Compact and Fredholm Operators Avinash Iyer

Compact Operators

Definition: A linear map T: X — Y between Banach spaces is called compact if T(Bx) C Y has com-
pact closure, where Bx denotes the closed unit ball of X. We denote the space of compact operators K(X,Y).

The theory of compact operators (and the soon to arise Fredholm operators) arose from the analysis of
integral equations. To start, let I = [0,1], and consider the Banach space C(I) with the supremum norm.
Letting k € C(I x I), we define u € B(X) by taking

Tf(z) = / k(z,9)f(y) d.

The fact that Tf € X follows from an application of the Dominated Convergence Theorem and the fact
that, since k(z,y) is jointly continuous, it is also separately continuous (see [Fol99, Theorem 2.27]). In fact,
we can show something even stronger: we claim that the family T'(Bx) is in fact equicontinuous. This fol-
lows from the fact that, I? is compact, so if € > 0, there is § such that whenever max{|z — z'|, |y — ¢'|} <
8, we have |k(z,y) — k(¢',y")| < e. Therefore,

T (2) - Tf(e")| = / (k(z,y) — k(@' 9)) () dy

< / k(z,9) — k(@' 9)|| ()] dy

< suplk(z,y) — k(=" y)|l fll.,
yel

<elfllu-

Furthermore, since

ITf(@)] < [1ElLl ]

we have that T'(Bx) is pointwise bounded. Thus, by the Arzela—Ascoli theorem, it follows that T(Bx) is
totally bounded, so T is a compact operator. We call the function k the kernel of the operator T'.

Similarly, the operator V € B(X) given by

Vi) = /0 " () dy

is such that V(Bx) is totally bounded by Arzela—Ascoli, so V is also compact. In fact, V has no eigenval-
ues as well. This follows from the fact that, if there were A € C\ {0} with V(f) = A\f, then f(0) = 0 and
f'(t) = 1/Af(t), so that f(t) = f(0)et/* = 0, meaning f = 0.

We call the operator V the Volterra integral operator on X.
We can see that K(X) is in fact an algebraic ideal in B(X) (by continuity). In fact, there is a topological
dimension to K(X) C B(X).
| Proposition: If X,Y are Banach spaces, then K(X,Y) is a closed subspace of B(X,Y).
Proof. Let (T},),, converge to T' € B(X,Y). Let ¢ > 0, and select N such that |Txy — T'|| < /3. Since
Tn(Bx) is totally bounded, there are z1,...,z, € Bx such that for each z € S, we have

||TN$ - TNJ)]'” < 6/3

for some j. Therefore, we have

1Tz — Tz)l| < | Tz — Tzl + | Tve — Tzl + | Tve; — Taj|
<e.

Therefore, T(Bx) is totally bounded, so T € K(X,Y). O
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Therefore, we see that F(X,Y) C K(X,Y) is, where F(X,Y) denotes the finite-rank operators, but this

inclusion may be strict. In the cases where F(X) = K(X), we say the Banach space X has the approxima-
tion property. There are Banach spaces that do not have the approximation property.

Recall that if T: X — Y is a bounded linear map between Banach spaces, the transpose is defined by
T*:Y* = X*, given by T*p =poT.
| Theorem: If X and Y are Banach spaces with T € K(X,Y), then T* € K(Y*, X*).

Proof. Let € > 0. Since T(Bx) is totally bounded, there exist elements z1, ..., z, such that if z € Bx,
then ||Tx — Tx;|| < €/3 for some i. Let V € B(Y™*,C™) be defined by Vi = (¢(Tx1),...,p(Tz,)). Since
V has finite rank, V' is compact, so V(Bx+) is totally bounded. Thus, there exist ¢1, ..., ¢, such that if
¢ €T, then ||V — Vo;|| = maxi_, |T*p(z;) — T"p;(x:)|-

Now, if z € Bx, then ||Tz — Tz;|| < €/3 for some 4, so thus |[T*¢(z;) — T*¢;(z;)| < £/3. Thus,

IT*p(x) — T*pj(@)| < [T*p(z) — T p(x:)| + [T p(zi) — T*pj(z:)| + |T*pj (i) — T*pj ()|
<e,

whence ||T*p — T* ;|| < €, meaning T*(Bx~) is totally bounded, hence T* compact. O
Recall that a linear map T: X — Y is called bounded below if there is § > 0 such that ||Tz| > §||z| for all

z. In this case, T(X) C Y is necessarily closed. Every invertible linear map is bounded below, as is every
isometry.

Equivalently, a map T: X — Y is not bounded below if and only if there is a sequence of unit vectors
(@n),, € X such that lim,_,, T2, = 0.

Theorem: Let T be a compact operator on a Banach space X, and let A € C\ {0}.
(i) The space ker(T — Aidx) is finite-dimensional.
(ii) The space (T' — Aidx)(X) is closed and has finite codimension in X.

Proof. Let Z =ker(T — Aidx). Then, T(Z) C Z, and the restriction T|z is in K(Z). Since T|z = \idz
with A # 0, it follows that id |z is compact, meaning Z is finite-dimensional.

Since Z is finite-dimensional, there is a closed subspace Y of X such that X = Z @Y.

Observe that (T'— Aidx)X = (T — Aidx)Y, so to show that (T — Aidx)X is closed, it suffices to show
that the restriction (T — Aidx)|y is bounded below.

Suppose otherwise. Then, there is a sequence (z),, of unit vectors in Y such that lim,_, ||Tz, — Az,| =
0. We may assume without loss of generality that (T'z,),, is convergent. It follows then that, since =, =
+(Tzn — (T — Midx)®»), we have that (z,), — @ for some z € Y, as Y is closed. Since Tz = Az, we
have z € Y Nker(T — Aidx), meaning z = 0. Yet, z is the limit of unit vectors, and so is also a unit vec-
tor, which means we reach a contradiction. Thus, (T — Aidx)|y is bounded below.

Let W = X/(T — Aidx)X. To show that (T'— Aidx)X has finite codimension, we show that W is finite-
dimensional, by showing that W* is finite-dimensional. Let 7: X — W be the quotient map. Then, ker(7*) C
ker(T™* — Aidx~). Letting o € ker(T™ — Aidx~), we have that o annihilates (T'— Aidx )X, so it induces

a bounded linear functional 7: W — C such that o = 7or = 7*(7). Since T™* is compact, ker(T™* — Aidx~)

is finite-dimensional, so 7* has finite-dimensional range, and since 7* is injective, W* is thus finite-dimensional,
so W is finite-dimensional. O
Note that if T: X — X is a linear map on a vector space, then the sequence of spaces (ker(7T")),, is in-
creasing; if ker(T™) # ker(T™*1) for all n, we say that T has infinite ascent, and write asc(T") = co. Other-
wise, we say T has finite ascent, and define asc(T) to be the smallest p such that ker(T?) = ker (T”“) for

all n > p.

Similarly, the sequence of spaces T"(X) is decreasing. We say T has infinite descent if T™(X) # T"1(X)
for all n, and we write desc(T") = co. Else, we say T has finite descent, and define desc(T") to be the small-
est p such that TP (X) = T?P(X).
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To prove the next theorem, we recall the Riesz lemma.

Lemma (Riesz Lemma): Let Y be a proper closed subspace of a normed vector space X. Then, for any ¢ >
0, there is a unit vector € X such that |z + Y| >1—e.

Theorem: Let T be a compact operator on a Banach space X. Suppose A € C\ {0}. Then, T — AI has
finite ascent and descent.

Proof. Suppose toward contradiction that the ascent is infinite. Letting N,, = ker(T — A\I)", we observe
then that NV,,_; is a proper subspace of IN,,, so by the Riesz Lemma, there is a unit vector x,, € N,, such
that ||z, + Np—1]| > 1/2. For any m < n, we have

Ty — TZ = A2, + (T — N)xr, — (T — N) T — ATy,
=z, — 2

for some z € Np—1. Thus, [Tz, — Top|| = ||[Az, — 2|| > |A|/2. It follows that (T'z,),, has no convergent
subsequence, which contradicts the compactness of T'.

Similarly, if we let V,, = Im(T — M\I)", and suppose toward contradiction that desc(T' — AI) = oo, then
we have that V,, < V,,_; is a proper subspace, so there is some unit vector z,, such that ||z, + V,—1| >
1/2. By a similar process, we find a sequence (T'zy),, with no convergent subsequence, contradicting the as-
sumption of compactness of the operator T'. O

Note that this result also gives us that, if we let Ny = ker(T — AI)**™ | we must have o(T|y,) = {A},
seeing as the restriction (T' — AI)|y, is nilpotent on a finite-dimensional subspace.

Fredholm Operators and Connections

Definition: Let X,Y be Banach spaces, and let T € B(X,Y). We say T is Fredholm if both dim ker(T)
and dim coker(T") are finite. The index of T is given by
ind(T) = dimker(T) — dim coker(T).

Theorem: Let X,Y be Banach spaces, and let T € B(X,Y"). Suppose there is a closed subspace Z of Y’
such that T(X)® Z =Y. Then, T(X) is closed in Y.

Proof. From the first isomorphism theorem, we may descend to the map X/ker(T) — Y given by = +
ker(T) — Tz, so we may assume without loss of generality that T is injective.

The map

ViX®eZ-=Y
(z,2) » Tz +2
is a continuous isomorphism between Banach spaces, so by the open mapping theorem, v—! is also contin-

uous. Letting € X, we have ||z|| = ||V~'Tz| < |V=!|ITz||, so that | T=z| > ||V_1H_1||x||, meaning T
is bounded below, and thus T'(X) is closed in Y.

Theorem: Let
xTyy 552
be Fredholm linear maps between Banach spaces X,Y, Z. Then, ST is Fredholm with
ind(ST) = ind(S) + ind(T").

Proof. Set Y2 = ker(S)NT'(X), and let Y7,Y3,Y, be such that T(X) = Yo®Y3, ker(S) = Y1®Ys, and ¥ =
Ty & T(X) &Yy, where Y1,Y3,Y, are finite-dimensional. We have that the map ker(ST) — Ys, z — Tz is
surjective and has the same kernel as T, so ker(ST) is finite-dimensional with dim ker(ST) = dim ker(T") +
dim(Y5).
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Next, since S(Y) = S(Y3) & S(Ys) and S(Y3) = ST(X), we have S(Y) = ST(X) & S(Y1). Let Z’ be a
finite-dimensional subspace of Z such that S(Y)® Z' = Z,s0 Z = ST(X) & S(Ya) ® Z'. Since S(Y1) ® Z'
is finite-dimensional, ST'(X) has finite codimension in Z, so ST is Fredholm.

The map Yy — S(Y3) given by y — Sy is a linear isomorphism, so dim(Y;) = dim(S(Y%)), and thus

dim coker(ST) = dim(Ys) + dim(Z’)
= dim(Y3) + dim coker(S).

Thus, we have
dim ker(ST') + dim coker(T") 4+ dim coker(S) = dim ker(T") 4+ dim ker(.S) + dim coker(ST),

so that ind(ST) = ind(S) + ind(T). O
Theorem: Let T be a compact operator on a Banach space X, and let A € C\ {0}.

(i) The operator T'— Al is Fredholm of index 0.

(ii) If p is the ascent of T' — A1, then

X =ker(T — M) & (T — M\I)*(X).
Proof.
(i) We know from the above theorem that ker(T" — AI) and coker(T" — AI) are finite-dimensional. If m,n

dim ker(T' — AI)™, and analogously for the cokernel, whence ind(T" — A\I)™ = ind(T — A\I)" for all
such m,n. Thus, mind(T — AI) = nind(T — AI), so that ind(T — A\I) = 0.

(i) Let z € ker(T — AI)PN(T — AI)P(X). Then, there is y € X such that = (T — )Py with (T — A\I)*y =
0. Since ker(T — AI)? = ker(T — AI)*", it follow that (T — AI)’y = 0, whence z = 0. Moreover,
since dim ker(T' — AI)? = dim coker(T — AI)?, we have X = ker(T' — AI)" @ (T — AI)*(X).

O

| Corollary (Fredholm Alternative): The operator T' — AI is injective if and only if it is surjective.

Proof. We have that dimker(T" — AI) = 0 if and only if dim coker(T' — AI) = 0, meaning that T' — Al is

injective if and only if it is surjective. O

Now, we will understand the structure of the Fredholm operators in the space of all bounded operators.

Proposition: The space of Fredholm operators in B(X,Y") is open. The index is a continuous integer-valued
function on the space of Fredholm operators.

Proof. Let T be Fredholm, with N = ker(T). Let V be a complement for N such that X = N @V, so

that T(V) = T(X). Since T(X) is closed and has finite codimension, we may find a subspace W of ¥’
such that T(X)® W =Y, and define T: V@ W — Y by T(v,w) = Tv + w.
Note that

[T, w)| < Il + fwl
< max |7 p 1) (o1l + 1wl

meaning that T is continuous, and is necessarily a bijection by the fact that exact sequences of vector spaces
split.

Let S € B(X,Y) be with [|S — T, < 1/HT—1H. Define §: V@& W — Y by (v, w) = Sv +w. Then, §

is continuous, with

|5-7]| =15 -Dlvll,

are integers greater than the maximum of the ascent and descent of T—\I, then we have dimker(T — \I)" =
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vl

Thus, S is invertible, meaning that S(V) = §(V') is closed, and Y = S(V) + W.

In particular, this means that dim(Y/S(X)) < dim(Y/S(V)) = dim(W) < oo, and since ker(S)NV = {0},
the quotient map @Q: X — X/V is injective on ker(S), so that

dim ker(S) < dim(X/V)
= dim(N)

< o0,

so S is Fredholm. Thus, the space of Fredholm operators is open in B(X,Y).

The subspace V + ker(S) = Q7 !((ker(S)+ V)/V) is closed and of finite codmension. Choose a finite-
dimensional Z such that X =V + ker(S) + Z. Then, S(X) = S(V) + S(Z), since S is injective on V + Z
and Z is finite-dimensional. Letting P: Y = S(V) + W — W be the projection onto W with kernel S(V),
we have

P(5(X)) = P(5(2))
~ 7z

since S is injective on Z and P is injective on S(Z). Thus,

Y/5(X) = (Y/S(V))/(S(X)/5(V))
>~ W/P(S(Z)).

We may compute

ind(S) = dimker(S) — dim coker(S)
= dim ker(S) — (dim(W) — dim(Z2))
= dim(ker(S) @ Z) — dim(W)
= dim ker(T") — dim coker(7T")
= ind(T),

so the index is constant on an open ball around 7', whence it is locally constant. O
We know that K (X) is a (closed) ideal in B(X), so we can consider the quotient B(X)/K(X). It turns
out that there is a characterization of Fredholm operators in the quotient B(X)/K(X).

Theorem (Atkinson): An operator T' € B(X) is Fredholm if and only if #(T") € B(X)/K(X) is invert-
ible.

Proof. Suppose T is Fredholm. Let N = ker(T'), V a complement for N so that X = N & V. Since T
is Fredholm, we have a finite-dimensional complement W such that X = T(V) @ W. If we let T|y €
B(V,T(V)), then we have that T|y is a continuous bijection. By the bounded inverse theorem, there is a
continuous inverse S € B(T(V), V). Let S € B(X) be such that S(Tv +w) =v for v € V and w € W.

Then, we have ST (u 4 v) = STv = v for any u € N and v € V. That is, ST is the projection of X onto
V, Py. Since I — Py = Py is finite-rank, we ahve
7(S)7(T) = n(I — Py)
w(I).

Similarly, we have T'S(Tv + w) = Tv = Pp(yy(Tv + w) is the projection onto T'(V') with kernel W, where
I — Pr(yy = Py is finite-rank, meaning that (T)7(S) = 7(I), meaning =(T) is invertible.

Now, if n(T') is invertible, with inverse m(S), we have compact operators K and L such that ST =1+ K
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and T'S = I + L. Since ker(T") C ker(I + K), ker(T) is finite-dimensional, and since im(T") 2 im(I + L),
we have that im(7") is closed with finite codimension. Thus, T is Fredholm. O

Finally, our final application of the theory of compact and Fredholm operators is an important structural
result. Recall the definition of the commutant and bicommutant.

Lemma: Let T € K(X). Suppose there is a sequence of closed subspaces Vy C Vi C --- and there are
scalars \; such that (T — A\;I)V; C V;_; for each i. Then, lim; ,,, \; = 0.

Proof. Using the Riesz Lemma, we may select unit vectors z; € V; with disty, , (z;) > 1/2 for each ¢ >
1. Then,
Tz = A\ixi + Y

for some y; € V;_1. If there is a subsequence with |);, | > § > 0, then for m < n, we have y;, —Tx; €
Vi.—1, and
1T;, — Tz, || = X, i, + (Txi,, — yi,)
1
2 5l

1
> =6
_27

meaning that T'(Bx) is not compact, which is a contradiction. O

Definition: If S C B(X) is a collection of operators, the commutant of S is the set
S'={T € B(X)| TP =PT for all P € S}.

The bicommutant of S, S”, is (S"). Note that S C S” always.
Theorem: Let X be an infinite-dimensional Banach space, and let T' € K(X). Then, the following hold.

(i) We have 0 € o(T). If 0 # X\ #€ o(T), then A is in the point spectrum (that is, A) is an isolated
point.

(ii) The spectrum of T is either finite or is equal to a countable set {A, },,5; U {0} with limy, 00 A = 0.
(iii) For each A € o(T) \ {0}, there is a decomposition

X = N\ ® R,
with

Ny = ker(T — A\I)™
Ry = im(T — AI)™,

where ny = asc(T") = desc(T).
(iv) We have 0(T'|n,) = {A} and o(T|r,) = o(T) \ {7}

(v) There is a unique finite-rank projection E) in the bicommutant {T'}"” such that im(E)) = Ny and
ker(E)) = R». Furthermore, both Nj and R) are invariant for {T}'.

(vi) If \,p € (T) \ {0} are distinct, then E\E, = 0.

Proof. Compact operators cannot be surjective, since by the open mapping theorem, there is r such that
U(0,7) C T(Ux), which would contradict compactness. Thus, 0 € ¢(T"). By the Fredholm alternative,
we know that if A # 0 then either ker(T — \I) # {0} or T — AI is invertible, so o(T) = 0,(T) U {0} by
the definition of the point spectrum, which consists of all the points such that ker(T' — AI) # {0}. This
shows (i).

If A € o(T) \ {0}, then we know from an earlier result that X = Ny + Rj, and that Ny and Ry are {T}-
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invariant. In particular, we have

U(T) U(TlN)\) UU(T|RA)

{AYUa(T]r,)-

This shows (iv).

Furthermore, since (T'— AI)|g, is invertible (again by the Fredholm alternative), we have that o(T'|gr,) =
o(T) \ {\}, meaning that X is isolated. In particular, this means that the spectrum is at most countably
infinite.

For each A, € o(T) \ {0}, select a unit vector z,, € ker(T — A,I), and take V,, = span{z,..., 2, }.Then,
Vie1 € Vp, and (T — AI)V,, C V,,_1, so that lim,,_,., A, = 0 by the above lemma. This shows (ii).

Now, there is a unique projection with range Ny and kernel R, so if S € {T}', then S leaves both the
range and kernel of E) invariant. This means

SE) = E\SE)
S(I—E\)=({—-E\)SU-E)),
so that SE), = E)\SE) = E)\S, meaning that E) € {T}".

Now, if 41 is another nonzero element of (T, then E, € {T}" C {T}', meaning that E\E, = E,E),
while

1m(EﬂE>\) C NN NM
={0}.
Thus, ExE, =0. O
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