Three Convergence Theorems Avinash Iyer

Abstract

‘We discuss and prove the three big theorems of real analysis — the Monotone Convergence Theorem,
Fatou’s Lemma, and the Dominated Convergence Theorem.

Integration: An Introduction

In order to discuss integration, we need to start with the building blocks of all functions — simple func-
tions.

Definition: Let X be a measure space, and let ¢: X — [0, 00] be a function. We say ¢ is a simple func-
tion if it has finite range (and does not take the value +00).

The standard form of a simple function ¢ is

¢=Y clp,,
k=1

where {c1,...,¢,} =ran(¢), and Ey = ¢~ ({ci }).

Recall that a function f: X — R, where (X, M, u) is a measure space, is called Borel-measurable (or just
measurable) if, for every E € Bg, f~}(E) € M.

Definition: If ¢: X — [0, c0] is a simple, measurable function defined on a measure space (X, M, 1), then
the integral of ¢ is defined to be

/ Gdp =" crp(Ey). (1)
X k=1

Proposition: Let ¢,1¢: X — [0, 00] be simple functions with standard forms

n

¢= E a;jl g,
=1
m

Y= bilp,.
k=1
Then, the following hold

(a) forallc>0,/ cqbd,u:c/ ¢ du;
X X

(b) /X¢+wdu=/X¢du+/deu;

(c) if ¢ <) pointwise, then / o du < / Y dy.
b's X

Proof.
(a) We see that

n

[ evdu=Y @ enm)

Jj=1
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(b) Note that since
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k=1
we must have
E;=| | EnF
k=1
F.=| | FnE,
j=1

as a disjoint union. Therefore,

/)(¢du+/)(¢d“ =2 > (aj +bi)u(E; N Fy)

j=1k=1

= [Lo+van

(c) If ¢ <, aj < b whenever Ej N Fy, # (). Therefore,

/X¢du => > aulE;NEy)

k=1 j=1

< ZZbku(Ej N Fk)

k=1j=1

=/deu-

Having established integrals for simple functions, we need to establish a convergence property for simple
functions for all measurable functions.

O

Theorem: Let (X, M, 1) be a measure space, and let f: X — [0,00] be a measurable function. Then,
there is an increasing sequence (¢,,),, of simple functions that converges pointwise to f. This sequence
converges uniformly to f on any bounded sets.

Proof. For each n, partition the interval [0,2"] into subintervals of length 2=". There are 22" subintervals,

with
1
In = Y o
o= o3

k k
In.k = < ; - 1:| )
’ 2n°2n

where 0 < k < 22" — 1. We define J,, = (2", oc]. Define

En,k = f_l(-[n,k)
F, = f1(J,).
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Then, we may take
92n_q i
bn = Z 7]1En,k + Qn]an'

277,
k=0

The family ¢, are simple, measurable, positive, and increasing.

Fix z € X such that f(z) < oo, and find N such that f(z) < 2V. Then, for a fixed n > N, there is
0 < k<22 —1 such that z € E, k. Thus,

|Pn(2) — f(2)]

f(ﬁ)*zj

OB ()

IN

on’

Thus, this family is pointwise convergent.
If f(z) = +o0, then ¢, (z) = 2" for all n, meaning ¢, (x) also converges to f(z).

If f(x) is bounded, then for a sufficiently large n, F,, = (}, and the construction in (??) is valid for all
€ X, meaning [|¢, — f|l, < gz, and sup,,[|¢nll, < [If],- N

Remark: By decomposing any complex-valued function f using the Cartesian decomposition to yield
f=+—-7-)+i(g+ —g-), the above theorem can be extended to all complex-valued functions. There,
the modulus of the simple functions, (|¢,|),, can be taken to be pointwise increasing and bounded above
by |f|, with uniform convergence on sets where f is bounded in modulus.

The Monotone Convergence Theorem

Since any measurable function f: X — [0, 00] is a pointwise limit of simple functions, we may define the
integral of a function as follows.

Definition: Let (X, M, i) be a measure space, and let f: X — [0, 00] be a measurable function. The
integral of f is defined to be

/ fdu—sup{/ b di ‘ ¢simple,0§¢§f}-
X X

This definition of the integral agrees with the definition in (??) whenever f is simple. Furthermore, it

follows that, for all ¢ € [0, 00),
/ Cfdu=0/ fdp,
X X

/deué/xgdu-

Yet, the issue is that our family of simple functions is uncountable. In order to (more easily) establish this
integral, we need to be able to extract a sequence.

and whenever f < g,

Theorem (Monotone Convergence Theorem): Let (f,),, be a family of [0, oo]-valued measurable functions
on X such that f; < f;41 for all j. Define

n—oo
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— sup fo-
neN

Then,

/fdu: lim/fndu.
X n—oo X

Proof. The sequence ( / x fn d,u) is an increasing sequence of real numbers, so it has a limit (which may be
equal to 00). Furthermore, [y fn du < [y f dp for all n, meaning sup( [y fn du) < [y f dp.

To establish the reverse inequality, let « € (0,1), 0 < ¢ < f a simple function, and let

The family {E,, },, oy is an increasing sequence of measurable sets whose union is X I We have

/andu>/Enfndu

> o du.
E7L

Since

lim ¢du=/¢du7
n—oo Jp X

we have

n—oo

lim fn duZa/ ¢ du.
X X

We may take the supremum over all « € (0,1), meaning

lim fnduz/ 6 du.
X X

n—oo

Taking the supremum over all simple 0 < ¢ < f, we obtain

n—roo

lim fnduz/ f d.
X X

O

There are a variety of applications of the Monotone Convergence Theorem when it comes to establishing
properties of sequences and series of functions.

Theorem: Let (f,), be a sequence of [0, co]-valued measurable functions. Then,

/Xifndu=§/xfndu~

Proof. We start with functions fi, fo: X — [0,00]. Let (qu)j and (w]-)j be sequences of simple functions
increasing to f1 and fo respectively. Then,

/f1+f2du: lim /¢j+wjd,u
X n—oo

ITo see that their union is equal to X, recall that f is the pointwise limit of f,.
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:nli—{I;o/X(bj du+nli_>r1;o/)(wj du (%)
/Xfld,u-l—/xfzdﬁh ()

where in (*), we used the linearity of integration for simple functions, and in (*%), we used the monotone
convergence theorem.

Therefore, by induction, we get that

/Xifnduzifxfndu.

Applying the monotone convergence theorem to the sequence of partial sums, we obtain

/XifndMZi/xfndw

Fatou’s Lemma

Going deeper into our quest to find out when (pointwise) convergence of functions implies convergence of
their integrals, we establish the “next best” option.

Theorem (Fatou’s Lemma): Let (fy), : X — [0,00] be a sequence of measurable functions. Then,

/lim inf f,, dp < lim inf/ fn dp.
n—oo n—oo
Proof. For each k > 1 and for all j > k, we see that inf, > fn < f;.

Since integration preserves relative order, this means | infp>g frndp < J  Jidp for all j > k.

By the definition of infimum, we thus get that fX infp>k fr dp <infjsg fX f; dp. Applying the monotone
convergence theorem, we may take the supremum of both sides to obtain

/ liminf f, du :sup/ inf f, du
x Moo E>1 XnZk

<liminf | f, du.
X

n— oo

Dominated Convergence Theorem

Fatou’s Lemma is primarily used to prove the Dominated Convergence Theorem, the latter of which is
significantly more powerful (but also requires one more condition).

Definition: Let (X, M, i) be a measure space, and let f: X — R be a measurable function. We define

the integral of f to be
[ gan=[ sran— [ 5 an
X X X
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where

fH(z) = max{0, f(z)}
[~ (x) = max{0, — f(z) }.
We define the integral of a measurable f: X — C to be

/deMZ/XRe(f)du—i-i/XIm(f)du.

We say f is integrable, or a member of L, if

[ 1f1dn < .
‘/deu‘ﬁ/xlfdu-

‘/ fdu‘=‘/ f*du—/ f‘du’
X X X
S/f*dpw/f*du
X X
~ [ 1f1dn
X
Now, if f is complex-valued with [y f du # 0, we define o = sgn( [ f du). Then,
fref-efro
X X
:/ af du.
X

[ rau] =re( [ arau)

- [ Re(af) du

Proposition: If f € Li(X, u), then

Proof. If f is real-valued, then

Note that [, af du is real-valued, so

< /X Re(af)| dy

< /X af| du

SYALLS

Now that we have established some of the important properties of Ly, we may prove the Dominated Con-
vergence Theorem.

O

Theorem (Dominated Convergence): Let (f,),, be a sequence in L; such that f, — f almost everywhere.
If there exists a nonnegative g € L; such that |f,| < g almost everywhere for every n, then f € L and

/fdu: lim / fu dp.
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Proof. Since f is the pointwise limit of a sequence of measurable functions, f is measurable, and since
|f] < g almost everywhere, we have f € L;. It is sufficient to assume that f,, and f are real-valued, mean-
ing g+ f, >0 and g — f, > 0 almost everywhere.

Applying Fatou’s Lemma, we have

/gd/H-/ fdugliminf/(g-i-fn)dﬂ
:/ gdquliminf/ fn dp,
X n—oo X
and
/ gdu—/ fd,ugliminf/ (9 — fn) du
X X X
X n—oo X
meaning
liminf/ fn duZ/ [du
n—oo X X

> limsup/ fn du.
X

n—oo



