The Lebesgue Measure Avinash Iyer

Abstract

We detail the construction and some of the properties of the Lebesgue measure via the Lebesgue—
Stieltjes Measure.

Premeasures, Outer Measures, and Measures

Consider a set-function A: P(R) — [0, co] that satisfies
« A(0) =0;

e for any finite or infinite sequence of disjoint sets, { E; };il, we have

oo o0
ML =D @)
j=1 j=1

e A\(I) = b— a, where [ is an interval (either open, closed, or a half-interval);

o s+ E)=\E).
Unfortunately, such a set-function doesn’t exist.
In order to construct a set function on a restricted domain \: £ — [0, 0o, we need to define a particular
class of measurable subsets of R. This is where the concept of an outer measure comes in.

Definition: Let X be a set, and let p*: P(X) — [0,00] be a set function. We say p* is an outer measure
if

We will obtain an outer measure on the entirety of P(X) by defining a notion of measure on some “satis-
factory” subfamily £ C P(X), then by approximating other subsets using this family.

Proposition: Let £ C P(X) be a family of subsets such that §§ € £ and X € £, and let p: £ — [0, 00] be a
set function such that p(@) = 0. For any A C X, define

W(E) =i > p(E)) | Eje € AC B

jz1 j>1
Then, p* is an outer measure.
Proof. We start by showing well-definedness, which stems from the fact that we may select F; = X for all
j.

Since we may take E; = ) for all j, we must have p*(#) = 0. Furthermore, if A C B, since the set over
which the infimum is taken for the definition of ;*(A) includes the corresponding set for B, we must have

p(A) < p*(B).

Finally, let {4;},5, € P(X), and let £ > 0. For each j, there exists {Ej},-, € & such that 4; C
Uss1 Bk and 32451 p(Ejk) < p*(4;) + €277,

Then, if A = {J;5, 4;, we have A C |J; ;5 Ejk, and 325 o p(Ejk) < 32551 1 (4)) + €, so that p*(A4) <
> j>1 1(A)) + €. Since € is arbitrary, we are done. O
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Definition: A subset A C X is said to be p*-measurable if for any E C X, A serves as a good “cookie
cutter” for F, in that

W (B) = u* (B0 A) + i (B 0 A%,
Equivalently, due to subadditivity, we have A is measurable if and only if for all E C X,

pr(E) = pt(ENA)+ p"(ENA°).
Definition: Let A be an algebra of subsets of X. We call a set function ug: A — [0, 0] a premeasure if

o uo(0) =0;

e for a collection of disjoint elements of A, {A; }joil where (J;5, A; € A, we have

|_| Aj = ZﬂO(AJ)

Jj=>1 Jj=>1

Every premeasure gives rise to an outer measure by taking
=infq Y pmo(4)) | A; € AEC (A ). (%)
Jj=1 Jj=1

A remarkable result by Caratheodory allows us to extend premeasures from algebras to measures on o-
algebras. To start, there is a little bit of build-up.

Proposition: Let 1y be a premeasure on A, with p* defined by (??). Then,
(a) pla = po;
(b) every set in A is p*-measurable.

Proof. Suppose F € A. If E C Uj21 Aj with A; € A, welet B, = EN (An \ U?:_ll Aj>. The B,, are
disjoint members of A whose union is F, so

It follows that puo(F) < p*(FE). The reverse inequality is clear from the fact that we may specify A; = F
and Aj5q = 0.

Meanwhile, if A € A, B C X, and € > 0, then there is a collection {B;},,, € A with £ C {J;5, B; and
> i>1k0(Bj) < p*(E) +e. By additivity on A, we get B

22 (BjNA) + po(B; N A°)

=1
ZM (ENA)+ u"(En A9,

so A is measurable. O
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Theorem (Caratheodory’s Theorem): Let A C P(X) be an algebra, let uo be a premeasure on A, and
let M be the o-algebra generated by A. There exists a measure y on M whose restriction to A is ug —
namely, p — p*|am, where p* is given by (?7).

If v is another measure on M that extends g, then v(E) < u(E), with equality for all u(F) < oco. Fur-
thermore, if pg is o-finite, then p is unique.

Proof. We start by showing that if u* is an outer measure, then if M* is the collection of p*-measurable
sets, M* is a o-algebra and p*| - is a complete measure.!

By definition, M* is closed under complements, as the definition of p*-measurability is symmetric in A
and A€. To show finite additivity, if A, B € M* and E C X, we have

P (E) = p"(ENA)+ p" (BN A°)
=u (ENANB)+ " (ENAnNB°)
+u(ENA°NB) 4+ p"(ENA°NB°).

We note that AUB = (AN B)U (AN B°) U (A°N B), so subadditivity gives
P(ENANB)+p (ENANB)+p (ENA°NB) > p*(EN(AUB)).
Therefore,
p(E) = p (EN(AUB)) +p"(EN (AU B)°).
Therefore, AU B € M*, so M* is an algebra. Moreover, if A, B € M* are disjoint, then

W(AUB) =" ((AUB)NA) + i (AU B) N A%)
— W' (A) + ' (B).

To show that M* is a o-algebra, we show that M is closed under countable disjoint unions. Let {A4;},-,
be a sequence of disjoint sets in M*, and let B,, = |_|;.l:1 Aj, with B = |_|].>1 Aj. Then, for any £ C X, we
have -

W (ENBy) =p* (ENB,NA,) + p*(EN B, NAS)
=u (ENA,)+p (ENB,_1),

so by induction, we have

This gives

1'(E) = p*(EN B,) + p*(E N BY)
>3 (BN A) (BN B,

j=1

and taking n — oo, we have

() 2 ) wt (B 0A) + (B0 B)

IThis is Theorem 1.11 in Folland’s Real Analysis.
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>p| | |ENA; |+ (ENBY)
i>1

W (E N B)+ u* (BN B°)

p*(E).

v

Therefore, B € M*, and if we take E = B,

W(B) =) u(4y),
j=1
and p* is countably additive on M*. Finally, if u*(A) = 0, we have
W (B) < 1 (B 1 A) + (B0 A%
— (BN A%
< i (E),

so A € M*, and p*| - is a complete measure.

Returning to our premeasure, po and the corresponding outer measure p*, we note that since every ele-
ment of A is p*-measurable, the o-algebra of p*-measurable sets includes A, so it includes M = o(A).

Let v be any other measure on M that extends ug. If £ € M, and E C Uj21 A; with A; € A, then
V(E) <3551 v(A)) = Xj1 10(4;), so v(E) < p(E).

If we set A=J i>1 Aj, the properties of the premeasure give us

v(A) = nh_}rr;ou U A;

j=1

Jm| U

= u(A).
If 1(E) < oo, we may select the A; such that u(A) < u(E) +¢, so u(A\ E) < ¢, and
u(E) < pu(4)
=v(4)
=v(E)+v(A\E)
<v(E)+u(A\ E)
<v(E)+e

Since ¢ is arbitrary, pu(E) = v(E).

Now, if o is o-finite, we write X = [ |, A;, with p9(A;) < oo and the A; are disjoint. For any E € M,
we have B

WE) =Y wENA)

= i I/(E n AJ)
Jj=1
=v(E).
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Construction of the Lebesgue Measure

With Caratheodory’s theorem, we now know that it is possible to construct a unique measure from a suit-
able premeasure on a particular family of subsets. Here, we will use the family of half-open intervals, or
h-intervals, of the form (a, b], where —oo < a < b < o0, or (a, 00).

The algebra of h-intervals, A, generates the Borel o-algebra, Bg.

Consider a finite Borel measure on R, and let F(x) = pu((—o0,z]). We often call F(z) the distribution
function of p. Then, we see that F' is increasing and right-continuous, as

(—o0,z] = ﬂ (=00, Zp],

n>1

where z,, is a decreasing sequence convergence to x.

As it turns out, we are able to reverse this process. Given an increasing, right-continuous function F': R —
R, there is a corresponding Borel measure.

Proposition: Let F': R — R be increasing and right-continuous. If {(a;, b;] };;1 are disjoint h-intervals,
we define

n

U aj bl | =Y (F(b;) — Flay)),

j=1
and set po(@) = 0. Then, uo is a premeasure on A.

Proof. We start by verifying that ug is well-defined, seeing as elements of A can be written in more than
one way as disjoint unions of h-intervals. If {(a;,b;]}]_, are disjoint, and Uj_; (a;, b;] = (a,b], then after
relabeling indices, we must have a = a; < by = ag < --- <b, =b, 50 X", (F(bj) — F(a;)) = F(b) — F(a).

Generally speaking, if {I;};_, and {.J; }J , are disjoint finite sets of intervals such that |J;"_, I; = |J/"
then

Jj= 1Jj’

iNOIﬂJ

i=1 j=1

I
M:

ZMO(I)

m

to(J5).

Now, we must show that if {I; }]Oil is a sequence of disjoint h-intervals with Uj21 I; € A, then py (szl Ij> =

ZjZl po(Z;) -

Since (J;5, 1; is a finite union of h-intervals, we may partition {/;} ., into finitely many subfamilies such
that the union in each subfamily is a single h-interval. Using the finite additivity of ug, we may assume
that sz I; is an interval I = (a,b]. We thus have

U Ii | +po| 1\ U I
j=1 j=1
U
j=1
= Z#O(Ij)-
j=1
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Taking limits, we get po(1) > >_ 5, po(Ly)-

To prove the reverse inequality, we suppose a and b are finite, and fix € > 0. Since F is right-continuous,
there exists § > 0 such that F(a+ ) — F(a) < ¢, and if I; = (a;, b;], then for each j there is 6; > 0 such
that F(b] + 5J) — F(bj) <277,

The open intervals (aj,b; + d;) cover the compact set [a + §,b], so there is a finite subcover. By discarding
(aj,b; + 0;) contained in larger ones, and relabeling indices, we may assume that
e the intervals (a1,b1 + 91),...,(an,by + dn) cover [a + 0, b];
° bj + 6]‘ S (aj+1,bj+1 + 5j+1) for each J-
Then,
poll) < F(b) ~ Flat5)+
< F(by +dn) — F(a1) +¢

N—
F(by 4+ 6n) — )+ F(aj+1) — F(ay)) +¢

H

T
LH

F(by +0n) — Flan) + ) _(F(bj + ;) — F(aj)) +¢

<.
Il

<Z ) +e277 — F(a)) +e

<Z,uo )+ 2e.

Since ¢ is arbitrary, we are done for the case that a and b are finite.

If a = —o0, then for any M < oo, the intervals (aj,b; + d;) cover [—M, b, so the same reasoning gives
F(b) F(-M) < Z 1 Ho(Z; )+25 whereas 1fb—oo we obtaln F(M)—F(a) < Z ~1 o(I;) + 2. Our
desired result follows from taklng e —0and M — oco. O

This allows us to establish the correspondence between increasing and right-continuous functions and
Borel measures.

Theorem: If F': R — R is an increasing, right-continuous function, then there is a unique Borel measure
pur on R such that pp((a,b]) = F(b) — F(a) for all a,b. If G is another such function, then up = pg if and
only if F' — G is constant.

Conversely, if p is a Borel measure on R that is finite on bounded sets, and we define

p((0,2]) = >0
F(z)=<10 z =0,
—p((z,0]) =<0

then F' is increasing and right-continuous, with u = pp.

Proof. We know that each F' induces a premeasure on 4 by the previous proposition, and by definition, G
induces the same premeasure if and only if F' — G is constant. These premeasures are o-finite, since

oo

R= |J (G.j+1].

j=—o0
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Therefore, the induced measure ppr on By is unique by the Caratheodory extension theorem.

The last assertion follows from the fact p is monotonic, and continuous from both above and below, so
that F' is continuous for both x > 0 and # < 0. Since p = pp on A, we have 4 = pp on Bg by the
uniqueness condition in the Caratheodory extension theorem. O

Definition: If F' is an increasing and right-continuous function, then the completion of the measure pp,
which we write Ap, is known as the Lebesque—Stieltjes measure associated to F'.

We denote the o-algebra associated to A\p as M. For any £ € M, we have

Ar(E) = inf Z(F(bj) — F(ay)) | E C [J(a;,b))

— inf ZAF«aj,bj]) EC U(ajvbj]

As it turns out, we are allowed to replace the h-intervals in the formula for for Az (FE) with open intervals.
Note that in Real Analysis II, we defined the Lebesgue measure through this method.

Lemma: For any F € M, we have
Ar(B) =infq > Ap((a;,b) | B C | J(a),0))
j=1 j=1

Proof. We call the quantity on the right v(E). Let E C |2, (a;,b;). Each (a;,b;) is a countable disjoint
union of h-intervals of the form I, = (¢jk, ¢j k1], Where (cj k), is a sequence with ¢;; = a; and ¢; — b;.
Thus, £ C U;okzl Lk, so

Z/\F((aj;bj)) = > Ar(x)

G k=1

so v(E) > Ap(E).

On the other hand, given & > 0, there exists {(a;,b;]};-, such that E'C J;5,(a;,b;] and 3=~ Ar((aj,b5]) <
Ar(E) + . For each j, right-continuity gives d; > 0 such that F(b; + 6;) — F(b;) < £279.

Then, E C szl(aj,bj —|—5j), and

> Ar((az,b+6;) <> Ap((aj,b]) + ¢

j>1 j>1
< )\F(E> + 2¢,

so v(E) < u(E) O
Now we may understand the regularity of the Lebesgue—Stieltjes measure.
Theorem: Let Ap be a Lebesgue—Stieltjes measure on R, and let £ € M. Then, the following hold:

(a) For all £ > 0, there exists U C R open with £ C U and Ap(U \ E) < e.

(b) There exists VC R Gs with E CV and Ap(V \ E) < e.
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(c) For all € > 0, there exists C C R closed with C C E and Ap(E\ C) < e.
(d) There exists FF C R F, with E C F and Ap(F \ F) <e.
Proof.

(a) Let € > 0. By the previous theorem, and the definition of the outer measure, we have a set {(a;, bj)};il
such that £ C (J;,(a;,b;), and

Ar(E) +e> Y Ar((aj,b)))

j=1
> e | (5,09 |
j=1
so we set U = |J;5,(a;,b;).

Now, if Ap(E) < oo, then Ap(U\ E) = Ap(U) — Ap(E) < e. Meanwhile, if Ap(E) = oo, we
partition to get E = | |,~, Ex with Ap(E})) < oo, and find Uy, such that Ap(Uy \ Ej) < £27F. Setting
U = Ugs1 Uk, we get -

Ar(U\ E) = Ar U (Uk \ Ex)

k>1

<> Ar(Uk\ Ex)

k>1

< Ze2’k

k>1

= E&.

(b) For each n, we find U,, C R such that £ C U,, and A\p(U, \ E) < 1/n. Setting V = ﬂnzl U,, we find

Ar(VAE) =Ap | [ (U.\ E)

n>1
< Ar(Up \ E) for all k&
< 1/k,

so A\p(V\ E)=0.
(¢) We may use the same methodology on E¢, and take complements.

(d) We may use the same methodology on E¢, and take complements, using the fact that the comple-
ment of a G set is a F,, set.

O

Theorem: Let £ € M. Then,

Ap(E) =inf{Ar(U) | E CU,U open}
=sup{Ar(K) | K C E, K compact}.

The former equality is known as outer regularity, and the latter equality is known as inner reqularity.
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Proof. We know that for all € > 0, there is £ C (J;5,(a;,b;), and 3_ 5, Ar((az,b;)) < Ar(E) + €. Setting
U = U5, (aj,b;), we have A\p(U) < Ap(E) +¢. Since E C U, we also have Ap(E) < Ap(U), so the defini-
tion of outer regularity is satisfied.

We now show inner regularity. If E' is bounded, given € > 0, there is C' C E closed with Ap(E \ C) < e.
Since C is bounded, C' is compact, so Ap(E) — e < Ap(C), and so we have inner regularity whenever E is
bounded.

If E is not bounded, we set E,, = EN[-n,n]. We have £y C Ey C ---, and £ = (J,,», Ey. Therefore,
Ar(E) =sup(Ar(E,)). There are two cases. B

If \Ap(E) = oo, then we may find compact K, C E, such that Ar(E,) — 1 < Ap(K —n), so that
)\F(Kn) — 0Q.

If A\p(E) < oo, then given € > 0, we find N such that Ap(E) —¢/2 < Ap(E,). We find compact K with
K CE, and Ap(E,) —¢/2 < Ap(K). Thus, K C E is compact, with Ap(E) — e < Ap(K). O

Proposition: If £ € M, and A\p(E) < oo, then for every ¢ > 0, there is a set A that is a finite union of
open intervals such that Ap(EAA) < €.

Proof. By outer regularity, there is U C R open such that E C U, and Ap(U \ E) < ¢/2. Every open
subset of R is a countable disjoint union of open intervals, so that Ap <|_|j21((aj, bi)\ E)) <e.

We find N such that 372 v Ar((aj, b)) < /2, and set A = |_|§V:1(aj,bj). O

Definition: The Lebesgue measure is defined to be the Lebesgue—Stieltjes measure associated to the func-
tion F(x) = 2. We denote it by m.

The domain of m is known as the class of Lebesgue-measurable sets, denoted L.

Theorem: If £ € £, then E+ s € Land rE € L for all ,s € R. Moreover, m(E + s) = m(E), and
m(rE) = |rlm(E).

Proof. Since open intervals are invariant under translations and dilations, so is Br. For E € Bg, we let
ms(E) =m(E + s), and m"(E) = m(rE).

Since ms and m” agree with m and |r|m on finite unions of intervals, they agree on Bg by the Caratheodory
extension theorem. In particular, whenever E € Bg, and m(E) = 0, then m(E + s) = m(rE) = 0, so it

follows that the class of Lebesgue-null sets is preserved under translations and dilations. Since all members
of L are unions of a null set and a Borel set, it follows that £ is preserved under translations and dilations.
Therefore, m(E + s) = m(E) and m(rE) = |rjm(E) for all E € L. O

There are indeed elements of £ that are not elements of Bg.

First, recall that the Cantor set, A consists of all z € [0,1] such that the base 3 expansion z =}, a;377
is such that a; € {0,2}. B

Since we may map A onto [0, 1] by taking a; — a;/2 for each j > 0, we see that A is uncountable, and
that m(A) = 0. Therefore, every subset of A is of measure zero (since Lebesgue measure is complete),
meaning that the cardinality of £ is 22", Meanwhile, a result from descriptive set theory shows that Bg
has cardinality 2%°,T so there exists some Lebesgue-measurable set that isn’t Borel-measurable.

Tt turns out that the o-algebra generated by a particular family £ has cardinality R; - |£|. Since g has cardinality 20,
and 280 > Ny (depending on whether or not you accept the Continuum Hypothesis), Ry - 280 = 2Ro,



