if it has a hy-
pertrace.
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Proof. If M is amenable, then since M C B(L,(M, 1)), we have a conditional expectation E: B(L,(M, 1)) —
M, so that ToE is a hypertrace.

Conversely, if 1 is a hypertrace, then given T € B(L,(M, 1)), , we may define a positive linear functional
¢ on M by taking ¢@(x) = P(Tx). For any x € M, we then have

)(p(x)|2 _ |L|)(X1/2TX1/2)|2
< 1.])(X1/2T2X1/2)1P(X)
<[ITIPw(x)*.

Since Y|y; = T, we have ¢@(x) <||T||t(x) for any x € M,, and in particular, ¢ is normal. By the noncommu-
tative Radon-Nikodym theorem, there is some E(T) € M, such that for all x e M,

U(Tx) = t(E(T)x).

We may extend E to yield a conditional expectation from B(L,(M, 1)) — M. O

Approximation-Type Characterizations

Next, we will discuss some approximation-type properties (akin to the almost-invariant vectors char-
acterization of amenability of G). For this, we must provide an overview of the trace-class and Hilbert—
Schmidt operators on the space L,(M). This will allow us to use the Powers—Stermer inequality to prove
that amenability of a von Neumann algebra is equivalent to the existence of almost central vectors in the
coarse M-M-bimodule L,(M)® L,(M).

Definition: If H is a Hilbert space, then we set

SY(H) = {TeK(H)

Tr(T) = Z(lTlei,€f> < oo}

iel

S2(H)={T e K(H) | Tr(T*T) < co}.

We call S'(H) the trace-class operators, and S?(H) the Hilbert-Schmidt operators. The Hilbert-Schmidt op-
erators admit an inner product and norm defined by

(A,B) = Tr(B*A)
l|Allgs = Tr(A*A)Y2.

Some of the following properties can be shown:

¢ the value of Tr(A) is independent of orthonormal basis;

e the space S?(H) is a B(H)-B(H)-bimodule, as ||AB|lzs < ||AlllIBllus and [|BAllys < lA|llIBllgs, where
AeB(H)and Be S*(H);

e the trace is tracial, in that Tr(AB) = Tr(BA);

the value ||Ally, = Tr(JA|) defines a norm on S'(H);
* the space S'(H) is a B(H)-B(H)-bimodule;

if A, B € S?(H), then [|ABlly, < |Alls/IBls:

We will focus on showing some of the properties for ||-||t,. This follows from the fact that if A,B € B(H),
then

0<(A-B)(A-B)
—A"A-A'B-B'A+B'B
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=—2Re(B*A) +|A]* +|B)?,
whence
. Loz L ipe
Re(B*A) < §(|A| +1B%).
If A€ S'(H)is any trace-class operator and B € B(H) any operator where we have 1 = ||Al|r, = ||B]|, and we
have partial isometries AB = V|AB| and A = W|A|, then we observe that

lABlly = Tr(|AB|)

Tr(
= Tr(V"AB)
=Tr(V*W*A[2|A]/*B)
I'((B |A|1/2) VEW* |A|1/2)

(T (1A12BBIAI2) + Tr(|A] 2V VW |A] )

NIHNIH

(1BIAl e + [All7)

1
—_

’

whence ||AB|It, < ||All1]|1Bll, and similarly for BA.

Additionally, if A+ B = V|A + B, then
lA + Bty < [[Allry + ||Bll-

We know from some von Neumann algebra theory that the trace class operators are the predual of B(H),
and we may identify S?(H) with H ® H* by taking E®1" - O ,,, where

Q) =(Cne.
Proposition (Powers—Stermer Inequality): If A, B € S?(H) are positive, then
1A = Bilfs < }4* = B2]l,
< 1A+ BllusllA = Blls-
Proof. We have
1
A?-B%= E((A+ B)(A-B)+(A-B)(A+B)),
whence
|4 -B?||,, < ||A + Bllpgs|lA = Blls + 1A = Bllpss[|A + Blls)
= IIA + BllusllA = Blls-
For the other inequality, we observe that if x € S'(H), and v € B(H),, then Tr(xy) = Tr(yl/2 yl/z)
Let e = X[0,00)(A = B), and let e+ := 1 —e. Then, we have
Tr((A - B)*) = Tr((A- B)(A - B)e) + Tr((B- A)(B— A)e™)
< Tr((A+B)(A - B)e)+ Tr((B+ A)(B - A)e™).

Since e is a spectral projection of the operator A — B, it follows that e and A — B commute. Therefore, we
have

Tr((A+ B)(A - B)e) = Tr((A + B)e(A — B))
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=Tr((A-B)(A+ B)e),
whence
Tr((A-B)?) < Tr((A? - B?)e) + Tr((B* - A%)e*)
<47 5] (|57 - 4]
(|7

O
The Powers—Stermer will allow us to establish the following equivalence, which provides an analogue to
the almost invariant vectors/approximate mean conditions for amenability in groups but for injectivity of
von Neumann algebras.

Theorem: Let M be a II; factor. The following are equivalent:
(i) M has a hypertrace;
(ii) there exists (A;); € S'(H) with A; > 0 and Tr(A;) = 1 such that ||[x, A;]||;, — 0 for all x € M;
(iii) there exists (&;); € Lo(M)® Ly(M) such that [|&;]lys = 1 and ||[x, & ]l|gs — O for all x € M.

Proof. 1f (ii) holds, then we realize S?(Ly(M)) as Ly(M)® L,(M), where we map E®1 € L,(M)® L,(M) to
O,y € S%(Ly(M)), where ] is the canonical conjugation isometry. Setting &; = A7 and applying the Powers—
Stermer inequality gives, for all unitaries u € U(M)

i’ — Eillys < [JuAZu® - A2,

— 0.

Therefore, (iii) holds.

Now, if (iii) holds, we let ¢ € M* be the linear functional such that (-&;,&;) — ¢ weak*. Then, for all x €
M and y € B(L,(M)), we have

[P(xp) = p(r)] = lim|(xpes, &) = (e, ).
Since ||x&; — &;x|lys — 0, we have
= ll.ieprX}’Ei, &) — (W&, &)
= lim|(xvE;, &)~ (vE;, )|
=lim[(xvE;, &) - (&, 8|
=0.
Thus, ¢ is our desired hypertrace.

Now, suppose ¢ is a hypertrace.

We start by observing a general lemma. If M C B(H) is a von Neumann algebra, then

%

w

S(M)={Tr(-A) | Ae SY(H),, Tr(A) =1},

—K

where we view B(H) = (S1 (H))*. Observe that both sides are w*-compact and convex, meaning that S(M)

containing K follows immediately from the fact that Tr(A) = 1. For inclusion, suppose ¢ € S(M)\ K. It fol-
lows that there is some w*-continuous linear functional L: M* — C and o < € R such that Re(L(¢p)) >
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*

a > p = Re(L(Y)) for all P € K. Since (M*,w*) = M, there is some a € M such that L(p) = p(a) for all p €
M*. In particular, this means we may write

Re(¢p(a)) 2 a

>
> Re(Tr(Aa))

for all A€ S'(H),. In particular, this holds for the vector state, whence we may assume

¢(Re(a)) > a
>p
> (Re(a)&, &)

for all £ € H with ||€]| = 1. Thus, without loss of generality, a = a*. Taking the supremum over all satis-
factory & gives

sup (a&, &) = [la |l

llEli=1

which gives our desired contradiction.

In order to show (ii), it suffices to show that for all x4,...,x, € M, we have

Il
0e {([xj,A])Jl1 AeSU(H), Tr(A) = 1}

c stH)™.

Since this is convex, the weak and norm closures coincide, where the weak topology is defined via the trace.
By the lemma, if ¢: B(H) — C is a hypertrace for M, then there exists (A;);.; in S'(H), with Tr(4;) = 1
for each 7 such that lim; Tr(-4;) = ¢.

It thus suffices to show that for all B € B(H), we have Tr([xj,Al-]B) — 0 for each x;. This follows from a
computation, where we use traciality and the fact that the trace-class operators are a two-sided ideal, giv-
ing

Tr([xj, A ]B) = Tr(x;A;B) — Tr(A;x; B)
= Tr(Bx;A; ) - Tr(x;BA;)
— (p(Bx]- —ij)
=0,

since ¢ is a hypertrace. Therefore, for all j = 1,...,n, we have [xj,Ai] — 0 weakly, giving our desired re-
sult. O
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Connes’s Trick and Felner Projections

Thus far, we have shown an equivalence between amenability/injectivity, the existence of a hypertrace,
and certain almost-invariant or almost-central vectors. The next step is to construct an analogue to the
Folner sequences, and for this, we must use a noncommutative version of the classic Namioka trick.

It can be observed (and is a classic exercise of real analysis) that for any s,s, € IR, we have

s —s2] = j )X(f,oo)(sl)_ X(t,oo)(52)| dt.

Applying various bootstrapping measures, we have that if (X, p) is a o-finite measure space, then
||f—g||L1 =J ||Xf’1(t,oo) _Xg’l(t,oo)HLl dt

17, = [ sl 4

In particular, if we have ||f —g||L1 < €||f||L1 for some ¢ > 0, then there is some t; € R such that

fofl(fo’oo) - X(‘Z’l(fo’oo)llL1 < EHXffl(fo’OO)”Ll'

We will seek to obtain a noncommutative version of the Namioka trick. First, we must reduce computa-
tions of Hilbert-Schmidt norms to computations of L, norms of functions.

Proposition: Let H be a Hilbert space, and let x,p be two positive finite rank operators on H. There exists
a positive Radon measure v on IR? such that for every pair of Borel complex-valued functions on R, with
£(0)=g(0) =0, we have

=gl = [ Ife)=g@) dvep

¥

Proof. Write
m
X = Z)\ié’i
i=1
n
v=) kil
j:l

where the A; and p; are the distinct strictly positive eigenvalues of x and p respectively, and the ¢; and f;
are the corresponding spectral projections. Set

m

eozl—Zei

i=1
n

fo=1=) f
j=1

and let Tr denote the usual trace on B(H),.

Define

X =(0(x)xa(»)\{(0,0)},

where o(x) denotes the spectrum, and define a measure p on X by setting

v({(h py)}) = Tr(ei;)
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V({0 0)) = Tr(e: fy)
v({(0m)}) = Trleo ;).

If we have two real-valued Borel functions on R, with f(0) = g(0) = 0, then we have

are still finite-rank operators, and

(g0 = [ Flag(p) v
T{f(R) = [ fle? dviaspy
Toe)?) = | el dviosp

so that

-l = [ 1Fte=g@ aviap

O

Theorem (Connes’s Trick): Let x,...,x, be positive finite-rank elements of B(H), and 0 < e < 1 such that
[x; — x1llgs < ellx1]lgs- Then, there is tg > 0 such that

e e R CEN R CL O INTICY] N
Proof. Applying the earlier lemma with f = ¢ = X(11/2,00) gives
||X(t1/zloo)(X)—X(,1/z HS J'X 1172 00 X(1172, )(ﬁ)| dv(a, ).

Integrating with respect to ¢, using Fubini’s Theorem, and Hélder’s Inequality respectively gives
(S 2 o
I, Tt xmmg @l = [ (] Trimme) xgun ) i) avia

J |a ﬁ(dv o, p
1/2
S(L{Jo&—gfdv(a,ﬁ)) (Li|a+ﬁ|2dv(a,ﬁ))

= [l =l b+ vllss

For any ¢ < 1, the triangle inequality gives that

[l +x ”HS < 3|Ix1llus,

so we have

J Z”X w20 (%7) = X012, )(¥1)||Hsdt<3ne||x1||%ls
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e 2
e [ e[ .
ﬂEJO X(,l/zroo)(\l) HS

Hence, the Namioka trick gives some t; > 0 with

n
3 [ttyoo0 (%) = Xit0.000 (1)1 < 37 X0000 1) [
i=1

O

The theorem applies in any semifinite von Neumann algebra (M, Tr) instead of just (B(H), Tr) upon using
one’s preferred faithful representation.

Proposition: Let (M, 1) be a tracial von Neumann algebra, and let &, 1€ L,(M),. There exists a positive
Radon measure v on R? such that for all Borel functions f,g on R, with f(0)=g(0) = 0 and f(&),g(1) €
Ly(M), the maps (o, p) — f(a) and (o, B) — g(P) are square-integrable, with

1€ =gl 0 = fm 1f (@) - @) dviap).

Theorem: Let (M, 1) be a tracial von Neumann algebra, and let &;,...,&, € L,(M),. Let 0 <e <1 be such
that

Ei = Eallz, oy < ellEllz, m)-

Then, there is ty > 0 such that

\1/2
||X(f0,00)(£1) - X(to,oo)(al )“Lz(M) < (31’1(‘,) ”X(fo,oo)(al )”LZ(M)
The main benefit we will find from the Connes trick is the existence of Falner projections.

Corollary: If M is amenable, then there exist projections p; € B(L,(M)) with 0 < Tr(p;) < co and

I pillley

-0
Tr(p;)

and
Tr(xp;)
— 1(x)
Tr(p;)
for all x € M, where Tr denotes the trace on B(L,(M)).

Proof. Given ¢ > 0 and some subset F C U(M) finite, there exists A € S?(H) with ||Allys = 1 and ¥ ,cplluAu* —A||12{S <
€.

This gives

JOOO Z””X(tl/z,m)(A)M* - X(rl/z,m)(A)H; dt<2) uAu - Alfs

ueF ueF

< 2¢?

=2¢? Lw"X(tl/z’m) (A)” dt,

so there exists tq such that p = X( )(A) has

té/z,oo

Y llupu = pliss < 26> Tr(p).

ueF
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Therefore, we have

[, Pl < 26° Tr(p),

which gives our desired net.

Moreover, if we have

for some € M*, we have that ¢ is a trace, meaning that ¢ is necessarily the trace. O

The Local Approximation Property

Definition: Let (M, t) be a finite von Neumann algebra. We say (M, 1) has the local approximation property
if, for all € > 0, there exists e € P(M) such that for all finite F C By, there exists g € P(M) with g <e and
a finite-dimensional matrix algebra Q in gMgq such that

(i) Illg,evelll, <ellqll, for all v € F;

(ii) llgvq—E(qvg)ll, < €ligll,, where E: gMq — Q is the trace-preserving conditional expectation on gMgq
onto Q.

| Theorem: If (M, 1) has the local approximation property, then M is hyperfinite.
Proof. Let >0 and F C By, finite. Suppose that g satisfies (i) and (ii) in the case of e = 1.

We observe that for all v € H, the vectors
(1-9)vg,qv(1-q),qvg—E(v),(1 -q)v(1 -q)
are mutually orthogonal. Therefore, for all v € F, we have
lv = (1=q)v(1 -q) - E(qua)ll; = llqvg — E@)I1; + l(1 - g)vqlls +llqv(1 - 9)II3

= llqvg - E@)I1Z +l[v. q)qll? + llg[v. q1lI:
<3¢2||q|I2.

Consider the partially ordered set 7 C{(g,Q) |0 =g € P(M),Q < gqMg} that has g9, =0 for all (41, Q1),(92,Q>) €
F and Q finite-dimensional for all (g, Q) € F; using the local approximation property, we have

|[x— (1 =-9x(1-7) - Ea(qxq)”T <&l
where we set

'q“=Zq

4.Q1eF
0= P e
(4.Q)eF

The family F is nonempty, partially ordered by inclusion, and every increasing sequence in F has an up-
per bound in F by the normality of the conditional expectation.

Therefore, we have a maximal family {(qj, Qj)} ; C F, and set

je

q = Z%
jel

o=Po;
jel

10
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We will show that ¢’ = 1. Suppose not. Then, 1 — ¢’ # 0, so there is some nonzero projection p <1 —¢’ and
a finite-dimensional subalgebra Q, C pMp satisfying

llp. (1= g)x(1 = ]l <llpll,
e~ Eq, (pxp)| <clipl

Then, from the earlier discussion, we have

||(1 —q)x(1-=q)=(1=(q+p)x(1 =(q+p)) - Eq, (pXP)HT <eV3|jpll..

Set
Q=Q0®Q,
F={g}.,ulp)
This gives
06005 b oD = 16l
=[(1-)(1-4)- (1= (a"+ )1~ (4" +£) - Eq, (o0

+ ”x— (1 - q’)x(l - q') - EQO(q’xq')“2

<Cellq’+p||?

T

for some constant C. This contradicts the maximality of our family {(q]-, Qf)}je]' Since Q’ is hyperfinite, this
gives our desired result. O
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