A Course in Functional Analysis: Exercises and Solutions Avinash Iyer

These are assorted exercises and solutions from Conway’s A Course in Functional Analysis.

Spectral Theory

| Problem ([Con90, Exercise IX.1.2]): Show that the unit ball of B(H) is WOT-compact.

Solution: Consider the set
kK= ][ D,
z,yEBH

where D represents the complex unit disk and By denotes the closed unit ball of H. The space K is com-
pact by Tychonoft’s theorem. Let ¢: Bp() — K be defined by

Observe that by Cauchy—Schwarz, we have that

[Tz, y)| < I Tlop Il 19l
<1,

so ¢ is indeed well-defined. Furthermore, ¢ is injective since for any two operators T' and S, we have that
T = Sifand only if (Tz,y) = (Sz,y) for all z,y € By, and ¢ is continuous by the definition of the
weak operator topology. Therefore, we only need to show that ¢ has a closed range.

Let (T3); be a net of operators in Bg(g) such that
%g?((ﬂx, y))m,y = (zzyy)a;,y'

Then, from the Cauchy-Schwarz inequality, it follows that (zz,y), S K, and by the definition of conver-
gence in the product topology, we have, for each z,y,

In(Tiz,y) = zo,y-
Therefore, we may define a semidefinite sesquilinear form F': H x H — C given by
F(z,y) = lim(Tiz,y)
for each z,y € H. From the structure of sesquilinear forms, it then follows that there is some T' € Bpg)

such that F(z,y) = (T'z,y), and thus (T}),.; = T in WOT.

Problem ([Con90, Exercise 1X.1.13]): A representation p: A — B(H) is irreducible if the only projec-
tions in B(H) that commute with every p(a) for a € A are 0 and 1. Prove that if A is abelian and p is
an irreducible representation, then dim(H) = 1. Find the corresponding spectral measure.

Solution: Since A is abelian, so too is p(A), meaning that p(A) C p(A)’. Since p(A)’ = C1 by the as-
sumption of irreducibility, it follows then that p(A) = C1, whence H = [p(A)v] = Cv.

i€l

Without loss of generality, we may assume that A = Cy(X) for some locally compact Hausdorff space X,
and p: Cy(X) — C is a character. The characters of Cy(X) are given by evaluation at o € X, meaning
that their corresponding spectral measure is the Dirac mass 0.

Problem ([Con90, Exercise IX.2.1]): Show that A € 0,(NN) if and only if E({\}) # 0. Moreover, if A €
op(N), then E({\}) is the orthogonal projection onto ker(N — AI).

Solution: Suppose E({A}) # 0, meaning that

B = [ |ty

a(
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£0.

Since, for all z € H, we have

(N =ADE({A})z

( Z—)\)IL{A} dE)x
E({ (N M)z
0,

it follows that E({A})z € ker(N — AI), so that E({A}) < Py, where P, is the projection onto ker(N — AI).
Since E({A}) > 0, it follows that Py > 0, so Py is nontrivial, meaning ker(N — A\I) is nontrivial, so A €
op(N).

Now, let A € 0,(IN). We start by supposing that A # 0. If « € ker(T — AI) is nonzero, then we have

Tr =Mz

= (/ )\dE)w
o(N)

= (/ Tiay2 dE):v
a(N)

= E({ANTz
= AE({A})z,
so E({A\})xz = z, meaning that E({\}) > Py. In particular, from what we have established above, this

means that E({A}) = Py, so E({A}) # 0. If A\ = 0, then we shift N by subtracting a factor of I, per-
form the same process, and shift back.

Problem ([Con90, Exercise IX.2.10]): Let A be a hermitian operator with spectral measure E on a sepa-
rable space. For each real number ¢, define a projection P(t) = E(—oo0,t). Show:

(a) P(s) < P(t) for s <t;

(b) if t, < tp41 and (ty), — t, then P(t,) — P(t) in SOT;

(c) for all but a countable number of points t, P(t,) — P(t) in SOT if (¢,),, = ¢;
(d) for any f € C(o(A)), we have

s = [ ~ f(t) dP(),

where the integral is defined in the Riemann—Stieltjes sense.
Solution: Let x € H. Then, we observe that

(P(s)x,x) :/ IL(—oo,s) dEm,a:
o(A)

[
o(A)N(—o0,s)

< / dE,.,
o(A)N(=o00,t)

= (P(t)z, ).

Since z is arbitrary, and the measure F, , is real by the assumption that A is hermitian, it follows that P(s) <
P(t) whenever s < t. This shows (a).

To show (b), we recall that a sequence of projections (P,), — P in SOT if and only if it converges in WOT,
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as

(P — P)z,2) = <(Pn - P)2x,x>
= ((Pn — P)z, (P, — P)z)
= ||(P, — P)z|.

We thus see that if (¢,),, /*t, we have for any z € H,

{(P(tn) — P(t))z, 2)| =

/ ﬂ(—oo,tn) - ﬂ(—oo,t) dEw,a:
o(A)

= |Ez,z(0(A) N (—00,tn)) — Ezz(0(A4) N (—o0, )],
which by continuity from below for measures converges to zero. Thus, (P(t,)),, — P(t) in WOT, so it
converges in SOT.

To establish (c), we fix £ € H. Then, the function

ft) = (P(t)z, )

is a monotone increasing right-continuous function on R. In particular, this means that f(¢) has at most
a countable number of discontinuities, meaning that for any sequence (t,),, — t, it follows that P(t,) —
P(t) in WOT, hence in SOT, everywhere outside these countable number of discontinuities.

Problem ([Con90, Exercise IX.2.11], with some modifications): Suppose H is a separable Hilbert space; show
that op(N) is such that E(o(N) \ 0p(IN)) = 0 if and only if N is diagonalizable. That is, there is a ba-
sis of H consisting of eigenvectors for N.

Solution: Consider the internal direct sum space

X= @ ker(N-A).
A€op(N)

Since H is separable, it follows that o, (V) is countable, so this is a countable direct sum. Consider the spec-
tral projection given by

P= 3 BUA).

A€op(N)

Observe then that

P = dE
op(N)

=/ dE+0
op(IN)

:/ dE+/ dE
op(N) a(N)\op(N)

~ [
o(N)
so P is the identity.
| Problem ([Con90, Exercise IX.2.14]): Prove that if A is hermitian, exp(iA) is unitary. Is the converse true?

Solution: Since 0(A) C R, we have

exp(iA) = / e dE
o(A)
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exp(iA)* = / e dE
o(A)

exp(iA) exp(iA)" = / dE
o(A)

= exp(iA)”* exp(i4),

so that exp(iA) is unitary.

Similarly, there is a continuous bijection f: [0,27) — S given by t — €%, with Borel-measurable inverse
g, so that if V' is any unitary operator, we may define

A=g(V),

which has exp(iA) = V. Since g is real-valued, it follows that A is hermitian.

Problem ([Con90, Exercise IX.2.22]): Prove that if U is any unitary operator on H, then there is a con-
tinuous function w: [0,1] — B(H) such that w(0) = U, u(1) = I, and u(¢) is unitary for each ¢.

Solution: Since U is unitary, there is a hermitian operator A such that U = exp(iA). We may then de-
fine the continuous map

u: [0,1] — B(H)
t — exp(i(1 —t)A).
Since (1 —t)A is also a hermitian operator, and dominated convergence gives that this is a continuous map,
this is thus our desired map.

Problem ([Con90, Exercise IX.2.23]): If N is normal, show that there is a sequence of invertible normal
operators that converges to N.

Solution: We observe that the sequence of functions

1
Fn(2) = 2lointo} + 140}

converges pointwise to z, is nonzero everywhere on o(N), and is bounded above by the necessarily integrable
function

h(z) = < sup |z| + 1) Lo(vy.-

z€o(N)

So, the operator

fn(N) = fu(2) dE
o(N)

is invertible for each N, with f,(N) — N by dominated convergence.
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