
Completely Bounded and Completely Positive Maps Avinash Iyer

Positive Maps

We will start by focusing our discussion of positive maps on a subclass of linear subspaces of C∗-algebras.

Definition: Let A be a C∗-algebra, and let S ⊆ A be a self-adjoint linear subspace that contains 1. We call
such an S an operator system.

Note that if h is a self-adjoint element of S , then it is possible to write h as the difference of two positive
elements in S ,

h =
1
2

(∥h∥1 + h)− 1
2

(∥h∥1− h).

Definition: If S ⊆ A is an operator system, B is a C∗-algebra, and φ : S → B is a linear map, then we say
φ is positive if it maps positive elements of S to positive elements of B.

In the special case where the C∗-algebra B is the complex numbers (i.e., φ is a positive linear functional),
then we know from results in C∗-algebra theory that

∥∥∥φ∥∥∥ = φ(1). If B is an arbitrary C∗-algebra, it turns
out that φ is still positive, but that the bound is different.

Proposition: If φ : S → B is a positive map, then
∥∥∥φ∥∥∥ ≤ 2

∥∥∥φ(1)
∥∥∥.

Proof. If p is positive, then since 0 ≤ p ≤ ∥p∥1, it follows that 0 ≤ φ(p) ≤ ∥p∥φ(1), so that
∥∥∥φ(p)

∥∥∥ ≤ ∥p∥∥∥∥φ(1)
∥∥∥.

If p1 and p2 are positive, then ∥p1 − p2∥ ≤max(∥p1∥,∥p2∥), so if h is self-adjoint in S , we have

φ(h) =
1
2
φ(∥h∥1 + h)− 1

2
φ(∥h∥1− h),

giving ∥∥∥φ(h)
∥∥∥ ≤ 1

2
max

(∥∥∥φ(∥h∥1 + h)
∥∥∥,∥∥∥φ(∥h∥1− h)

∥∥∥)
≤ ∥h∥

∥∥∥φ(1)
∥∥∥.

Finally, if a is an arbitrary element of S , then we may write the Cartesian decomposition a = h+ ik, and
find ∥∥∥φ(a)

∥∥∥ ≤ ∥∥∥φ(h)
∥∥∥+

∥∥∥φ(k)
∥∥∥

≤ 2∥a∥
∥∥∥φ(1)

∥∥∥.
It turns out that this bound cannot be improved upon.

Example: Consider the subspace S ⊆ C
(
S1

)
spanned by 1, z, z̄. Then, we may define φ : S → M2 given

by

φ(a+ bz+ cz̄) =
(
a 2b
2c a

)
.

It follows that an element of S is positive if and only if c = b and a ≥ 2|b|, while a self-adjoint element of
M2 is positive if and only if its diagonal entries and determinant are positive real numbers. Therefore, it
follows that φ is a positive map.

Yet,

2
∥∥∥φ(1)

∥∥∥ = 2

=
∥∥∥φ(z)

∥∥∥
≤

∥∥∥φ∥∥∥,
meaning that

∥∥∥φ∥∥∥ = 2
∥∥∥φ(1)

∥∥∥.
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Lemma: Let A be a unital C∗-algebra, and let p1, . . . ,pn be positive elements of A satisfying

n∑
i=1

pi ≤ 1.

If λ1, . . . ,λn are scalars with |λi | ≤ 1, then we have∥∥∥∥∥∥∥
n∑
i=1

λipi

∥∥∥∥∥∥∥ ≤ 1.

Proof. We have
∑n

i=1λipi 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

 =


p1/2

1 · · · p1/2
n

0 · · · 0
...

. . .
...

0 · · · 0

diag(λ1, . . . ,λn)


p1/2

1 0 · · · 0
...

...
. . .

...
p1/2
n 0 · · · 0

.
The norm of the matrix on the left is

∥∥∥∑n
i=1λipi

∥∥∥, while each of the three matrices on the right have norm
less than 1, since ∥a∗a∥ = ∥a∥2.

This allows us to find some further restrictions on the norms of positive maps.

Theorem: Let B be a unital C∗-algebra, and let X be a compact Hausdorff space with C(X) the space of con-
tinuous functions on X. Let φ : C(X)→B be a positive map. Then,

∥∥∥φ∥∥∥ =
∥∥∥φ(1)

∥∥∥.

Proof. We may assume that φ(1) ≤ 1. Let f ∈ C(X), ∥f ∥ ≤ 1, and let ε > 0. Choose a finite open cover

{U1, . . . ,Un } with respective elements x1, . . . ,xj such that
∣∣∣∣f (x)− f

(
xj

)∣∣∣∣ < ε for all x ∈ Uj , and find a parti-

tion of unity {p1, . . . ,pn } subordinate to this open cover. Then, setting λj = f
(
xj

)
, then if pi(x) , 0 for some

i, then x ∈Ui , and |f (x)−λi | < ε. Therefore, for any x ∈ X,∣∣∣∣∣∣∣f (x)−
n∑
i=1

λipi(x)

∣∣∣∣∣∣∣ ≤
n∑
i=1

|f (x)−λi |pi(x)

< ε.

By the lemma, we have that
∥∥∥∑n

i=1λiφ(pi)
∥∥∥ ≤ 1, so

∥∥∥φ(f )
∥∥∥ ≤ ∥∥∥∥∥∥∥φ

f − n∑
i=1

λipi


∥∥∥∥∥∥∥+

∥∥∥∥∥∥∥
n∑
i=1

λiφ(pi)

∥∥∥∥∥∥∥
< 1 + ε

∥∥∥φ∥∥∥.
Therefore,

∥∥∥φ∥∥∥ ≤ 1.

Completely Positive Maps

Definition: If B is a C∗-algebra and φ : S → B is a linear map, then we may define φn : Mn(S)→Mn(B)

by φn

((
aij

)
i,j

)
=

(
φ
(
aij

))
i,j

.

We call φ n-positive if φn is positive, and we call φ completely positive if φ is n-positive for all n.

We call φ completely bounded if ∥∥∥φ∥∥∥
cb
D sup

n

∥∥∥φn

∥∥∥
2
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is finite. If
∥∥∥φ∥∥∥

cb
≤ 1, then we call φ completely contractive.

Lemma: Let A be a unital C∗-algebra, and let a,b ∈ A. Then,

(i) ∥a∥ ≤ 1 if and only if (
1 a
a∗ 1

)
is positive inM2(A).

(ii) The matrix (
1 a
a∗ b

)
is positive inM2(A) if and only if a∗a ≤ b.

Proof. Faithfully represent A on H via π : A→ B(H), and set A = π(a). Then, if ∥A∥ ≤ 1, for any x,y ∈ H,
we have 〈(

1 A
A∗ 1

)(
x
y

)
,

(
x
y

)〉
=

〈
x,y

〉
+
〈
Ay,x

〉
+
〈
x,Ay

〉
+
〈
y,y

〉
≥ ∥x∥2 − 2∥A∥∥x∥

∥∥∥y∥∥∥+
∥∥∥y∥∥∥2

≥ 0.

Conversely, if ∥A∥ > 1< then there are unit vectors x and y such that
〈
Ay,x

〉
< −1, so the inner product

above would be negative.

Now, if we let B = π(b), then if we let B ≥ A∗A, then B −A∗A ≥ 0, so that
〈
By,y

〉
≥

〈
Ay,Ay

〉
for all y ∈ H,

meaning that for all x,y ∈ H, we have〈(
1 A
A∗ B

)(
x
y

)
,

(
x
y

)〉
= ⟨x,x⟩+

〈
Ax,y

〉
+
〈
A∗x,y

〉
+
〈
By,y

〉
≥ ⟨x,x⟩+ 2Re

〈
Ax,y

〉
+
〈
Ay,Ay

〉
≥ ∥x∥2 +

∥∥∥Ay∥∥∥2 − 2
∥∥∥Ay∥∥∥∥x∥

≥ 0.

In the case that B ≱ A∗A, then there is some unit vector y such that
〈
By,y

〉
<

∥∥∥Ay∥∥∥2
, which would yield

the analogous outcome as in the proof of (i).

Proposition: Let S be an operator system, B a unital C∗-algebra, and φ : S → B a unital 2-positive map.
Then, φ is contractive.

Proof. Let a ∈ S be with ∥a∥ ≤ 1. Then,

φ2

((
1 a
a∗ 1

))
=

(
1 φ(a)

φ(a)∗ 1

)
is positive, so

∥∥∥φ(a)
∥∥∥ ≤ 1.

Proposition: Let A and B be unital C∗-algebras, φ : A → B a unital 2-positive map. Then, φ(a)∗φ(a) ≤
φ(a∗a) for all a ∈ A.

Proof. We have (
1 a
0 0

)∗(
1 a
0 0

)
=

(
1 a
a∗ a∗a

)
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≥ 0,

so (
1 φ(a)
φ(a) φ(a∗a)

)
≥ 0.

Using part (ii) of the above lemma gives our desired result.

Proposition: Let A and B be unital C∗-algebras, and letM≤A be a unital subspace, with S =M+M∗. If
φ : M→B is unital and 2-contractive, then the map ϕ : S → B given by ϕ(a+ b∗) = φ(a) +φ(b)∗ is contrac-
tive and 2-positive.

Proof. Since φ is contractive, ϕ is well-defined. SinceM2(S) =M2(M) +M2(M)∗, and (ϕ)2 = (ϕ2), then
since φ2 is contractive, ϕ2 is positive and ϕ is contractive.

Proposition: Let A and B be unital C∗-algebras,M a unital subspace of A, S =M+M∗. If φ : M→B is
unital and completely contractive, then ϕ : S → B as defined above is completely contractive and com-
pletely positive.

Proof. Since φn is unital and contractive, ϕn is positive, and since ϕ2n = (ϕn)2, we have ϕn is contractive.

Proposition: Let S ⊆ A be an operator system, and let B be a C∗-algebra, with φ : S → B completely pos-
itive. Then, φ is completely bounded, satisfying

∥∥∥φ(1)
∥∥∥ =

∥∥∥φ∥∥∥ =
∥∥∥φ∥∥∥

cb
.

Proof. We have
∥∥∥φ(1)

∥∥∥ ≤ ∥∥∥φ∥∥∥ ≤ ∥∥∥φ∥∥∥
cb

, so it suffices to show that
∥∥∥φ∥∥∥

cb
≤

∥∥∥φ(1)
∥∥∥. If A =

(
aij

)
i,j

is inMn(S)

with ∥A∥ ≤ 1, and In is the unit matrix ofMn(A), then the block matrix

P =
(
In A
A∗ In

)
is positive, so

φ2n(p) =
(
φn(In) φn(A)
φn(A)∗ φn(In)

)
is positive. Therefore,

∥∥∥φn(A)
∥∥∥ ≤ ∥∥∥φn(In)

∥∥∥ =
∥∥∥φ(1)

∥∥∥.

Dilations and Extensions

We discuss a characterization of completely positive maps, as well as a way to understand extensions of
completely positive maps.

Stinespring’s Dilation Theorem

Theorem (Stinespring’s Dilation Theorem): Let A be a unital C∗-algebra, and let φ : A→ B(H) be a com-
pletely positive map. Then, there exists a Hilbert space K, a unital ∗-homomorphism π : A→ B(K), and
a bounded operator V : H→K with

∥∥∥φ(1)
∥∥∥ = ∥V ∥2 such that

φ(a) = V ∗π(a)V .

Proof. Let A⊙H be the algebraic tensor product, and define a symmetric bilinear map

(a⊗ x,b⊗ y) =
〈
φ(b∗a)x,y

〉
,

and extend linearly, where ⟨·, ·⟩ is the inner product on H. Then, since φ is completely positive, it follows
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that (·, ·) is positive semidefinite, with n∑
j=1

aj ⊗ xj ,
n∑
i=1

ai ⊗ xi

 =
〈
φn

((
a∗iaj

)
i,j

)
x1
...
xn

,

x1
...
xn


〉

≥ 0.

Since positive semidefinite bilinear forms satisfy the Cauchy–Schwarz inequality, we may define the sub-
space

N = {u ∈ A⊙H | (u,u) = 0}
= {u ∈ A⊙H | (u,v) = 0 for all v ∈ A⊙H},

with an induced bilinear form on the quotient space A⊙H/N defined by〈
u +N ,v +N

〉
= (u,v).

Define K to be the Hilbert space completion of A⊙H/N . Now, define a linear map π(a) : A⊙H→A⊙H
by

π(a)

 n∑
i=1

ai ⊗ xi

 =
n∑
i=1

(aai)⊗ xi .

We have that the inequality inMn(A) given by(
a∗ia
∗aaj

)
i,j
≤ ∥a∗a∥

(
a∗iaj

)
i,j

is satisfied, giving π(a)

 n∑
j=1

aj ⊗ xj

,π(a)

 n∑
i=1

ai ⊗ xi


 =

n∑
i,j=1

〈
φ
(
a∗ia
∗aaj

)
xj ,xi

〉
≤ ∥a∗a∥

n∑
i,j=1

〈
φ
(
a∗iaj

)
xj ,xi

〉
= ∥a∥2

 n∑
j=1

aj ⊗ xj ,
n∑
i=1

ai ⊗ xi

.
Therefore, π(a) is invariant underN , so induces a quotient map on A⊗H/N , which we will also denote
by π(a). We have that (this new) π(a) is bounded with ∥π(a)∥ ≤ ∥a∥, meaning that it extends to a bounded
linear map on K.

We define V : H→K by

V (x) = 1⊗ x+N .

Then,

∥V x∥2 = (1⊗ x,1⊗ x)

=
〈
φ(1)x,x

〉
≤

∥∥∥φ(1)
∥∥∥∥x∥2,

and ∥V ∥2 =
∥∥∥φ(1)

∥∥∥.

Finally, we observe that 〈
V ∗π(a)V x,y

〉
= (π(a)1⊗ x,1⊗ y)

=
〈
φ(a)x,y

〉
for all x and y, so V ∗π(a)V = φ(a).
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We observe that if φ is unital, then V is an isometry, and we may identify H with the subspace VH of
K, and that φ(a) = Pπ(a)P , where P is the projection onto H. In particular, this means that every unital
completely positive map is the compression of a ∗-homomorphism.

This construction is very similar to the GNS representation, and we call the triple (π,V ,K) a Stinespring
representation for φ.

If K1 = [π(A)VH] denotes the closed linear span of the image of π(A)V , then the restriction of π to K1 de-
fines a ∗-homomorphism. If there is a Stinespring representation (π1,V ,K1) that satisfies K1 = [π1(A)VH],
then we call such a triple a minimal Stinespring representation.

The minimal Stinespring representation is unique up to unitary equivalence.

Proposition: Let (π,V ,H) be a minimal Stinespring dilation of a completely positive contraction ϕ : A→
B(H). The, there exists a ∗-homomorphism ρ : ϕ(A)′→ π(A)′ such that ϕ(a)x = V ∗π(a)ρ(x)V for all a ∈ A
and all x ∈ ϕ(A)′ .

One of the most important applications of the Stinespring theorem is showing a version of the Cauchy–
Schwarz inequality, as well as a bimodularity property.

Proposition: Let A and B be C∗-algebras, with ϕ : A→ B a completely positive contraction.

(i) The inequality ϕ(a)∗ϕ(a) ≤ ϕ(a∗a) holds for all a ∈ A.

(ii) If, for some a ∈ A, we have ϕ(a∗a) = ϕ(a)∗ϕ(a) and ϕ(aa∗) = ϕ(a)ϕ(a)∗, then we have ϕ(ba) = ϕ(b)ϕ(a)
and ϕ(ab) = ϕ(a)ϕ(b) for all b ∈ A.

(iii) The subspace

Aϕ = {a ∈ A
∣∣∣ ϕ(a∗a) = ϕ(a)∗ϕ(a) and ϕ(aa∗) = ϕ(a)ϕ(a)∗ }

is a C∗-subalgebra of A.

Proof. Let B ⊆ B(H) be a faithful ∗-representation, and (π,V ,K) a Stinespring dilation of ϕ : A→ B ⊆ B(H).
For every a ∈ A, we have

ϕ(a∗a)−ϕ(a)∗ϕ(a) = V ∗π(a)∗(1−VV ∗)π(a)V

≥ 0

as V is a contraction. Therefore, (i) follows.

Moreover, equality holds if and only if (1−VV ∗)1/2
π(a)V = 0, meaning that

ϕ(ba)−ϕ(b)ϕ(a) = V ∗π(b)(1−VV ∗)π(a)V

= 0

for every b ∈ A. Symmetry gives (ii), and (iii) follows from (ii).

The C∗-subalgebra Aϕ is called the multiplicative domain of ϕ.

Arveson’s Extension Theorem

We now begin by understanding relations between completely positive maps and the matrix algebras
Mn(C).

Proposition: Let A be a C∗-algebra, and let
(
eij

)
i,j

denote the matrix units ofMn(C). A map ϕ : Mn(C)→

A is completely positive if and only if the matrix
(
ϕ
(
eij

))
i,j

is positive inMn(A).

Proof. Since
((
eij

)
i,j

)
i,j
∈Mn(Mn(C)) (the matrix of matrix units) is positive, as it is a multiple of a rank

one projection, the forward direction follows immediately.
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In the reverse direction, let a =
(
aij

)
i,j

=
(
ϕ
(
eij

))
i,j

inMn(A) be positive, and let
(
bij

)
i,j

= a1/2 be the square

root. By definition, then have

ϕ
(
eij

)
=

n∑
k=1

b∗kibkj .

If A ⊆ B(H) is a faithful representation, define V : H→ ℓn2 ⊗ ℓ
n
2 ⊗H by

V ξ =
n∑

j,k=1

ζj ⊗ ζk ⊗ bkjξ,

where
{
ζj

}n
j=1

is the standard basis for ℓn2 . Then, if T =
(
tij

)
i,j
∈Mn(C), we have

〈
V ∗(T ⊗ 1⊗ 1)V η,ξ

〉
=

〈
(T ⊗ 1⊗ 1)V η,V ξ

〉
=

n∑
i,j,k,ℓ=1

〈
T ζj ,ζi

〉
⟨ζk ,ζℓ⟩

〈
bkjη,bℓiξ

〉

=
〈
ϕ

 n∑
i,j=1

tijeij

η,ξ
〉

=
〈
ϕ(T )ξ,η

〉
,

for every ξ,η ∈ H. Thus, ϕ(T ) = V ∗(T ⊗ 1⊗ 1)V for every T ∈Mn(C), so ϕ is completely positive.

In particular, for fixed a1, . . . , an ∈ A, we may define ϕ : Mn(C)→ A by ϕ
(
eij

)
= aia

∗
j , and observe that this

gives a completely positive map, as

(
ϕ
(
eij

))
=


a1a
∗
1 a1a

∗
2 · · · a1a

∗
n

a2a
∗
1 a2a

∗
2 · · · a2a

∗
n

...
...

. . .
...

ana
∗
1 ana

∗
2 · · · ana

∗
n


=


a1 0 · · · 0
a2 0 · · · 0
...

...
. . .

...
an 0 · · · 0



a1 0 · · · 0
a2 0 · · · 0
...

...
. . .

...
an 0 · · · 0


∗

There is a similar reverse characterization. Given a linear map ϕ : A→Mn(C), define a linear functional
ϕ̂ : Mn(A)→C by

ϕ̂

((
aij

)
i,j

)
=

n∑
i,j=1

(
ϕ
(
aij

))
i,j

Proposition: A map ϕ : A→Mn(C) is completely positive if and only if ϕ̂ is positive onMn(A).

Proof. Let {ζi }ni=1 be the standard orthonormal basis for ℓn2 , and let

ζ =


ζ1
...
ζn


∈
(
ℓn2

)n.
7
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We have

ϕ̂

((
aij

)
i,j

)
=

〈
ϕn

((
aij

)
i,j

)
ζ,ζ

〉
whenever

(
aij

)
i,j
∈Mn(A), so if ϕn is positive, then so too is ϕ̂.

In the reverse direction, let ϕ̂ be positive, and let L2(Mn(A), ϕ̂) be the GNS representation with cyclic vec-
tor ξ. If

(
eij

)
i,j

denotes the system of matrix units forMn(C), we may view them as elements inMn(A) by

tensoring with 1A. Define the operator V : ℓn2 → L2(Mn(A), ϕ̂) by

V ζj = π
(
e1j

)
ξ.

Then, we have

ϕ(a) = V ∗π(diag(a, . . . , a))V ,

so that ϕ is completely positive.

Lemma: Let E ⊆ A be an operator system, and let ψ : E→C be a positive linear functional. Then,
∥∥∥ψ∥∥∥ =

ψ(1), and any norm-preserving extension of ψ to A is positive.

Proof. Let x ∈ E be such that ∥x∥ ≤ 1 and
∣∣∣ψ(x)

∣∣∣ is close to
∥∥∥ψ∥∥∥. We may assume that 0 < ψ(x) ∈R by mul-

tiplying by the sign of ψ(x). Since positive maps are self-adjoint, we have

ψ(x) =
1
2
ψ(x+ x∗),

so we may assume x is self-adjoint. Yet, the operator inequality x ≤ ∥x∥1 induces

ψ(x) ≤ ψ(1)∥x∥.

Since any functional satisfying ψ(1) =
∥∥∥ψ∥∥∥ is positive, we have that any extension to A is positive.

Corollary: If E ⊆ A is an operator system, and ϕ : E → Mn(C) is a completely positive map, then ϕ ex-
tends to a completely positive map A→Mn(C).

Proof. We may define the positive linear functional ϕ̂ onMn(E), which extends to a positive linear functional
onMn(A). Applying the correspondence in reverse gives our desired extension.

Theorem: Let A be a unital C∗-algebra, and let E ⊆ A be an operator system. Then, every contractive com-
pletely positive map ϕ : E→ B(H) extends to a contractive completely positive map ϕ : A→ B(H).

Proof. Let (Pi)i∈I be an increasing net of finite-rank projections that converge to identity in SOT. For each
i, consider the map ϕi : E→ PiB(H)Pi given by ϕi(e) = Piϕ(e)Pi , which can be viewed as taking values in
a matrix algebra.

We may extend ϕi to be defined on all of A, and letting ϕi take values in B(H), we use point-ultraweak com-
pactness of the unit ball in B(A,B(H)) to find a cluster point Φ : A→ B(H). This map Φ is completely pos-
itive and extends ϕ

Nuclearity and Exactness

Definition: We call a map θ : A→ B between C∗-algebras nuclear if there are contractive completely pos-
itive maps ϕn : A→Mk(n)(C) and ψn : Mk(n)(C)→ B such that ψn ◦ϕn→ θ pointwise in the norm topol-
ogy: ∥∥∥ψn ◦ϕn(a)→ θ(a)

∥∥∥→ 0

for all a ∈ A.

8
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Definition: If A is a C∗-algebra, and N is a von Neumann algebra, then a map θ : A→N is called weakly
nuclear if there exist contractive completely positive maps ϕn : A→Mk(n)(C) and ψn : Mk(n)(C)→N such
that ψn ◦ϕn→ θ pointwise in the ultraweak topology:

η(ψn ◦ϕn(a))→ η(θ(a))

for all a ∈ A and normal functionals η ∈N∗.
By uniqueness of preduals, if N ⊆ B(H) is a faithful normal representation, then it suffices to observe that
ψn ◦ϕn→ θ pointwise in the ultraweak topology if and only if〈

ψn ◦ϕn(a)v,w
〉
→ ⟨θ(a)v,w⟩

for all a ∈ A and v,w ∈Ω for some collection Ω of vectors whose linear span is dense in H.

One of the interesting aspects of nuclear maps is that whether a map is nuclear or not depends on the
range.

Proposition: Let M ⊆ B(H) be a von Neumann algebra. The natural inclusion map M ↪→ B(H) is always
weakly nuclear.

Proof. Let {Pi }i∈I be a net of finite rank projections increasing to the identity. If Pi has rank k(i), then we may
define maps ϕi : M → Mk(i)(C) � PiB(H)Pi by compression, and let ψi : Mk(i)(C) → B(H) be natural in-
clusion maps.

Since the predual of B(H) is the trace class operators, we have that these maps converge weakly to the iden-
tity on B(H), it follows that M ↪→ B(H) is weakly nuclear.

Proposition: A map θ : A→ B is nuclear if and only if for every finite F ⊆ A and every ε > 0, there exist
n ∈N and contractive completely positive maps ϕ : A→Mn(C), ψ : Mn(C)→ B such that

∥∥∥θ(a)−ψ ◦ϕ(a)
∥∥∥ <

ε for all a ∈ F.
Proof. Define the set F = {(F,ε) | F ⊆ A finite, ε > 0}, directed by

(F1,ε1) ⪯ (F2,ε2)⇔ F1 ⊆ F2 and ε2 ≤ ε1.

It can then be verified that convergence in the point-norm topology in the definition for nuclearity is equiv-
alent to convergence via this directed set, and vice versa.

Note that the point-norm topology is (effectively) equivalent to the strong operator topology, while the
point-weak topology is (effectively) equivalent to the weak operator topology.

Definition: A C∗-algebra A is called nuclear if the identity map is nuclear.

Definition: A C∗-algebra A is called exact if there exists a faithful representation π : A→ B(H) such that
π is nuclear.
Definition: A von Neumann algebra M is called semidiscrete if the identity map is weakly nuclear.

We will show now that if the double dual of a C∗-algebra is semidiscrete, then the C∗-algebra is nuclear.

Lemma: Let A be a Banach space, and let B(A) be the space of all bounded linear maps from A to A, and
let C ⊆ B(A) be a convex set. Then, the point-weak and point-norm closures of C coincide.

Proof. Let T ∈ B(A) be a map such that (Ti)i ⊆ C converges in the point-weak topology — i.e., for all a ∈
A and all η ∈ A∗,

η(Tia)→ η(T a).

We must show that for any finite subset F = {a1, . . . , ak } of A and every ε > 0, there is S ∈ C such that
∥∥∥Saj − T aj∥∥∥ <

ε for all 1 ≤ j ≤ k.

Since the net of maps (Ti ⊕ · · · ⊕ Ti)i converges in the point-weak topology to T ⊕· · ·⊕T , we have that the el-
ement T a1 ⊕ · · · ⊕ T ak belongs to the weak closure of (Tia1 ⊕ · · · ⊕ Tiak), so by the Hahn–Banach separation,
it belongs to the norm closure of the convex hull. Therefore, we can find a convex combination of the Ti that
is close in norm to T on all of F.

9
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Definition: We say a completely positive map θ : A → A is factorable if there exist completely positive
maps ϕ : A→Mn(C) and ψ : Mn(C)→ A such that θ = ψ ◦ϕ.

Proposition: The set of factorable maps is convex.

Proof. Let θ1,θ2 : A→ A be factorable maps with factorizations given by
(
ϕi ,ψi ,Mni (C)

)
. We observe then

that λθ1 +(1−λ)θ2 factorizes throughMn1
(C)⊕Mn2

(C), given by ϕ1⊕ϕ2 and λψ1 +(1−λ)ψ2 respectively.

The set of positive operators is a cone, so this map is completely positive, and we may embedMn1
(C)⊕

Mn2
(C) ↪→Mn3

(C) to find this desired factorization.

Note that this also shows that the space of contractive factorable maps is also convex.

Proposition: If A∗∗ is semidiscrete, then A is nuclear.

Proof. Suppose A is unital, fix finite subsets F ⊆ A and Z ⊆ (A∗∗)∗ = A∗, and ε > 0. By some previous lemma,s
it suffices to show that idA belongs to the point-weak closure of the contractive factorable maps. That is, there
are contractive completely positive maps ϕ : A→Mn(C) and ψ : Mn(C)→ A such that, for all a ∈ F and
η ∈ Z, we have ∣∣∣η(ψ ◦ϕ(a))−η(a)

∣∣∣ < ε.
Since A∗∗ is semidiscrete, we may find unital completely positive maps ϕ : A∗∗→Mn(C) and ψ′ : Mn(C)→
A∗∗ such that

∣∣∣η(ψ′ ◦ϕ(a))−η(a)
∣∣∣ < ε for all a ∈ F and η ∈ Z.

Applications

There are a variety of ways to use understanding of completely positive maps to understand ideas in von
Neumann algebra theory.

Conditional Expectations

This subsection is copied from projections notes.

Definition: If A is a unital C∗-algebra, and B ⊆ A is a unital C∗-subalgebra, then a conditional expecta-
tion from A to B is a unital completely positive map E : A→ B with E|B = id.

From [Pau02, Corollary 3.19], every conditional expectation is bimodular — that is, E(axb) = aE(x)b for all
a,b ∈ B and x ∈ A.

It turns out that the stated properties are defining for conditional expectations.

Theorem: Let A be a unital C∗-algebra, B ⊆ A a unital C∗-subalgebra, and E : A → B with E|B = id and
∥E∥ ≤ 1. Then, E is a conditional expectation.

Proof. Start by considering the case that A is a von Neumann algebra and B is a von Neumann subalgebra.

Then, for any p ∈ P (B) and x ∈ A, we have (1− p)E(px) = E((1− p)E(px)), so for all t > 0,

(1 + t)2∥pE((1− p)x)∥2 = ∥pE((1− p)x+ tpE((1− p)x))∥2

≤ ∥(1− p)x+ tpE((1− p)x)∥2

≤ ∥(1− p)x∥2 + t2∥pE((1− p)x)∥2,

so for all t > 0, we have (1 + 2t)∥pE((1− p)x)∥2 ≤ ∥(1− p)x∥2, so that pE((1− p)x) = 0. Since both p and 1−p
are in B, we have that pE(x) = pE(px) = E(px). Since the span of the projections is norm-dense in B, we
have E(yx) = yE(x) for all y ∈ B and all x ∈ A. Therefore, we have that E is B-bimodular.

Since E is a unital contraction, we have that E is positive. If
(
aij

)
i,j
∈Mn(A)+ and x1, . . . ,xn ∈ B, then we

10
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have

n∑
i,j=1

x∗iE
(
aij

)
xj = E

 n∑
i,j=1

x∗iaijxj


≥ 0,

so E(n)
((
aij

)
i,j

)
≥ 0, meaning E is completely positive.

In the general case, we embed A into its double dual, A∗∗, which is a von Neumann algebra, and similarly
for B, and use the fact that E∗∗ : A∗∗→ B∗∗ is equal to E on the subalgebras A and B.

Theorem: Let M be a finite von Neumann algebra with trace τ, and let N ⊆M be a von Neumann subal-
gebra. Then, there exists a unique normal conditional expectation E : M→N with τ ◦E = τ.

Proof. Let eN ∈ B(L2(M,τ)) be the projection onto L2(N,τ) ⊆ L2(M,τ). Let J be the conjugation operator
on L2(M,τ), which we can also view as the conjugation operator on L2(N,τ).

We have N ′ ∩B(L2(N,τ)) from a basic result on the standard representation (see orbit equivalence notes).
Since L2(N,τ) is invariant under the operation JNJ , we must have eN (JyJ) = (JyJ)eN for all y ∈N .

For any x ∈M and y ∈N , we get

eNxeN JyJ = eNxJyJ

= eNxJyJxeN
= JyJeNxeN ,

so eNxeN ∈ (JNJ)′ = N , and we may denote this operator by E(x). We have that E : M → N is normal,
unital, completely positive, and E|N = id, so E is a normal conditional expectation. Furthermore, for any
x ∈M, we have

τ(E(x)) = ⟨eNxen1τ,1τ⟩
= ⟨x1τ,1τ⟩
= τ(x),

where 1τ denotes the cyclic vector on the GNS representation.

If Ê were another trace-preserving conditional expectation, then for any x ∈M and y ∈N , we would have

τ
(
Ê(x)y

)
= τ

(
Ê(xy)

)
= τ(xy)

= τ(E(xy))

= τ(E(x)y),

meaning that Ê = E as x is arbitrary and τ is faithful.

Amenability

Now we can discuss how completely positive maps relate to amenability.

Recall that a (discrete, countable) group G is called amenable if there is a state m : ℓ∞(G)→ C satisfying
m(λsf ) = m(f )for all s ∈ G, where λsf (t) = f

(
s−1t

)
. There are a variety of equivalent characterizations,

which are discussed in depth in this document.

Proposition: Let G be a group. The following are equivalent:

(i) G is amenable;
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(ii) there exists a net (ξi)i∈I of unit vectors in ℓ2(G) such that, for all g ∈ G, we have

lim
i∈I

∥∥∥λgξi − ξi∥∥∥ℓ2
= 0;

(iii) there exists a net of finitely supported positive definite functions on G that converge pointwise to 1;

(iv) there exists a net (Ei)i∈I of nonempty finite subsets of G such that

lim
i∈I

|gEi△Ei |
|Ei |

= 0.

Our goal will be to use the theory of completely positive maps to introduce other characterizations of
amenability both for groups and von Neumann algebras.

Proposition: Let G be a group, and let M = L(G) be its group von Neumann algebra. Then, G is amenable
if and only if there exists a conditional expectation E : B(L2(M))→M.

Proof. Suppose E exists. If f ∈ ℓ∞(G), let Mf be the operator of multiplication by f on ℓ2(G). Set m(f ) =

τ
(
E
(
Mf

))
, where τ = ⟨·δe,δe⟩ is the canonical trace on M. Since usMf u

∗
s = Mλsf for every s ∈ G, we have

that m is left invariant.

Now, assume G is amenable, and let m be a mean on ℓ∞(G). Given ξ,η ∈ ℓ2(G), and T ∈ B(ℓ2(M)), define
the function

f T
ξ,η(s) =

〈
ξ,ρ(s)T ρ

(
s−1

)
η
〉
,

where ρ is the right regular representation of G. We have that f T
ξ,η is a bounded function on G satisfying∣∣∣∣f T

ξ,η(s)
∣∣∣∣ ≤ ∥T ∥∥ξ∥∥∥∥η∥∥∥.

This allows us to define a continuous sesquilinear form

(ξ,η) = m
(
f T
ξ,η

)
on ℓ2(G). By the structure of sesquilinear forms, we have a unique operator E(T ) satisfying〈

ξ,E(T )η
〉

= m
(
f T
ξ,η

)
.

Since m is invariant under the left-regular action, it is invariant under the right-regular action, so

ρ(s)E(T )ρ
(
s−1

)
= E(T ),

so E(T ) commutes with ρ(G), meaning E(T ) ∈ L(G), and E(T ) is a conditional expectation as it is equal
to identity on L(G) with norm less than 1.

This property motivates the following definition.

Definition: We say a von Neumann algebra is amenable (or injective) if M can be faithfully represented as
a von Neumann subalgebra of some B(H) such that there exists a conditional expectation E : B(H)→M.

Proposition: Let M be a von Neumann algebra. The following are equivalent:

(i) M is injective;

(ii) for every inclusion A ⊆ B of unital C∗-subalgebras, any unital completely positive map φ : A→M
extends to a completely positive map from B to M;

(iii) for any B(H) that contains M as a von Neumann subalgebra, there is a conditional expectation from
B(H) onto M.

12
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Proof. To show (i) implies (ii), assume M is a von Neumann subalgebra of B(H), and let E : B(H)→M be
a conditional expectation. Extend φ to a completely positive map φ̃ : B → B(H) by using Arveson’s ex-
tension theorem. Then, E ◦ φ̃ : B→M is a completely positive extension of φ.

For (ii) implies (iii), if M ⊆ B(H), then apply (ii) with A = M, B = B(H), and the identity map idM . Then,
there exists a completely positive map φ : B(H)→M whose restriction to M is idM , which is necessarily
a conditional expectation.

Example: The hyperfinite II1 factor, R, is amenable. Recall that the hyperfinite II1 factor is defined to be
the SOT-closure of the inductive limit of Qn =M2n(C), where we equip Qn→Qn+1 with the block-diagonal
embedding,

A 7→
(
A 0
0 A

)
.

Let J be the conjugation operator on L2(R). For any n ≥ 1 and T ∈ B(L2(R)), set

En(T ) = J

(∫
U (2n)

uJT Ju∗ dµ(u)
)
J,

where µ denotes the Haar probability measure on the compact group U (2n), the group of unitary 2n × 2n

matrices. Then, (En(T ))n is a norm-bounded sequence of operators in B(L2(R)).

Take the limit of this sequence along a free ultrafilter, which allows for the existence of a unique bounded
operator denoted E(T ) satisfying 〈

ξ,E(T )η
〉

= lim
ω

〈
ξ,En(T )η

〉
for all ξ,η ∈ L2(R). Observe that for any n ≥ n0, we have that En(T ) ∈ J

(
Qn0

)′
J , so that

E(T ) ∈
⋂
n0≥1

J
(
Qn0

)′
J

= R,

and E(T ) = T if T ∈ R. This gives that E is our desired conditional expectation.

Definition: Let (M,τ) be a tracial von Neumann algebra. A state ψ on B(L2(M,τ)) is called a hypertrace if
ψ(xT ) = ψ(T x) for every x ∈M and every T ∈ B(L2(M,τ)), with ψ|M = τ.

Proposition: Let (M,τ) be a tracial von Neumann algebra. Then, M is amenable if and only if it has a hy-
pertrace.

Proof. If M is amenable, then since M ⊆ B(L2(M,τ)), we have a conditional expectation E : B(L2(M,τ))→
M, so that τ ◦E is a hypertrace.

Conversely, if ψ is a hypertrace, then given T ∈ B(L2(M,τ))+, we may define a positive linear functional
ϕ on M by taking ϕ(x) = ψ(T x). For any x ∈M+, we then have∣∣∣ϕ(x)

∣∣∣2 =
∣∣∣∣ψ(

x1/2T x1/2
)∣∣∣∣2

≤ ψ
(
x1/2T 2x1/2

)
ψ(x)

≤ ∥T ∥2ψ(x)2.

Since ψ|M = τ, we have ϕ(x) ≤ ∥T ∥τ(x) for any x ∈M+, and in particular, ϕ is normal. By the noncommu-
tative Radon–Nikodym theorem, there is some E(T ) ∈M+ such that for all x ∈M,

ψ(T x) = τ(E(T )x).

We may extend E to yield a conditional expectation from B(L2(M,τ))→M.

13
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Bimodules and Completely Positive Maps

There is a significant connection between completely positive maps and the notion of bimodules over von
Neumann algebras.

Definition: Let M and N be finite von Neumann algebras. A Hilbert space H is said to be a M-N -bimodule
if it is equipped with two commuting normal ∗-representations π : M → B(H) and ρ : N op → B(H). We
will write

x · ξ · y = π(x)ρ(yop)ξ

for all ξ ∈H , x ∈M, and y ∈N .

Example: The following are important examples of bimodules.

(i) The standard representation L2(M) is an M-M-bimodule with representations of M and Mop given
by x · ξ · y = xξy.

(ii) The coarse, denoted L2(M)⊗L2(N ), is an M-N -bimodule given by x · (ξ⊗η) ·y = (xξ)⊗ (ηy). We have
that

L2(M)⊗L2(N ) �HS(L2(M),L2(N )),

where HS(L2(M),L2(N )) is the bimodule of Hilbert–Schmidt operators from L2(M) to L2(N ).

(iii) If τ ∈ aut(M) is a trace-preserving automorphism, then L2(M) can be equipped with a twisted rep-
resentation x · ξ · y = xξθ(y).

(iv) If B ⊆ M is a von Neumann subalgebra, denote by eB : L2(M) → L2(B) the orthogonal projection.
The basic construction, ⟨M,eB⟩ is the von Neumann subalgebra of B(L2(M)) generated by M and eB. En-
dowing ⟨M,eB⟩ with the semifinite trace

Tr(xeBy) = τ(xy),

then L2(⟨M,eB⟩,Tr) is endowed with the structure of a M-M-bimodule.

We may now consider a dictionary (of sorts) between bimodules and unital completely positive maps. We
will then specialize to the case of group representations.

To start, let φ : M → N be a trace-preserving unital completely positive map. Define a sesquilinear form
on M ⊙L2(N ) by 〈∑

i

ai ⊗ηi ,
∑
j

bj ⊗ ζj
〉

=
∑
i,j

〈
φ
(
b∗jai

)
ηi ,ζj

〉
L2(N )

,

and build a Hilbert space by completing with respect to this norm, which we denote Hφ. We may equip
Hφ with an M-N -bimodule structure by defining the action on b⊗ ζ by

a(b⊗ ζ)x = (ab)⊗ (ζx)

for any a ∈M and x ∈N .

Letting ξ = 1⊗ 1̂ be the unit vector in Hφ, where 1̂ denotes the cyclic vector in L2(N ), then we have〈
aξx,ξy

〉
Hφ =

〈
φ(a)x̂, ŷ

〉
L2(N )

for all a ∈M and x,y ∈N . Since φ is assumed to be trace-preserving, we have that

τm = ⟨·ξ,ξ⟩
τN = ⟨ξ·,ξ⟩.

14
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Now, let H be a M-N -bimodule with tracial unit vector ξ — i.e., τM = ⟨·ξ,ξ⟩ and τN = ⟨ξ·,ξ⟩. Then, the
map Lξ : L2(N )→H given by

Lξ(x̂) = ξx

is bounded with operator norm 1. For any x,y ∈N , we have〈
x̂,L∗ξ(ξy)

〉
=

〈
ξx,ξy

〉
= τN (xy∗)

=
〈
x̂, ŷ

〉
L2(N ).

That is, L∗
ξ
(ξy) = ŷ. In particular, Lξ is an isometry.

Denote by J = JN the canonical anti-linear unitary. For any a ∈ M, we have L∗
ξ
aLξ ∈ N , since for any

y,z1, z2 ∈N , we have 〈(
L∗ξaLξ

)
(Jy∗J)ẑ1, ẑ2

〉
L2(N )

=
〈
aLξJy

∗Jẑ1,Lξẑ2

〉
H

=
〈
aξz1y,ξz2

〉
H.

Meanwhile, 〈
(Jy∗J)

(
L∗ξaLξ

)
ẑ1, ẑ2

〉
L2(N )

=
〈
aLξẑ1,LξJyJẑ2

〉
H

=
〈
aξz1,ξz2y

∗〉
H.

Therefore, we may define the unital completely positive map φ : M→N by φ(a) = L∗
ξ
aLξ. We have that

τN (φ(a)) =
〈
L∗ξaLξ1̂, 1̂

〉
= ⟨aξ,ξ⟩
= τM (x),

so that φ is trace-preserving. Furthermore,〈
φ(a)x̂, ŷ

〉
=

〈
aξx,ξy

〉
.

This dictionary between unital completely positive maps and bimodules enables a different proof of the
existence and uniqueness of a trace-preserving conditional expectation.

Proposition: Let (M,τ) be a finite von Neumann algebra, and let B ⊆M be a von Neumann subalgebra
with τB = τ|B. Then, there exists a unique normal faithful trace-preserving conditional expectation E : M→
B.

Proof. Equip H = L2(M,τ) with an M-B-bimodule structure. The vector 1̂ ∈ H is a unit tracial vector. There
is a corresponding normal trace-preserving unital completely positive map EB : M → B from our work
above. We claim this is our desired conditional expectation.

Recall that we have 〈
x1̂a, 1̂b

〉
L2(M)

=
〈
EB(x)â, b̂

〉
L2(B)

for all x ∈M and all a,b ∈ B. Then, for any x ∈M and any a,b,c,d ∈ B, we have〈
EB(axb)ĉ, d̂

〉
L2(B)

=
〈
axb1̂c, 1̂d

〉
=

〈
x1̂bc, 1̂a∗d

〉
=

〈
EB(x)b̂c, â∗d

〉
15
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=
〈
aEB(x)bĉ, d̂

〉
.

Therefore, EB is a conditional expectation. If EB(x∗x) = 0, then

0 =
〈
EB(x∗x)1̂, 1̂

〉
=

〈
x∗x1̂, 1̂

〉
= ∥x∥2τ ,

meaning x = 0.

Finally, suppose E is another trace-preserving conditional expectation. Then,〈
EB(x)ĉ, d̂

〉
=

〈
x1̂c, 1̂d

〉
= τ(d∗xc)

= τ(E(d∗xc))

= τ(d∗E(x)c)

=
〈
E(x)ĉ, d̂

〉
,

so EB(x) = E(x), giving uniqueness.

Now, we can consider the translation between unitary representations of discrete groups and Hilbert
bimodules. Let π : Γ → U (Hπ) be a unitary representation of a countable discrete group Γ , and let M =
L(Γ ) be the group von Neumann algebra with canonical unitaries (us)s∈Γ . Let Kπ =Hπ ⊗ ℓ2(Γ ), and define
left and right commuting multiplications by taking

us · (ξ⊗ δt) = (πs ⊗λs)(ξ⊗ δt)
= πsξ⊗ δst

(ξ⊗ δt) ·us = (1⊗ ρs−1 )(ξ⊗ δt)
= ξ⊗ δts.

We see that right multiplication extends to the whole von Neumann algebra, and that the unitary repre-
sentations π⊗λ and 1⊗λ are unitarily equivalent by Fell’s Absorption Principle. Therefore, left multiplica-
tion extends to M, so we have that Kπ is equipped with the structure of an L(Γ )-L(Γ )-bimodule.

If π is the left regular representation of Γ , then the M-M-bimodule Kλ is the coarse bimodule L2(M) ⊗
L2(M).
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