Fixed-Point Theorems Avinash Iyer

Fixed-point theorems are a very important part of topology and analysis. We’ll discuss and prove some
from these fields, as well as some applications.

Fixed-Point Theorems in Topology

The classic, most well-known fixed point theorem is, of course, the Brouwer fixed-point theorem. The
proof we use proceeds via cohomology theory. Some background can be found in one of the sections of my
differential topology notes.

Brouwer Fixed-Point Theorem

Theorem: Let f: B(0,1) — B(0,1) be a continuous self-map of the closed unit ball in R™. Then, f has
a fixed point.

Proof. Suppose toward contradiction that there is no fixed point. Then, for any = € B(0,1), we can draw
a unique line from z to f(x) and extend it in a manner such that it hits the unit sphere, S(0,1). This de-
fines a continuous function g: B(0,1) — S(0,1) such that g|s(,1) = id.

Yet, since B(0,1) is contractible, its cohomology outside of H? is trivial by the Poincaré Lemma, while the
cohomology of S(0,1) is nontrivial at H"~1. Yet, since g is a deformation retract, the existence of such a
g would imply that S(0,1) and B(0,1) are homotopy-equivalent, but the fact that their cohomologies dif-
fer shows that this cannot be the case. O
Brouwer’s Fixed-Point Theorem can be proven in a variety of different ways, including Sperner’s Lemma
(which is a form of the Brouwer Fixed-Point Theorem for triangulations), heavier differential topology such
as Stokes’s Theorem, and a proof using the fact that the game of Hex always ends.

Lefschetz Fixed-Point Theorem

We will be using this to prove a different, more general theorem that is again related to cohomology the-
ory.

Theorem (Lefschetz Fixed-Point Theorem): Let M be a triangulated, compact, smooth manifold, and let
f: M — M be a smooth map that preserves the simplicial structure of M. Let f;: HE, (M) — HER (M)
denote the induced map in cohomology. Then, if

L(f) = S (-1* tr(f)
k=0
#0,

then f has a fixed-point.
Proof. By abuse of notation, we let f*: H*(M;R) — H*(M;R) be the corresponding map in simplicial
cohomology, following from the de Rham theorem.

Let A C M be a simplex; then, by the definition of f, we observe that f(A) C M is also another sim-
plex, which we call A. If A = A, then we obtain smooth self-map of the simplex, which necessarily has a
fixed point by the Brouwer fixed-point theorem.

Now, we assume that f has no fixed-points. We will show that this implies that the Lefschetz number L(f)
is equal to zero.

From the de Rham theorem, we observe that simplicial cochain I, on M is then defined by

L(A) = /A w,
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and so by taking the pullback,

F(1)(A) = /A o
= If*w(A)

By even more abuse of notation, we let f*: C*(M;R) — C*(M;R) be this map from I,, to If«,. Observe
that by our assumption, for any k-simplex o C M, we have f(o) ¢ o, so by selecting a k-form supported
on o, we have If«,(c) = 0. In particular, the map f;: C¥*(M;R) — C*(M;R) has no eigenvectors, and
thus tr(f;) = 0. Thus,

n

0="> (-1)*tx(£7).

k=0

Now, observe that these f;; are maps on the cochains, not the underlying cohomology. Therefore, we ded-
icate the rest of the proof to showing that this alternating sum is equal on cohomology. To do this, we use
the fact that vector spaces are projective objects, so short exact sequences of the form

0 s A > B s> C > 0

can be expressed as follows:

00— A—— ApC —C —0

In particular, if we write commuting linear maps as follows:

00— A—— AC ——C ——0

ol

0—A—— ApC —C ——0

then

= (4 ),

so that tr(f) = tr(g) + tr(h).

Now, relabeling f;: C*(M;R) — C*(M;R) as g}, we have the following commutative diagrams that emerge
from the map f.

0 — Z* % » BF1 —— 0

lzk lg,: l/bk+1

0 A s Ck A L p—

0 s Bk A s H* s 0
bl b
0 s Bk A s Hk s 0
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Using the trace formula we established above, we get

tr(gy) = tr(bk+1) + tr(zk)
tr(zx) = tr(fz) + tr(bg).

Therefore, we get

(-1)" tr(g})

i
M-

£l
I
o

(=1)*(tr(fi) + tr(be) + tr(br1))

[
M=

x>
Il
o

(=1)" tr(f7).

I
M=

-
Il
o

Fixed-Point Theorems in Analysis

There are a number of fixed-point theorems in analysis that are extraordinarily useful.

Contraction Mapping Theorem

The original fixed-point theorem is known as the contraction mapping theorem.

Theorem (Contraction Mapping Theorem): Let X be a complete metric space, and let f: X — X be a
self-map that satisfies, for all z,y € X,

d(f (@), f(y)) < Ad(z,y)

for some 0 < A < 1. Then, there is some zg € X such that f(z¢) = zo.

Proof. Let 1 € X be some element. Define z,1 = f(z,). Then, we have
d($3,£82) S )\d(.’l,‘g,xl),

whence

n—1

<
AT, xn) < X

d(.’l?g,.’l,‘l).

In particular, the sequence (z),, is Cauchy, so there is some zy such that (z,),, — o since X is com-
plete, so that

d(f (o), o) = 0.

Thus, we have a fixed point. O

Schauder Fixed-Point Theorem

The contraction mapping theorem can be extended to a more general case. This is known as the Schauder
Fixed-Point Theorem. To prove it, we use a technical lemma.

Lemma: Let K be a compact subset of X, € > 0, and A the finite subset such that

K C U U(a, ).
a€A

Let mg: X — R be a function defined by m,(z) =0 if ||z — al| > € and my(z) = e — ||z — a|| if ||z —a|| <
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€. Then, if ¢p4: K — X is defined by

ZaeA ma(x)a’

Pl = @)

then ¢4 is continuous with

pa(z) -zl <e

forallz € K.

Proof. For each a € A, we have mq(x) > 0, and ) . s mqa(x) > O for all z € K. Therefore, ¢4 is well-
defined on K. The fact that ¢4 is continuous follows from the fact that for each a € A, m,: K — [0, €]
is continuous (since it is the composition of a collection of continuous maps on X).

If x € K, then

2aca(Ma(z))(a — x)
ZaeA Mg, (x) .

da(z) —z =

If mq(z) > 0, then ||z — al| < €, hence

2aca Ma(@)|la — z]|

||¢A(w) _x” < EaeAma(w)

<e.

O

Theorem (Schauder Fixed-Point Theorem): Let E be a nonempty, closed, convex subset of a normed vec-
tor space, and let f: E — E be such that f(E) C E is contained in a compact subset. Then, f admits a
fixed-point.

Proof. Let K = f(F), with K C E. For each n, define A, to be such that
K c |J Ua1/n).

aeAn

For each n, write ¢, = ¢4, as in the lemma. The definition of ¢,, is such that ¢,(K) C conv(K) C E,
where the latter emerges from the fact that E is convex. Write f,, = ¢, o f, which maps F into F, so that

1fn(2) — f(@)] <1/n

for all z € E. Letting X,, = span(4,), and E, = EN X,,. Then, X,, is a finite-dimensional normed space,
E,, is a compact convex subset of X,,, and f,, maps F,, — E, and is continuous. By Brouwer’s Fixed-Point
Theorem, it follows that there is some z,, in E,, such that f,(z,) = z,.

Since (f(zn)),, is a sequence in the compact set K, there is some point o and a subsequence (f (xnj))j such
that f(zn,) — 0. Since fr, (Tn;) = Ty, it follows that

[2n, = @ol| < [[fa; (@n,) = f(@n,) || + || £ (@n,) — 2o
1
< L4 7o) ol
Therefore, (a:nJ) — o, and thus, by continuity of f, f(zo) = lim;_,e0 f (a:nj) = zg. O

We can provide an alternative proof for a more general case. This requires a bit more familiarity with
constructions from the theory of topological vector spaces.
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Theorem (Schauder-Tychonoff Fixed-Point Theorem): Let X be a locally convex topological vector space,
E C X a convex subset, and f: E — E a continuous map such that f(E) C F is contained in a com-
pact subset. Then, f has a fixed point.

Proof. Let P be the family of seminorms that define the topology on X, and define, for finite F' C P and
r >0,

Upr={z€X|peF,p(z)<r}
which is the neighborhood base of balanced, absorbing, convex subsets. Observe then that the family
A ={Up, | F C P finite,r > 0}

forms a directed set under Up, =< Ug,s whenever F' C G and r > s. For any element U € A, compact-
ness of K := f(E) provides vy, ..., v, such that

n
K g U v; + U.
=1
Let g1,...,9, be a partition of unity subordinate to the open cover {v; + U}_,. Define

fu(€) = U gi(f(€))vi

for any £ € E. Then, fy is continuous and has range Ky = conv{vy,...,v,}. The subset Ky is con-
tained in a finite dimensional subspace of X, and is thus compact, with Ky C E by convexity. In partic-
ular, f is defined on Ky, so by Brouwer’s Fixed-Point Theorem, there is {y € Ky such that fy(éy) =

€u.-

Now, we see that
f&v) —&v = f(&v) — fu(éy)
= >~ 0(F(E0)) (I (Ev) —va)-

Since g; is supported on v; + U for each i, we have that the latter is a convex combination of points in U.
In particular, since U is convex, we have that f({y) — &y € U.

The net (f(§v))yeya is contained in K, so it has a convergent subnet I' with limit £. Let V' € A be a neigh-
borhood of 0, and select Vy € A such that Vy — Vo C V. By continuity, there is then W € A with Vo < W

and £—n € W —W implies that f(£)— f(n) € V. Finally, there is U € A with W XU and f(éy)—n € W.

Thus,

§v—n=(f&)—n) - (fv) —&v)
eWwW-U
CcCwW-Ww.

Therefore, f(£y) — f(n) € V. Thus,

f) —n=(fE)—n) — (fv) - f(n)

eEW -V
CWw-W
cV.
Since V' was an arbitrary neighborhood of 0, it follows that f(§) = &. O
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Markov—Kakutani Fixed-Point Theorem

The next fixed-point theorem we will prove is the Markov—Kakutani Fixed-Point Theorem; we will use
it to show a particularly useful method to find the amenability of a group, which we will discuss in the
section on applications. It is also useful for proving a more high-powered fixed-point theorem known as the
Ryll-Nardzewski Fixed-Point Theorem, which we will use to establish the existence of Haar measure on a

group.
Theorem (Markov—Kakutani Fixed-Point Theorem): Let K be a nonempty compact convex subset of a lo-

cally convex topological vector space X, and let F be a commuting family of continuous affine maps of K
into itself. Then, there is z¢g € K such that T'(z¢) = zo for all T € F.

Proof. Let T € F, and for n > 1, define

o _ LN~
™ =~ kzon :
If S, T € F, the commutation of S and T implies that ST (™) = T(m)§(n) Tet
K= {T(”)(K) ) TeFn> 1}.
Each of the K is compact (by continuity) and convex (by the fact that each T € F is affine).

If13,...,7, € F, and ny,...,np > 1, then by commutativity of F, we have

p
Tl(m) . 'ngnp)(K) c m Tj(ng)(K)
j=1

In particular, this means that K has the finite intersection property. Therefore, by compactness, we have
that there is

Xo € ﬂB

We claim that g is the desired common fixed-point for maps in F. If T € F, then 2o € T (K). Then,
there is z € K such that

1
xo = E(m +T(z)+ -+ T (z)).
In particular, we get

T(zo) ~ 70 =~ (T@) + -+ T"(@)) ~ (& + T(z) + -+ T""(z))
= (")~ )
€ %(K—K).

Since K is compact, so too is K — K. If U is an open neighborhood of 0 in X, there is n > 1 such that
%(K — K) C U. In particular, this means that T'(z9) — zo € U for every open neighborhood U of 0, so
that T'(zg) — 2o = 0. O

Hahn Fixed-Point Theorem and Kakutani Fixed-Point Theorem

Finally, the most general fixed-point theorem applies to families that are “sufficiently separating” in the
following sense.
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Definition: Let X be a locally convex topological vector space, and let K C X. A semigroup S of maps
from K to itself is called distal if, for any two points v # w in K, we have

0¢{Av—Aw | Ae S}

Equivalently, there is a basic open neighborhood
Uryr ={v € X |pi(v) <rforall p, € F}

for some finite F' C P, where P is the family of seminorms that determines the topology on X. In par-
ticular, the semigroup being distal is equivalent to the existence of a seminorm p and » > 0 such that
inf gcs p(Av — Aw) > 7.

Theorem (Hahn Fixed-Point Theorem): Let X be a locally convex topological vector space, and let K be
a nonempty compact convex subset of X. Let S be a semigroup of continuous affine maps of K into itself
that is distal. Then, there is a common fixed-point for S.

Proof. Consider the family of compact convex subsets C C K that are S-invariant. A decreasing chain
of such sets has nonempty intersection, and the intersection is compact, convex, and S-invariant. Thus, we
may assume that K is minimal. If K is one point, we are done.

Else, let &, 1 be distinct points in K, and set { = %(E +n). Let L = S¢, which is an S-invariant compact
subset of K. Then, conv(L) is closed, convex, and S-invariant. Since we assume that K is minimal, it is then
the case that conv(L) = K. From the Krein—-Milman theorem, it follows that K has an extreme point ~,
with v € L.

Therefore, we have a net (Ax),c, in S such that

43¢ = J(ANE + Axn)

— .

From compactness, we thus have £ and 7’ such that A é — & and Ayn — 7. Since v is extreme, it then
follows that v = & = /. In particular, this means that

A —An=v—7
:0,

which implies that S is not distal. Therefore, this means that K is a singleton. O

Definition: If K is a subset of a locally convex topological vector space X, a set S of maps from K to it-
self is called equicontinuous if, for every V' € Oy, there is an open W € Qg such that such that, when-
ever {,n € K with§ —np€ W, we have Al —An eV forall A€ S.

Theorem (Kakutani Fixed-Point Theorem): Let K be a compact convex subset of a locally convex topo-
logical vector space X. Let G be a group of affine maps of K into itself that is equicontinuous. Then, G has
a fixed-point.

Proof. Tt suffices to show that G is distal on K. Let £,7 € K be distinct points. Choose V' € Oy with
n ¢ £+ V. By equicontinuity, we may find W € Oy with &',n' € W and ¢ —n’ € W implying A¢' — A/ €
Vforall Aeg.

Suppose there were A € G such that Af — An € W. Then,

§—n=A"1(A¢) - A7 (An)
ev,

which is a contradiction. Thus, G is distal, so G admits a fixed-point by the Hahn Fixed-Point Theorem. [
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Ryll-Nardzewski Fixed-Point Theorem

Thus far, we have required norm compactness of the subset K. Our final fixed-point theorem gives us the
most general case.

Theorem (Ryll-Nardzewski Fixed-Point Theorem): Let X be a locally convex topological vector space with
topology 7, and let 7, be the weak topology on X. Suppose K is a nonempty weakly compact convex sub-
set of X. Let S be a semigroup of weakly continuous affine maps of K into itself that is distal with respect
to 7. Then, there is a common fixed point for S.

Proof. We start by reducing to the case of a finitely generated semigroup as follows. For each finite F' C
S, we let K be the set of common fixed-points for F.

This is a compact subset, and the family { Kz | FF C S finite} has the finite intersection property. There-
fore, there is a point in the intersection of all these subsets, which is non-empty by compactness. Thus, we
may assume S is finitely generated, and in particular, countable.

We may suppose that K is a minimal weakly compact, convex, S-invariant set, as in the proof of Hahn’s
theorem. For any £ € K, the set conv’ ({ A¢ | A € S§}) is an S-invariant convex subset of K. By geomet-
ric Hahn—Banach, a convex norm-closed subset is weakly closed, so it is equal to K, by minimality. Thus,
K is separable under 7. Let B be a countable 7-dense subset of K.

By a similar argument, there is a minimal, weakly compact (not necessarily convex) S-invariant subset L C
K. If L is a singleton, then we are done, so suppose L contains distinct points £ and 7. Since S is distal, there
is a convex 7T-open neighborhood U € Oy such that A& — An ¢ U for all A € S. Select a convex 7-closed
neighborhood V' of 0 such that V —V C U. Then, V is weakly closed (again by geometric Hahn—Banach).
Since B is T-dense, for any ¢ € K, we have (( — V) N B # 0. Therefore, we have

L=J®B+V)nL

BEB

Since the sets (8 + V) N L are weakly closed, it follows that L is not a countable union of weakly closed
nowhere-dense sets, so there is a 7,,-open set W and Sy € B such that

D#ALNW
CBo+V)NL
CBo+V.

Since conv’ (L) is a 7-closed, convex, S-invariant subset of K, it is equal to K by minimality. Let v be an

extreme point of K, so that v € L by the Krein—-Milman theorem. By the minimality of L, we have S_fyT =
L, so we have Ay € S such that Agy e LNW.

Set ¢ = 1(¢£ +n). By minimality of K, we have

K =vconv' (S8¢)

= conv’ (S_CTW).

Thus, by Krein—-Milman, we have v € S_CTW, so there is a net (Ax),c, in S such that

1 Tw

2 (g + Axn) =5 7.
By compactness, we may in fact take Ayn =% 1’ and A& = ¢, whence v = (¢ + 7). Since 7 is ex-
treme, it follows that v = £ = 7’. Thus, there is some \g such that

AgAy € LONW
AoAryn € LOW,

so that AgAx,& — ApAr,n € V — V C U, contradicting the assumption that S is distal. Thus, L is a
singleton, so S has a fixed-point. O
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Application: Haar Measure on Compact Groups
Definition: A group G is known as a topological group if it is equipped with a Hausdorff topology such that
multiplication is jointly continuous and inversion is a homeomorphism of G onto itself.

If G is a locally compact Hausdorff group, then we let C.(G) be the space of compactly supported con-
tinuous functions on G with the supremum norm. Recall that a Radon measure on G is a Borel measure
on G that is outer regular, inner regular on open sets, and finite on compact sets. By the Riesz Represen-
tation Theorem there is a one-to-one correspondence between positive linear functionals on C.(G) and
Radon measures on G. In fact, there is a (essentially) unique positive Radon measure p on G such that
w(Lsf) = u(f) for every s € G and every f € C.(G), which is known as Haar measure.

We will show the case for when G is compact by using these fixed-point theorems.

| Theorem: Let G be a compact group. Then, G has a unique left-invariant probability measure .

Proof. Since G is compact, we have C(G)* = M(G) is the space of all complex regular Borel measures
on G, via the Riesz Representation Theorem. Let K be the w*-compact convex set of probability measures
on G. The family of operators L} are w*-continuous isometries that map K onto itself.

Letting G = {L* | s € G} be this family, we see that G is isomorphic to G, as for any p € K and any
fecG),

LiLip(f) = w(LeLsf)
= :U’(Lstf)
= Lgu(f).

Now, we will show that G is equicontinuous on K. We have
Ur={pneM@Q)||u(f)|<lforal feF}
for finite F' C C(G) is a basic open neighborhood of 0. The map ®: G — C(G)¥ given by
®(s) = (Lsf1,-- -, Lsfn)

is continuous, so it has a norm-compact image. There is a finite subset S C G such that ®(S) is a 1/3-
net in ®(G), so we may define a w*-open neighborhood of 0 in M(G), given by

W = {p € M(G) | |n(Lsfi)| < 1/3,5 € S, f; € F}.

Let p,v € K with y — v € W. Then, for any t € G, there is some s € S such that | L. f; — Ls f;|| < 1/3
for each f; € F. Therefore, for each f; € F, we have

L (k= v)(fo)l = [(w — v)(Le fi)]
< (= v)(Lsfi)l + (0 — V)(Le fi — Ls fi)]
1
<3t e — vl Lefi — Ls fil|
< 1 N 2
3 3
=1.
In particular, this means Ly — Lyv € Up, so G is equicontinuous. Thus, by Kakutani’s Fixed-Point The-
orem, there is some u € K such that Lipy = p for all s € G, which is our desired left-invariant mea-
sure. at
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